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• Baryonic Acoustic Oscillations

• Weak Lensing
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• Supernovae Ia
• Galaxy Clusters
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the luminosity function, and typically involves many uncertainties (see §10.3.8 for a detailed
discussion).

Fig. 2.35 shows a compilation of various measurements of the global star-formation rate at
different redshifts, obtained using different techniques. Although there is still considerable scat-
ter, and the data may be plagued by systematic errors due to uncertain extinction corrections, it
is now well established that the cosmic star-formation rate has dropped by roughly an order of
magnitude from z ∼ 2 to the present. Integrating this cosmic star-formation history over time,
one can show that the star-forming populations observed to date are already sufficient to account
for the majority of stars observed at z ∼ 0 (e.g. Dickinson et al., 2003).

2.7 Large-Scale Structure

An important property of the galaxy population is its overall spatial distribution. Since each
galaxy is associated with a large amount of mass, one might naively expect that the galaxy distri-
bution reflects the large-scale mass distribution in the Universe. On the other hand, if the process
of galaxy formation is highly stochastic, or galaxies only form in special, preferred environ-
ments, the relation between the galaxy distribution and the matter distribution may be far from
straightforward. Therefore, detailed studies of the spatial distribution of galaxies in principle can
convey information regarding both the overall matter distribution, which is strongly cosmology
dependent, and the physics of galaxy formation.

Fig. 2.36 shows the distribution of more than 80,000 galaxies in the 2dFGRS, where the dis-
tances of the galaxies have been estimated from their redshifts. Clearly the distribution of galaxies
in space is not random, but shows a variety of structures. As we have already seen in §2.5, some
galaxies are located in high-density clusters containing several hundreds of galaxies, or in smaller
groups containing a few to tens of galaxies. The majority of all galaxies, however, are distributed
in low-density filamentary or sheet-like structures. These sheets and filaments surround large
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Fig. 2.36. The spatial distribution of ∼ 80,000 galaxies in the 2dFGRS in a 4◦ slice projected onto the
redshift/right-ascension plane. Clearly galaxies are not distributed randomly, but are clumped together in
groups and clusters connected by large filaments that enclose regions largely devoid of galaxies. [Adapted
from Peacock (2002)]
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Credit: NASA, ESA, A. Feild (STScI), and A. Riess (STScI/JHU)

http://www.spacetelescope.org/
http://www.stsci.edu/
http://www.stsci.edu/




Galaxies as Cosmological Probes

Tully-Fisher 1975

Faber-Jackson 1976



Evolution of Galaxy Properties

✦ What are the fundamental Galaxy Properties?
✦ If their properties are connected to the Cosmology?



Halo of Galaxies 

Figure 1 CMB angular power spectrum (upper left), variance of matter fluctuations (upper right),
halo mass function (lower left), and halo bias factor (lower right). Solid curves in the main panels
show predictions of the fiducial ΛCDM panel listed in Table 1. Curves in the lower panels show
the fractional changes in these statistics induced by changing 1 + w to ±0.1 or Ωk to ±0.01 (see
legend). For each parameter change, we keep Ωmh2, Ωbh2, and D∗ fixed by adjusting Ωm, Ωb, and
h (see Table 1). These compensating changes keep deviations in the CMB spectrum minimal, much
smaller than the cosmic variance errors indicated by the shaded region.
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For a singular isothermal sphere the density profile is just
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where the circular velocity Vc is independent of radius. Based on the

spherical collapse model (Gunn & Gott 1972; Bertschinger 1985;

Cole & Lacey 1996), we define the limiting radius of a dark halo to

be the radius r200 within which the mean mass density is 200rcrit,

where rcrit is the critical density for closure at the redshift z when the

halo is identified. Thus, the radius and mass of a halo of circular

velocity Vc seen at redshift z are
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is the Hubble constant at redshift z. The redshift dependence of halo

properties, and so of the discs which form within them, is deter-

mined by HðzÞ. In order to understand this dependence better, Fig. 1

shows HðzÞ=H0 as a function of z for open and flat cosmologies with

various Q0. HðzÞ increases more rapidly with z in universes with

larger Q0. For a given Q0, the increase is more rapid for an open

universe than for a flat universe. At z " 1, the ratio HðzÞ=H0 is about

twice as large in an Einstein–de Sitter universe as in a flat universe

with Q0 ¼ 0:3. As a result of this difference, the properties of high-

redshift discs will depend significantly on Q0 and QL;0.

We assume that the mass which settles into the disc is a fixed

fraction md of the halo mass. The disc mass is then
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Except in Section 5 where we investigate the effects of including a

central bulge, we distinguish only halo and disc components, and

we assume the discs to be thin, to be in centrifugal balance, and to

have exponential surface density profiles,

SðRÞ ¼ S0 exp ¹R=Rd

) *

: ð5Þ

Here Rd and S0 are the disc scalelength and central surface density,

and are related to the disc mass through

Md ¼ 2!S0R2
d: ð6Þ

If the gravitational effect of the disc is neglected, its rotation curve is

flat at the level Vc and its angular momentum is just

Jd ¼ 2!
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3
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We assume this angular momentum to be a fraction jd of that of the

halo, i.e.

Jd ¼ jdJ; ð8Þ

and we relate J to the spin parameter l of the halo through the

definition

l ¼ JjEj1=2G¹1M¹5=2
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where E is the total energy of the halo. Equations (7) and (8) then

imply that
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The total energy of a truncated singular isothermal sphere is easily

obtained from the virial theorem by assuming all particles to be on

circular orbits:
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we get

Rd ¼
1
,,,

2
-

jd
md

% &

lr200

! 8:8h¹1 kpc
l

0:05

% &

Vc

250 km s¹1

% &

H

H0

' (¹1 jd
md

% &

; ð12Þ

and

S0 ! 4:8 × 1022h cm¹2mH

md

0:05

# $ l

0:05

% &¹2

×
Vc

250 km s¹1

% &

HðzÞ

H0

' (

md

jd

% &2

; ð13Þ

where mH is the mass of a hydrogen atom. Using equations (5), (12)

and (13), we can also obtain the limiting radius, Rl, at which the disc

surface density drops below some critical hydrogen column Nl

(which must be less than S0=mH):

Rl ! Rd

.
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This radius depends on r200, l and jd=md primarily through the

scalelength, Rd.

Equations (4) and (12)–(14) give the scalings of disc properties

with respect to a variety of physical parameters. These properties

are completely determined by the values of Vc, md, jd, l and HðzÞ;

other cosmological parameters, such as z, Q0 and QL;0, affect discs

only indirectly through HðzÞ. Since HðzÞ increases with z, discs of

given circular velocity are less massive, are smaller and have higher
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Figure 1. The Hubble constant (in units of its present value) as a function of

redshift for flat (Q0 þ QL;0 ¼ 1) and open models with various Q0.
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Figure 1. The Hubble constant (in units of its present value) as a function of

redshift for flat (Q0 þ QL;0 ¼ 1) and open models with various Q0.
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where mH is the mass of a hydrogen atom. Using equations (5), (12)

and (13), we can also obtain the limiting radius, Rl, at which the disc

surface density drops below some critical hydrogen column Nl

(which must be less than S0=mH):

Rl ! Rd

.

5:5 þ ln
md

0:05

# $/ md

jd

% &2 l

0:05

% &¹2

×
Vc

250 km s¹1

% &

HðzÞ

H0

Nl

2 × 1020h cm¹2

% &¹1(0

: ð14Þ

This radius depends on r200, l and jd=md primarily through the

scalelength, Rd.

Equations (4) and (12)–(14) give the scalings of disc properties

with respect to a variety of physical parameters. These properties

are completely determined by the values of Vc, md, jd, l and HðzÞ;

other cosmological parameters, such as z, Q0 and QL;0, affect discs

only indirectly through HðzÞ. Since HðzÞ increases with z, discs of

given circular velocity are less massive, are smaller and have higher
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Figure 1. The Hubble constant (in units of its present value) as a function of
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Figure 1. The Hubble constant (in units of its present value) as a function of

redshift for flat (Q0 þ QL;0 ¼ 1) and open models with various Q0.
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md
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# $ Vc

250 km s¹1

% &3 HðzÞ
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' (¹1

:

ð4Þ

Except in Section 5 where we investigate the effects of including a

central bulge, we distinguish only halo and disc components, and

we assume the discs to be thin, to be in centrifugal balance, and to

have exponential surface density profiles,

SðRÞ ¼ S0 exp ¹R=Rd

) *

: ð5Þ

Here Rd and S0 are the disc scalelength and central surface density,

and are related to the disc mass through

Md ¼ 2!S0R2
d: ð6Þ

If the gravitational effect of the disc is neglected, its rotation curve is

flat at the level Vc and its angular momentum is just

Jd ¼ 2!

+

VcSðRÞR2dR ¼ 4!S0VcR
3
d ¼ 2MdRdVc: ð7Þ

We assume this angular momentum to be a fraction jd of that of the

halo, i.e.

Jd ¼ jdJ; ð8Þ

and we relate J to the spin parameter l of the halo through the

definition

l ¼ JjEj1=2G¹1M¹5=2
; ð9Þ

where E is the total energy of the halo. Equations (7) and (8) then

imply that

Rd ¼
lGM3=2

2VcjEj1=2

jd
md

% &

: ð10Þ

The total energy of a truncated singular isothermal sphere is easily

obtained from the virial theorem by assuming all particles to be on

circular orbits:

E ¼ ¹
GM2

2r200

¼ ¹
MV2

c

2
: ð11Þ

On inserting this into equation (10) and using equations (2) and (6)

we get

Rd ¼
1
,,,
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and

S0 ! 4:8 × 1022h cm¹2mH

md

0:05

# $ l

0:05

% &¹2

×
Vc

250 km s¹1

% &

HðzÞ

H0

' (

md

jd
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; ð13Þ

where mH is the mass of a hydrogen atom. Using equations (5), (12)

and (13), we can also obtain the limiting radius, Rl, at which the disc

surface density drops below some critical hydrogen column Nl

(which must be less than S0=mH):

Rl ! Rd

.

5:5 þ ln
md

0:05

# $/ md

jd

% &2 l
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% &¹2

×
Vc

250 km s¹1

% &

HðzÞ

H0

Nl

2 × 1020h cm¹2

% &¹1(0

: ð14Þ

This radius depends on r200, l and jd=md primarily through the

scalelength, Rd.

Equations (4) and (12)–(14) give the scalings of disc properties

with respect to a variety of physical parameters. These properties

are completely determined by the values of Vc, md, jd, l and HðzÞ;

other cosmological parameters, such as z, Q0 and QL;0, affect discs

only indirectly through HðzÞ. Since HðzÞ increases with z, discs of

given circular velocity are less massive, are smaller and have higher
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Figure 1. The Hubble constant (in units of its present value) as a function of

redshift for flat (Q0 þ QL;0 ¼ 1) and open models with various Q0.

Mo+1998

all dissipationless hierarchical clustering cosmogonies can be well-

fitted by the simple formula

rðrÞ ¼ rcrit

d0

ðr=rsÞð1 þ r=rsÞ
2

; ð18Þ

where rs is a scale radius, and d0 is a characteristic overdensity. The

logarithmic slope of this profile changes gradually from ¹1 near the

centre to ¹3 at large radii. As before (and following NFW) we

define the limiting radius of a virialized halo, r200, to be the radius

within which the mean mass density is 200rcrit. The mass within

some smaller radius r is then

MðrÞ ¼ 4!rcritd0r3
s

1

1 þ cx
¹ 1 þ lnð1 þ cxÞ

! "

; ð19Þ

where x ! r=r200, and

c !

r200

rs

ð20Þ

is the halo concentration factor. The total mass of the halo is given

by equation (19) with x ¼ 1. Using equations (18)–(20), we can

obtain a relation between the characteristic overdensity and the halo

concentration factor,

d0 ¼
200

3

c3

lnð1 þ cÞ ¹ c=ð1 þ cÞ
: ð21Þ

We can obtain the total energy of the truncated halo as before by

assuming all particles to be on circular orbits, calculating their total

kinetic energy, and then using the virial theorem. This yields

E ¼ ¹G
ð4!rcritd0r3

s Þ2

2rs

1

2
¹

1

2ð1 þ cÞ2
¹

lnð1 þ cÞ

1 þ c

! "

¼ ¹
GM2

2r200

fc; ð22Þ

where

fc ¼
c

2

1 ¹ 1=ð1 þ cÞ2 ¹ 2 lnð1 þ cÞ=ð1 þ cÞ

½c=ð1 þ cÞ ¹ lnð1 þ cÞÿ2

"

2

3
þ

c

21:5

# $0:7
: ð23Þ

The approximation for fc given above is accurate to within 1 per cent

for the relevant range 5 < c < 30 (to about 3 per cent for 0 < c < 50).

Comparing equation (22) with equation (11), we see that the total

energy for an NFW profile differs from that for an isothermal sphere

by the factor, fc, which depends only on the concentration factor.

If the gravitational effects of the disc were negligible, its rotation

curve would simply follow the circular velocity curve of the

unperturbed halo, V2
c ðrÞ ¼ GMðrÞ=r. This curve rises to a maximum

at r " 2rs and then falls gently at larger radii (see NFW). In fact,

disc formation alters the rotation curve not only through the direct

gravitational effects of the disc, but also through the contraction it

induces in the inner regions of the dark halo. We analyse this effect

by assuming that the halo responds adiabatically to the slow

assembly of the disc, and that it remains spherical as it contracts;

the angular momentum of individual dark matter particles is then

conserved and a particle that is initially at mean radius, ri, ends up at

mean radius, r, where

GMfðrÞr ¼ GMðriÞri: ð24Þ

In this formula MðriÞ is given by the NFW profile (19) and MfðrÞ is

the total final mass within r. [See Barnes & White (1984) for a test

of this adiabatic model; see also Blumenthal et al. (1986) for a

related discussion.] The final mass is the sum of the dark matter

mass inside the initial radius ri and the mass contributed by the

exponential disc. Hence

MfðrÞ ¼ MdðrÞ þ MðriÞð1 ¹ mdÞ; ð25Þ

where, as before, md, is the fraction of the total mass in the disc,

and

MdðrÞ ¼ Md 1 ¹ 1 þ
r

Rd

% &

e¹r=Rd

! "

: ð26Þ

Here we implicitly assume that the baryons initially had the same

density profile as the dark matter, and those that do not end up in the

disc remain distributed in the same way as the dark matter. For a

given rotation curve, VcðRÞ, the total angular momentum of the disc

can be written as

Jd ¼

'r200

0
VcðRÞRSðRÞ2!RdR

¼ MdRdV200

'r200 =Rd

0
e¹uu2 VcðRduÞ

V200

du; ð27Þ

where V200 ! Vcðr200Þ is unaffected by disc formation. In practice

we can set the upper limit of integration to infinity because the disc

surface density drops exponentially and r200 q Rd. Substituting

equation (22) into equation (9) and writing Jd ¼ jdJ, we can use the

argument of Section 2.2 to obtain

Rd ¼
1
(((

2
)

jd
md

% &

lr200f ¹1=2
c fRðl; c; md; jdÞ ð28Þ

where

fRðl; c; md; jdÞ ¼ 2

'∞

0
e¹uu2 VcðRduÞ

V200

du

! "¹1

: ð29Þ

Comparing equation (28) with equation (12) we see two effects that

cause the disc scalelength to differ from that in a singular isothermal

sphere: the factor f ¹1=2
c comes from the change in total energy

resulting from the different density profile, while the factor

fRðl; c; md; jdÞ is due both to the different density profile and to

the gravitational effects of the disc.

The rotation velocity VcðrÞ is a sum in quadrature of contributions

from the disc and from the dark matter:

V2
c ðrÞ ¼ V2

c;dðrÞ þ V2
c;DMðrÞ; ð30Þ

where

V2
c;DMðrÞ ¼ G MfðrÞ ¹ MdðrÞ

* +

=r; ð31Þ

and Vc;dðrÞ is the rotation curve that would be produced by the

exponential disc alone. Note that when calculating the latter

quantity the flattened geometry of the disc has to be taken into

account (Binney & Tremaine 1987, p. 77). For a given set of

parameters, V200, c, l, md and jd, equations (25), (26), (28) and

(30) must be solved by iteration to yield the scalelength, Rd, and the

rotation curve, VcðRÞ. For example, we can start with a guess for Rd

by setting fR ¼ 1 in equation (28). We can then obtain MdðrÞ from

equation (26). Substituting this into equation (25) and using

equation (24), we can solve for ri as a function of r and so obtain

MfðrÞ from equation (25). With this and with V2
c;dðrÞ calculated for

the assumed Rd, we can get the disc rotation curve from equations

(30) and (31). Inserting this into equation (29) and using equation

(28) we then obtain a new value for Rd. In practice this iteration

converges rapidly, so that accurate values for both Rd and VcðrÞ are

easily obtained.

It is useful to have a fitting formula for fR which allows this

iterative procedure to be avoided. We find that the following
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fitted by the simple formula
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where rs is a scale radius, and d0 is a characteristic overdensity. The

logarithmic slope of this profile changes gradually from ¹1 near the

centre to ¹3 at large radii. As before (and following NFW) we

define the limiting radius of a virialized halo, r200, to be the radius

within which the mean mass density is 200rcrit. The mass within
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where x ! r=r200, and
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is the halo concentration factor. The total mass of the halo is given

by equation (19) with x ¼ 1. Using equations (18)–(20), we can

obtain a relation between the characteristic overdensity and the halo

concentration factor,
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We can obtain the total energy of the truncated halo as before by

assuming all particles to be on circular orbits, calculating their total

kinetic energy, and then using the virial theorem. This yields
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The approximation for fc given above is accurate to within 1 per cent

for the relevant range 5 < c < 30 (to about 3 per cent for 0 < c < 50).

Comparing equation (22) with equation (11), we see that the total

energy for an NFW profile differs from that for an isothermal sphere

by the factor, fc, which depends only on the concentration factor.

If the gravitational effects of the disc were negligible, its rotation

curve would simply follow the circular velocity curve of the

unperturbed halo, V2
c ðrÞ ¼ GMðrÞ=r. This curve rises to a maximum

at r " 2rs and then falls gently at larger radii (see NFW). In fact,

disc formation alters the rotation curve not only through the direct

gravitational effects of the disc, but also through the contraction it

induces in the inner regions of the dark halo. We analyse this effect

by assuming that the halo responds adiabatically to the slow

assembly of the disc, and that it remains spherical as it contracts;

the angular momentum of individual dark matter particles is then

conserved and a particle that is initially at mean radius, ri, ends up at

mean radius, r, where

GMfðrÞr ¼ GMðriÞri: ð24Þ

In this formula MðriÞ is given by the NFW profile (19) and MfðrÞ is

the total final mass within r. [See Barnes & White (1984) for a test

of this adiabatic model; see also Blumenthal et al. (1986) for a

related discussion.] The final mass is the sum of the dark matter

mass inside the initial radius ri and the mass contributed by the

exponential disc. Hence

MfðrÞ ¼ MdðrÞ þ MðriÞð1 ¹ mdÞ; ð25Þ

where, as before, md, is the fraction of the total mass in the disc,

and

MdðrÞ ¼ Md 1 ¹ 1 þ
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Here we implicitly assume that the baryons initially had the same

density profile as the dark matter, and those that do not end up in the

disc remain distributed in the same way as the dark matter. For a

given rotation curve, VcðRÞ, the total angular momentum of the disc

can be written as

Jd ¼

'r200

0
VcðRÞRSðRÞ2!RdR

¼ MdRdV200
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where V200 ! Vcðr200Þ is unaffected by disc formation. In practice

we can set the upper limit of integration to infinity because the disc

surface density drops exponentially and r200 q Rd. Substituting

equation (22) into equation (9) and writing Jd ¼ jdJ, we can use the

argument of Section 2.2 to obtain

Rd ¼
1
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Comparing equation (28) with equation (12) we see two effects that

cause the disc scalelength to differ from that in a singular isothermal

sphere: the factor f ¹1=2
c comes from the change in total energy

resulting from the different density profile, while the factor

fRðl; c; md; jdÞ is due both to the different density profile and to

the gravitational effects of the disc.

The rotation velocity VcðrÞ is a sum in quadrature of contributions

from the disc and from the dark matter:

V2
c ðrÞ ¼ V2

c;dðrÞ þ V2
c;DMðrÞ; ð30Þ

where

V2
c;DMðrÞ ¼ G MfðrÞ ¹ MdðrÞ
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and Vc;dðrÞ is the rotation curve that would be produced by the

exponential disc alone. Note that when calculating the latter

quantity the flattened geometry of the disc has to be taken into

account (Binney & Tremaine 1987, p. 77). For a given set of

parameters, V200, c, l, md and jd, equations (25), (26), (28) and

(30) must be solved by iteration to yield the scalelength, Rd, and the

rotation curve, VcðRÞ. For example, we can start with a guess for Rd

by setting fR ¼ 1 in equation (28). We can then obtain MdðrÞ from

equation (26). Substituting this into equation (25) and using

equation (24), we can solve for ri as a function of r and so obtain

MfðrÞ from equation (25). With this and with V2
c;dðrÞ calculated for

the assumed Rd, we can get the disc rotation curve from equations

(30) and (31). Inserting this into equation (29) and using equation

(28) we then obtain a new value for Rd. In practice this iteration

converges rapidly, so that accurate values for both Rd and VcðrÞ are

easily obtained.

It is useful to have a fitting formula for fR which allows this

iterative procedure to be avoided. We find that the following
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fraction, fsub(>M) = [ntot(>M) − nhost(>M)]/nhost(>M).
ntot(>M) was calculated using current M200 masses for hosts
and corresponding masses at the accretion epoch for subhalos
using z = 0 halo catalog of Behroozi et al. (2013) derived
from the Bolshoi simulation (Klypin et al. 2011). The subhalo
fraction in the Bolshoi simulation is parameterized as fsub =
min[0.35, 0.085(15 − log10 M200)].

I combine two recent SMF calibrations by Papastergis et al.
(2012) and Bernardi et al. (2010) to accurately characterize SMF
behavior at both small and large M∗, respectively: n(M∗) =
max[nP12, nB10]. For nP12 I adopt the double Schechter form
given by Equation (6) of Baldry et al. (2012) with the following
parameters: log10 M∗ = 10.66, φ∗

1 = 3.96 × 10−3 Mpc−3,
α1 = −0.35, φ∗

2 = 6.9 × 10−4 Mpc−3, α2 = −1.57. These
parameters are in general agreement with the best-fit parameters
derived for the local SMF by Baldry et al. (2012). Note that
SMF measurements at M∗ ! 108 M⊙ are quite uncertain due
to incompleteness of low surface brightness galaxies in this
regime (Baldry et al. 2012); the current SMF measurements
at these stellar masses should be considered as lower limits
and the actual SMF may be somewhat steeper still. For nB10 I
use the parameter values given in the bottom row of Table 4
in Bernardi et al. (2010, unbracketed values) and the Schechter
parameterization of the SMF given by Equation (9) in that paper.
I refer readers to the original papers for further details on how
the SMFs were estimated.

3. GALAXY SAMPLES

To estimate the size–virial radius relation, I have selected
several publicly available data sets chosen to span the entire
range of galaxy stellar masses4 and morphologies. First, I
use a compilation of stellar masses and effective radii for
the spheroidal, early-type galaxies from Misgeld & Hilker
(2011). These include 95 ellipticals (Es) and dwarf elliptical
(dE) galaxies in the Virgo cluster with the Hubble Space
Telescope (Ferrarese et al. 2006), the Very Large Telescope/
FORS1 observations of 194 dEs in the Hydra I and Centaurus
clusters (Misgeld et al. 2008, 2009), and 23 dwarf spheroidal
(dSph) galaxies in the Local Group. The sample of late-type
galaxies includes 25 of the THINGS/HERACLES galaxies of
Leroy et al. (2008) and the LITTLE THINGS sample of 34
dwarf irregular galaxies from Zhang et al. (2012). I also include
the stellar mass profile of the Milky Way using a combination
of the thin and thick stellar disks with parameters given in
Table 2 of McMillan (2011). For the late-type samples, I used
the deprojected stellar surface density profiles presented in these
studies to estimate the half-mass radius, R1/2, directly from the
profiles. R1/2 was determined as the radius that contains half of
the stellar mass of galaxies using the cumulative mass profile of
each disk: M∗(<R) = 2π

! R

0 Σ(R′)R′dR′.
In addition, I use the average relations between half-light

radius and stellar mass, ⟨R1/2|M∗⟩, derived for early- and late-
type galaxies in the Sloan Digital Sky Survey (SDSS) from the
recent study by Bernardi et al. (2012; SerExp values in their
Table 4). I also use the intrinsic scatter about the mean relation
calculated for both early- and late-type galaxies (M. Bernardi
2012, private communication). Finally, I use the half-mass radii
and stellar masses for a sample of 220 massive SDSS galaxies
at z < 0.1 presented in Szomoru et al. (2013, see their Table 1).

4 Stellar masses in all of the samples were estimated assuming the Chabrier
(2003) initial mass function.

Figure 1. Relation between the half-mass radius of stellar distribution in galaxies
of different stellar masses (spanning more than eight orders of magnitude in
stellar mass) and morphological types and inferred virial radius of their parent
halos, R200, defined as the radius enclosing overdensity of 200ρcr, and estimated
as described in Section 2. The red and orange symbols and lines show early-
type galaxies, while blue and cyan symbols and line show late-type galaxies,
as indicated in the figure legend (see Sections 3 and 4.1 for details). The gray
dashed line shows linear relation r1/2 = 0.015 R200 and dotted lines are linear
relations offset by 0.5 dex, which approximately corresponds to the 2σ scatter
2σln λ ≈ 1.1 expected for dark matter halos.

4. RESULTS

4.1. The Size–Virial Radius Relation

To derive the size–virial radius relation, I first assign M200
to galaxies using their stellar mass and the M∗–M200 rela-
tion derived using abundance matching. I then estimate the
three-dimensional half-mass radius from the projected two-
dimensional half-mass radii reported for observed galaxies. I
assume that in late-type galaxies stars are in a disk and hence the
two-dimensional R1/2 radius is equal to the three-dimensional
r1/2 radius. For the early-type galaxies I assume that stars have
spheroidal distribution and convert projected Re to r1/2 using
r1/2 = 1.34Re. This expression is accurate for spheroidal sys-
tems described by the Sérsic profile with a wide range of the
Sérsic index values (see Equation (21) in Lima Neto et al. 1999).

Figure 1 shows the derived r1/2–R200 relation for all of the
observational samples described above. Remarkably, r1/2 scales
approximately linearly over two orders of magnitude in radius
and over eight orders of magnitude in stellar mass from the dSph
galaxies to the most massive ellipticals. The linear relation,
r1/2 = 0.015 R200, is shown by the gray dashed line. The
normalization of this relation is chosen so that the distribution
of points is approximately symmetric around the line. The
formal power-law fit to the r1/2–R200 relation of the individual
galaxy points shown in the figure gives slope of 0.95 ± 0.065,
normalization of 0.015± 0.0007, and scatter of 0.20± 0.016 dex
(all errors indicating 95% confidence interval).

It is noteworthy that the half-mass radii of dIrr galaxies are
similar to those of dEs of the same stellar mass and follow
approximately the same r1/2–R200 relation. Massive late-type
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Fig. 8.— The SHMR at z = 0 of Model A is plotted as a function of the total halo mass Mh for the set of central galaxies, separated
into red and blue. The blue (red) continuous line is the mean value of the blue (red) population in our model and the black line is the
mean SHMR of the overall sample for centrals (i.e. a suitably weighted average of the red and blue lines). The thick dotted black line is
the contribution of satellites to the SHMR while the green thin dotted line indicates the cosmic baryonic fraction. The global turn-over
of the star formation efficiency can fully be accounted by quenching galaxies around M∗, corresponding to about 1012M⊙ in halo mass.
The agreement with the abundance matching reconstruction of Behroozi et al. (2013a) is quite impressive, although there is a systematic
reduction in Ms/Mh above Mh ∼ 1011.5M⊙ which may be traced to the saturation of the efficiency with which the regulator in L13
converts baryons to stars that is in turn linked to the flattening of the Z(Ms) mass-metallicity relation.

Section 5.4 we will explore some modifications by intro-
ducing Models B and C.

5.2. The link between sSFR and SFRD

Staying with the same expansion in our model as in
Section 5.1 we turn our attention to the star formation
rate density (SFRD). We plot in Figure 11 the SFRD
history for the same three models as for Figure 10. The
figure shows that lowering the efficiency at high redshift
shifts star formation to later times. The redshift de-
pendence of the efficiency ϵ does not have a significant
influence on the outcome at z = 0. It has a slight effect
of where the stellar mass is formed. As the model has
a smoothed evolution in ϵ, significant diviations in the
sSFR history from our default model can not be made.

5.3. Matching the red fraction at M∗

As mentioned in 4.4, our model under-predicts the
abundance of red galaxies around M∗. In other words,
the relative fraction of red to blue galaxies is too low.
The number density of red galaxies around M∗ is di-

rectly related to the number of dark matter haloes be-
tween Mh(M∗) and infinity. As the halo mass function
is a very steeply decreasing function of halo mass, the

number of red galaxies around M∗ is very sensitive to
the halo mass Mh(M∗) that corresponds to the quench-
ing mass M∗.
However, simply changing the parameterM∗ (i.e. µ−1)

will have a severe impact on the blue population that we
match very well. Boosting the SHMR (e.g, by just letting
more gas flow in the regulator) is also not satisfactory.
By doing so, we will boost the number density of blue
and red satellites by the same amount. We would be able
to get the needed number density in the red population
around M∗ (as we lowering the halo mass corresponding
to M∗) but at the same time we would end up with
to many blue galaxies at the same stellar mass range.
The question is: How can one change the red fraction
without either changing the number density of the blue
population or M∗? The fraction between blue and red
galaxies around M∗ is dependent on how fast galaxies
are approaching M∗. We have to elevate the sSFR at
M∗ or in terms of the SHMR, the power law parameter
for the Main sequence γ defined as

Ms ∝ Mγ
h (20)

has to be steeper around M∗ than our model prediction.
Our model produces a flattening of the SHMR around
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Figure 3. Normalized surface density profiles of stars for massive early-type
SDSS galaxies (nSer > 2.5) from Szomoru et al. (2013). Profiles of individual
galaxies are shown by the thin lines colored according to their log10 M∗, as
indicated in the legend. Each individual profile is normalized by the radius
rn = 0.015 R200, where R200 is obtained using the abundance matching ansatz
from galaxy’s M∗. The thick lines with error bars show the sample average and
the rms dispersion around the mean. The thick dashed line shows the average
profile of late-type galaxies from the top panel of Figure 2 for comparison.

5. DISCUSSION AND CONCLUSIONS

Figures 1–3 demonstrate that the characteristic size of stellar
and gas distributions in galaxies spanning more than eight
orders of magnitude in stellar mass scales approximately linearly
with the virial radius R200 derived using abundance matching
approach. Note that the R1/2–M∗ and M∗–M200 relations used
to derive the r1/2–R200 relation are very nonlinear. The fact that
nearly linear relation emerges from a combination of nonlinear
relations indicates that the derived relation is not a trivial
restatement of the well-known R1/2–M∗ relation.

It is the linearity of r1/2–R200 relation that is most interesting
from the theoretical standpoint, as such relation is in good
agreement with expectations of the model of Mo et al. (1998),
in which galaxy sizes are set by specific angular momentum
acquired via tidal torques during cosmological collapse by both
baryons and dark matter. The agreement is not only qualitative,
but also quantitative. Scatter in size at fixed R200 in such model
is mostly due to the scatter in λ—the spin of parent halo. The
dotted lines in Figure 1 show the 2σ scatter 2σln λ ≈ 1.1 which
in log10 corresponds to ≈ 0.5 dex; here σln λ ≈ 0.55 is the rms
width of the lognormal spin probability density function (e.g.,
Vitvitska et al. 2002). Mo & Mao (2000) previously showed
that size distribution of late-type galaxies is consistent with that
predicted by the Mo et al. (1998) framework. The figure shows
that there is also a good general agreement between the scatter
due to the spin distribution and observed scatter of r1/2 estimated
for massive galaxies in the samples of Szomoru et al. (2013) and
Bernardi et al. (2012). The agreement is noteworthy, although
more detailed comparison taking into account measurement
errors of Re and scatter of R200 due to intrinsic scatter in the
M∗–M200 relation and measurement errors of M∗ is needed.

Mo et al. (1998) model predicts r1/2 = 1.678 Rd =
1.187(jd/md )f − 1/2

c fRλR200, where jd and md are fractions of
baryon angular momentum and mass budget within halo in the
central disk, fc is a function of halo concentration, and fR is a

function that takes into account baryonic contraction of halo in
response to halo formation (see their Section 2.3). Assuming
jd/md = 1, md = 0.05, and typical spin λ̄ = 0.045 and halo
concentration of c200 = 10 gives r1/2 = 0.032 R200, i.e., normal-
ization about a factor of two higher than inferred in this study.
This, of course, could simply be due to jd/md < 1. However, as
noted by Mo et al. (1998), the predicted relation is applicable at
the epoch of disk formation. Indeed, after the galaxy size is set,
R200 may increase significantly simply due to pseudo-evolution
of halo mass defined with respect to the evolving reference den-
sity (Diemer et al. 2012). If I assume that galaxy size was set
at a characteristic epoch of z ≈ 2 and that halo mass of most
galaxies increases by a factor of 2.5 due primarily to pseudo-
evolution between z = 2 and z = 0, as suggested by analysis of
cosmological simulations (Diemer et al. 2012), the halo radius
that set the galaxy size is R200(z = 2) ≈ 0.37R200(z = 0). Using
again λ̄ = 0.045 and c200 = 4 typical for z = 2 halos, the pre-
diction is r1/2 ≈ 0.016(jd/md )R200(z = 0), in agreement with
the relation derived for observed galaxies. This conjecture can,
in principle, be tested via analysis similar to the one presented
in this Letter but done at z = 1–2.

These estimates demonstrate that empirically derived
r1/2–R200 relation is in very good quantitative agreement with
predictions of the Mo et al. (1998) disk formation model. Re-
markably, the prediction works not only for late-type disks, but
also for early-type galaxies. This means that angular momen-
tum plays a critical role in setting the sizes of galaxies of all
morphological types. This fact reveals yet another remarkable
regularity in properties of observed galaxies and provides a criti-
cal test for models of galaxy formation. Although predictions of
galaxy formation simulations are much more uncertain, recent
simulations with efficient feedback indicate that specific angular
momentum of the baryonic components of galaxies does indeed
correlate with that of their host dark matter halo (e.g., Zavala
et al. 2008; Scannapieco et al. 2008; Sales et al. 2010; Kimm
et al. 2011). Moreover, the results of Sales et al. (2010) hint at
the possible explanation for the similarity of relations for early-
and late-type galaxies. Morphology may be determined by how
well aligned the angular momentum of matter accreted at dif-
ferent epoch was, rather than by the frequency of mergers. The
total angular momentum of accreted matter is set by the overall
torque and may be comparable in objects, even though large
differences in angular momentum alignment may exist.

The derived r1/2–R200 relation may provide a useful way to
estimate galaxy sizes in simulations when only halo information
is available. Conversely, it can be used to derive halo extent and
mass using the observed Re. As shown recently by Szomoru
et al. (2013), half-light radius of galaxies is offset only by
≈ 25% from the half-mass radius r1/2 regardless of galaxy stellar
mass, morphology, and redshift. The relation derived in this
study can thus be used to estimate R200 of galaxy halos with
≈ 50% accuracy and virial mass M200 to within a factor of about
four from the measurement of half-light radius alone without
resorting to estimate of stellar mass. For these reasons it would
be interesting to calibrate the relation and its scatter using larger,
well-defined samples at a variety of redshifts.

I am grateful to Mariangela Bernardi for useful discussions
and communicating scatter results for her sample and to Nick
Gnedin, Andrew Hearin, and Surhud More for useful comments
on the manuscript. This work was supported in part by the Kavli
Institute for Cosmological Physics at the University of Chicago
through grants NSF PHY-0551142 and PHY-1125897 and an
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Figure 2. Normalized surface density profiles of stars, Σ∗(R)/Σn,∗ and neutral gas, Σgas(R)/Σn,g (H i + H2) for late-type galaxies. The Σ∗(R) panel includes galaxies
from the sample of Leroy et al. (2008) and the LITTLE THINGS sample of Zhang et al. (2012), while the Σgas(R) panel only includes the surface density profiles
of gas from Leroy et al. (2008). Profiles of individual galaxies are shown by the thin lines colored according to their log10 M∗, as indicated in the legend. Each
individual profile is normalized by the radius rn = 0.015 R200, where R200 is obtained using the abundance matching ansatz from galaxy’s M∗. The thick lines with
error bars show the sample average and the rms dispersion around the mean. The average profiles of both stars and gas are well described by the exponential profile,
but Rd,gas ≈ 2.6Rd,∗.

galaxies are also close to the global linear relation, although
the figure indicates that late-type galaxies of the intermediate
stellar masses have systematically larger half-mass radii than
the early-type galaxies of the same stellar mass (e.g., Bernardi
et al. 2012).

The purple-shaded band around the dot-dashed line in
Figure 1 shows 2σ ≈ 0.3–0.5 dex intrinsic scatter estimated
for all galaxies in the sample of Bernardi et al. (2012; the scatter
shown is for all galaxies in the sample; M. Bernardi, private
communication). The orange error bars show scatter estimated
for the mass-limited sample of massive SDSS galaxies presented
in Szomoru et al. (2013). The scatter estimated for this sample is
in good agreement with the scatter of the Bernardi et al. (2012)
sample. Remarkably, the scatter is also approximately consistent
with the scatter expected from the distribution of halo spins, λ,
in models in which galaxy size is ∝ λR200, shown by the dotted
lines in the figure.

4.2. Stellar and Gas Surface Density Profiles of Galaxies

In this section I show that in addition to r1/2–R200 cor-
relation the surface density profiles of stars and neutral
gas approximately follow universal profiles when scaled by
rn = 0.015 R200, i.e., the mean normalization of the r1/2–R200
correlation.

Two panels in Figure 2 show the surface density profiles
of stars and neutral gas (H i + H2, where H i is corrected for
helium) for late-type galaxies. The radius of each individual
profile was rescaled by rn = 0.015 R200 and surface densities
were scaled by Σn = 0.448 M/r2

n , where M is the total stellar
or gas mass of each galaxy and factor 0.448 = 1.6782/(2π )
assumes exponential profile (r1/2 = 1.678 Rd ). The figure
shows that both the mean stellar and gas profiles are on
average well described by the exponential profile, Σ(R) =
Σ0 exp(−R/Rd ) with Σ0,∗ ≈ 1256 M∗/R

2
200 and the scale length

Rd,∗ ≈ 0.011R200 for stars and Σ0,gas ≈ 199 Mgas/R
2
200 and

Rd,gas ≈ 0.029 R200 for neutral gas. The gas distribution is thus
on average a factor of ≈ 2.6 more extended than the stellar
distribution. Scatter around the mean profiles is rather small and
is only ≈ 30%–50% at R ∼ 1–3rn, even though M∗ of galaxies

shown in the Σ∗(R) figure (top panel) spans over six orders of
magnitude.

The approximate universality of the gas surface density
profiles was recently pointed out by Bigiel & Blitz (2012). These
authors rescaled gas profiles of the THINGS/HERACLES
galaxies using the optical Holmberg radius, R25, and the gas
surface density Σtrans at the radius where ΣH2 = ΣH i. Such
rescaling results in the average exponential profile described
by Σgas = 2.1Σtrans exp(−1.65R/R25) with comparable scatter
around the mean profile to the rescaling described above.
Comparison gives Σtrans = 95 Mgas/R

2
200 and R25 = 0.048 R200.

Thus, the results of Bigiel & Blitz (2012) can be understood if
Σtrans scales with the characteristic surface density Σ0,gas. The
scaling of R25 is implied by the scaling Rd,∗ ∝ R200 because for
exponential disks R25 ≈ 4.5 Rd,∗. Thus, the gas surface density
profiles can be scaled by the surface density ∝ Mgas/R

2
25 instead

of Σtrans. In summary, the results presented here indicate that
the reason scaling employed by Bigiel & Blitz (2012) works
is that surface densities of gas and stars are both exponential
and their scale lengths are correlated: Rd,gas ∝ Rd,∗. The origin
of the universality of Σgas profiles lies in the scaling of half-
mass radius of both gas and stars with the virial radius of
parent halo.

Figure 3 shows stellar surface density profiles of massive
SDSS (z < 0.1) galaxies in the sample presented by Szomoru
et al. (2013) rescaled using rn as above. Note that I plot not the
actual measured profiles but the Sérsic profiles with parameters
derived from the M∗ and Re values in Table 1 of that paper.
The mean profile of late-type galaxies from the top panel of
Figure 2 is shown for comparison. The figure shows that stellar
distribution of early-type galaxies also follows an approximately
universal profile. The mean profile is very close to the de
Vaucouleurs profile with Re = 0.015 R200/1.34, where factor
of 1.34 converts the three-dimensional half-mass radius to the
two-dimensional Re. Remarkably, the mean profiles of late-type
and early-type galaxies are quite similar at R ! rn and are
only significantly different at R " rn. This implies that similar
processes shape stellar distribution at large radii in both late-
and early-type galaxies.
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Fig. 2.26. The median (upper panel) and dispersion (lower panel) of the size distribution of galaxies in the
SDSS as function of their r-band magnitude. Results are shown separately for early-type (solid dots) and
late-type (open triangles) galaxies defined according to the Sérsic index n. [Kindly provided to us by S.
Shen, based on data published in Shen et al. (2003)]

and late-type galaxies, decreasing from ∼ 0.5 for galaxies with Mr ∼>−20.5 to ∼ 0.25 for brighter
galaxies.

2.4.3 Color Distribution

As shown in Fig. 2.5, massive stars emit a larger fraction of their total light at short wavelengths
than low-mass stars. Since more massive stars are in general shorter-lived, the color of a galaxy
carries important information about its star-formation history. However, the color of a star also
depends on its metallicity, in the sense that stars with higher metallicities are redder. In addition,
dust extinction is more efficient at bluer wavelengths, so that the color of a galaxy also contains
information regarding its chemical composition and dust content.

The left panel of Fig. 2.27 shows the distribution of the 0.1(g− r) colors of galaxies in the
SDSS, where the superscript indicates that the magnitudes have been converted to the same
rest-frame wavebands at z = 0.1. The most salient characteristic of this distribution is that it
is clearly bimodal, revealing a relatively narrow peak at the red end of the distribution plus a
significantly broader distribution at the blue end. To first order, this simply reflects that galaxies
come in two different classes: early-type galaxies, which have relatively old stellar populations
and are therefore red, and late-type galaxies, which have ongoing star formation in their disks
and are therefore blue. However, it is important to realize that this color–morphology relation is
not perfect: a disk galaxy may be red due to extensive dust extinction, while an elliptical may be
blue if it had a small amount of star formation in the recent past.

The bimodality of the galaxy population is also evident from the color–magnitude relation,
plotted in the right-hand panel of Fig. 2.27. This shows that the galaxy population is divided
into a red sequence and a blue sequence (also sometimes called the blue cloud). Two trends are
noteworthy. First of all, at the bright end the red sequence dominates, while at the faint end the
majority of the galaxies are blue. As we will see in Chapter 15, this is consistent with the fact

Shen+2003
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Fig. 2.13. Correlation between the Sérsic index, n, and the absolute magnitude in the B-band for a sample
of elliptical galaxies. The vertical dotted lines correspond to MB = −18 and MB = −20.5 and are shown
to facilitate a comparison with Fig. 2.14. [Data compiled and kindly made available by A. Graham (see
Graham & Guzmán, 2003)]

Fig. 2.14. The effective radius (left panel) and the average surface brightness within the effective radius
(right panel) of elliptical galaxies plotted against their absolute magnitude in the B-band. The vertical dotted
lines correspond to MB =−18 and MB =−20.5. [Data compiled and kindly made available by A. Graham
(see Graham & Guzmán, 2003), combined with data taken from Bender et al. (1992)]

been found to be correlated with the luminosity and size of the galaxy: while at the faint end
dwarf ellipticals have best-fit values as low as n ∼ 0.5, the brightest ellipticals can have Sérsic
indices n ∼> 10 (see Fig. 2.13).

Instead of I0 or Ie, one often characterizes the surface brightness of an elliptical galaxy via the
average surface brightness within the effective radius, ⟨I⟩e = L/ (2πR2

e), or, in magnitudes, ⟨µ⟩e.
Fig. 2.14 shows how Re and ⟨µ⟩e are correlated with luminosity. At the bright end (MB ∼< −18),
the sizes of elliptical galaxies increase strongly with luminosity. Consequently, the average sur-
face brightness actually decreases with increasing luminosity. At the faint end (MB ∼> −18),
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Fig. 2.19. The surface brightness profiles of three disk galaxies plus their decomposition in an exponential
disk (solid line) and a Sérsic bulge (dot-dashed line). [Based on data published in MacArthur et al. (2003)
and kindly made available by L. MacArthur]

Fig. 2.20. The effective radius (left panel) and the surface brightness at the effective radius (right panel) of
disk dominated galaxies plotted against their absolute magnitude in the B-band. [Based on data published
in Impey et al. (1996b)]

(i.e. a Sérsic profile with n = 1). Here R is the cylindrical radius, Rd is the exponential scale-
length, I0 is the central luminosity surface density, and L is the total luminosity. The effective
radius enclosing half of the total luminosity is Re ≃ 1.67Rd. Following Freeman (1970) it has
become customary to associate this exponential surface brightness profile with the actual disk
component. The central regions of the majority of disk galaxies show an excess surface brightness
with respect to a simple inward extrapolation of this exponential profile. This is interpreted as a
contribution from the bulge component, and such interpretation is supported by images of edge-
on disk galaxies, which typically reveal a central, roughly spheroidal, component clearly thicker
than the disk itself (see e.g. NGC 4565 in Fig. 2.7). At large radii, the surface brightness profiles
often break to a much steeper (roughly exponential) profile (an example is UGC 927, shown in
Fig. 2.19). These breaks occur at radii Rb = αRd with α in the range 2.5 to 4.5 (e.g. Pohlen et al.,
2000; de Grijs et al., 2001).

Fig. 2.20 shows Re and µe as functions of the absolute magnitude for a large sample of disk
dominated galaxies (i.e. with a small or negligible bulge component). Clearly, as expected, more
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Figure 1. Stellar specific angular momentum j? versus stellar mass M? for galaxies of di↵erent
stellar bulge fraction �? ⌘ (B/T )? (as indicated by symbol shapes and colors). The dashed lines
are scaling relations for disks and bulges from 3D fitting.

elementary particles – the “eigenstates” for galaxies being disks and bulges. One won-
ders whether Hubble might have proposed a classification scheme for galaxies based on
physical variables like j and M if he had been a physicist rather than an astronomer.
Figure 3 shows the distribution of our sample galaxies in the 3D space of (log j?, logM?,

�?). Figure 1 is, of course, just the projection of this distribution onto the log j?–logM?

plane. We note that galaxies lie on or near the curved 2D orange surface in the 3D space.
The orange surface is derived from a simple model based on a linear superposition of disks
and bulges that follow separate scaling relations of the form j?d / M↵

?d and j?b / M↵
?b

with ↵ = 0.67± 0.07 but o↵set from each other by a factor of 8± 2.
In Paper 3, we make detailed comparisons between our j?–M? scaling relations and

those of other authors. We find excellent agreement between our results from Paper 2
and those of Obreschkow & Glazebrook (2014) and Posti et al. (2018) for disk-dominated
galaxies. The j?–M? scaling relation derived by Sweet et al. (2018) appears to su↵er from
an unknown systematic error (by a factor of 2) relative to the relations derived in the other
three studies. We find no statistically significant indication that galaxies with classical
bulges and pseudo bulges follow di↵erent relations in (log j?, logM?, �?) space.
In Paper 3, we provide an updated interpretation of the j?–M? scaling relations, follow-

ing the precepts of Paper 1. In particular, we have revised slightly our earlier estimates
of the fractions of angular momentum in the stellar components of galaxies relative to
dark matter, fj ⌘ j?/jhalo. We now find fj ⇠ 1.0 for disks (slightly higher than before)
and fj ⇠ 0.1 for bulges (slightly lower than before). We also note that these fractions are

Fall+2018
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derived directly from the Tomczak et al. data, while the dashed
lines show the extrapolated parts of the SMHM relation.

SMHM relation 2. Behroozi et al. (2013) derived this
SMHM relation from published stellar mass and halo mass
functions over a wide range of redshifts (0 < z < 8). This is
probably the most prevalent SMHM relation in the literature.
However, since it is based on stellar mass functions that are
quite different from those derived using CANDELS data, it is
not ideal for the present study. We use it mainly to gauge the
sensitivity of our results to different SMHM relations. For
consistency, we convert their halo mass Mvir, defined using a
redshift-dependent overdensity factorΔvir(z) (Bryan & Norman
1998), to our halo mass definition M200c. The conversion
assumes an NFW halo mass profile and the halo mass–
concentration model calibrated in Diemer & Kravtsov (2015).
The corrections are very small in general (< 0.1 dex).

SMHM relation 3. This is the same SMHM relation adopted
by Kravtsov (2013). He derived his own SMHM relation out of
concerns that previous relations used stellar mass functions that
are biased at both the high-mass and low-mass ends. By using
the same SMHM relation as Kravtsov (2013), we can directly
compare our galaxy size–halo size relation with his at z= 0.

SMHM relation 4. There are several SMHM relations
separated by galaxy type at z< 0.5 in the literature, which
we plot in Figure 3. These relations use different approaches to
deriving the ratio between stellar masses and halo masses,
ranging from abundance matching (Rodríguez-Puebla et al.
2015) to weak lensing (Hudson et al. 2015; Mandelbaum et al.
2016) to a mixture of the two methods (Dutton et al. 2010). We
adopt the SMHM relation from Rodríguez-Puebla et al. (2015)
because it has the largest dynamic range in halo mass and is in
the middle of the range spanned by the other type-dependent
relations from the literature. We use the Rodríguez-Puebla et al.
SMHM relations for blue and red central galaxies at z= 0 for
galaxies in our sample with Sérsic index n below and above
2.5, respectively. Since Rodríguez-Puebla et al. defined their
halo mass using Δvir(z), we have applied the same conversion
to M200c as we did for SMHM relation 2.

We compare the four SMHM relations in Figure 4.
Evidently, there are significant discrepancies among these
SMHM relations, especially the first and second, for which the
differences can be up to ∼0.5 dex at z∼3. Our SMHM
relation 1, derived specifically for the CANDELS sample at
0< z< 3, shows stronger redshift evolution than SMHM
relation 2 from Behroozi et al. (2013). As already noted, this
difference comes mainly from the different stellar mass
functions used as input to these SMHM relations. Fortunately,
as we show in Sections 4 and 5, our main scientific results are
relatively insensitive to the adopted SMHM relation, largely

Figure 2. Ratio of galaxy stellar mass M* to halo virial mass M200c plotted
against M200c for our primary SMHM relation in six redshift bins covering the
range 0< z< 3. We derived this SMHM relation by abundance matching from
an evolving stellar mass function appropriate for the CANDELS sample
(Tomczak et al. 2014) and the evolving halo mass function in the Millennium-II
simulation (Boylan-Kolchin et al. 2009) as described in Section 3. Solid lines are
based directly on the stellar mass function from Tomczak et al. (2014); we
linearly extrapolate the SMHM relation in log–log space to cover the stellar mass
range of our sample (dashed lines).

Figure 3. Ratio of galaxy stellar mass M* to halo virial mass M200c plotted
against M200c for four low-redshift SMHM relations from the literature that
depend on galaxy color or type. These were derived by abundance matching
(Rodríguez-Puebla et al. 2015), weak lensing (Hudson et al. 2015;
Mandelbaum et al. 2016), or a combination of both techniques (Dutton et al.
2010). Three of the SMHM relations pertain to z= 0 and one to z= 0.5
(Hudson et al. 2015). Note the large discrepancies among these color- and type-
dependent SMHM relations.

Figure 4. Ratio of galaxy stellar mass M* to halo virial mass M200c plotted
against M200c for the four SMHM relations adopted in this work. SMHM
relation 1: derived as described in Section 3 for all galaxies at 0< z< 3 and
displayed here at 0< z< 0.5 and 2.5< z< 3.0, which bracket the relation at
intermediate redshifts. SMHM relation 2: derived by Behroozi et al. (2013) for
all galaxies at 0< z< 8 and displayed here at z= 0.1 and z= 3.0. SMHM
relation 3: derived by Kravtsov (2013) for all galaxies only at z= 0. SMHM
relation 4: derived by Rodríguez-Puebla et al. (2015) separately for blue and
red galaxies only at z= 0. Note that there are significant differences among
these SMHM relations, but because halo size depends weakly on halo mass
(R200c∝M200c

1/3 ), our main results are not sensitive to these differences.
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our adopted SMHM relations. We can judge the magnitude of
these errors by comparing the Reff–R200c relations plotted in
Figures 5–7 for the four different SMHM relations. This
comparison indicates that the SMHM relation may be
responsible for systematic errors at the level of ∼0.1–0.2 dex,
perhaps a little less for the combined sample of galaxies,
perhaps a little more for the subsamples split by morphological
type. Quantitative measures of the deviations among the Reff–
R200c relations at 0< z< 0.5 confirm these impressions.

The contributions to the error budget from the adopted stellar
population models, which determine the stellar masses and
specific star formation rates, are smaller than those from the
adopted SMHM relations. Systematic errors in stellar masses
could affect the Reff–R200c relations at about the same level as
systematic errors in Reff. The classification of the 3D shapes of
galaxies (i.e., flat disks versus round spheroids) by Sérsic index
is another source of uncertainty, because it is based only on the
radial decline of the projected 2D surface brightness profiles.
Fitting a single Sérsic profile instead of a detailed disk/bulge
decomposition possibly adds further uncertainty. Nevertheless,
the Reff–R200c relations we obtain from subsamples split by
Sérsic index agree at the 0.1 dex level with those from
subsamples split by specific star formation rates.

We estimate the impact of selection biases on our galaxy
size–halo size relations from the detection efficiencies for the
CANDELS survey derived by Guo et al. (2013) as follows.
They divide the Reff–H160 plane into regions that are 0%–50%,

50%–90%, and 90%–100% complete. Most of our sample
(88%) lies in the region of 90%–100% completeness, while the
remainder (12%) lies in the region of 50%–90% completeness.
To place an upper limit on the impact of selection biases, we
adopt the lower limits of 90% and 50% on the completeness in
these two regions of the Reff–H160 plane, assign weights 2.0
(i.e., 1/0.5) and 1.1 (i.e., 1/0.9) to the galaxies in our sample in
these regions, and then recompute the Reff–R200c relations. For
R200c100 kpc, we find negligible corrections to the median
Reff–R200c relations, while for R200c100 kpc, we find
corrections below 0.1 dex for all galaxy types and redshifts
0< z< 3. We conclude from this exercise that selection
biases are likely to be subdominant sources of uncertainty in
our Reff–R200c relations.
Based on this assessment of uncertainties, most of the results

of this paper appear to be robust. In particular, there is a strong,
approximately linear correlation between the sizes of galaxies
and their dark matter halos over the full range of redshifts
examined here, 0< z< 3. The coefficient of proportionality is
larger for late-type galaxies than for early-type galaxies, which
follow roughly parallel sequences, except possibly at the
highest redshifts. For late-type galaxies, the observed Reff–
R200c relation is generally consistent with simple models in
which galactic disks grow with the same specific angular
momentum as their dark matter halos. There is some evidence
for a slowdown in disk growth at z< 0.5, but the apparent
deviation from the J/M equality line is only ∼0.2 dex.

Figure 9. Galaxy effective radius Reff plotted against halo virial radius R200c at different redshifts for subsamples of galaxies with the highest and lowest 20% of the
measured sSFR as proxies for late- and early-type galaxies, respectively. The six panels show results computed from SMHM relation 1 in redshift intervals of
Δz= 0.5 covering the range 0< z< 3. The faint blue and red dots represent individual high-sSFR and low-sSFR galaxies, respectively, while the filled blue squares,
open red circles, and vertical bars indicate the corresponding median values and 16th–84th percentile ranges of Reff in bins of width 0.15 in logR200c. The diagonal
solid lines show the R1/2–R200c relation at z= 0 from Kravtsov (2013) assuming Reff= R1/2, while the diagonal dashed lines show the prediction for galactic disks
with the same J/M as their surrounding halos. The thick tick mark at the bottom of each panel indicates the halo size corresponding to the reference stellar mass
M*,low listed in Table 1. Note that the Reff–R200c relations for both high-sSFR and low-sSFR galaxies are nearly constant with redshift, and that the one for high-sSFR
galaxies is close to the predicted relation for equality of J/M in disks and halos. Compare with Figure 8.
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We have plotted and examined the Reff–R200c relations at all
redshifts (0< z< 3) for all four SMHM relations to determine
whether or not they support the four main results discussed in
Section 4. The outcome of this test is recorded in Table 2 by a
T (for true) or F (for false) for each combination of SMHM
relation and result. All of the entries are Ts. Table 2 therefore
reinforces our conclusion that the main scientific results of this
study are robust relative to discrepancies among the SMHM
relations (because of the weak dependence of R200c on M200c).

6. Discussion

We have found that the sizes of galaxies are proportional on
average to the sizes of their dark matter halos over a wide range
of galaxy and halo masses and over the entire redshift range
0<z<3 studied here: Reff=αR200c with α≈0.03. In
particular, we confirm the basic relation found by Kravtsov
(2013) at z=0 with only minor adjustment, some of which is
related to the difference between 2D half-light radii and 3D
half-mass radii. There is some curvature at the upper end of our
overall Reff–R200c relation, which is due to the larger abundance
and smaller average size of early-type galaxies compared with
late-type galaxies of the same stellar mass. Indeed, we find that
early- and late-type galaxies follow distinct, roughly parallel
Reff–R200c relations offset by a factor of ∼2 for the upper and
lower 20th percentiles of Sérsic index and specific star
formation rates, which are meant to be proxies for disk-
dominated and spheroid-dominated galaxies.

Given the proportionality between galaxy and halo sizes, it is
now straightforward to predict how galaxy sizes evolve with
redshift, from the following alternative forms of Equation (1):
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Here H(z) is the Hubble parameter at redshift z, and V c200 is the
circular velocity of the halo in question (see Mo et al. 1998).
Thus, we expect Reff∝H−2/3(z) or Reff∝H−1(z) depending
on whether galaxies at different z are compared at the same
M200c or V200c. As a result of gravitational clustering, the
characteristic halo mass evolves with redshift roughly as
*s dµ( ) ( ) ( )M z z D z,c c200 , where *s ( )M z,c200 is the rms

deviation of the linear density field smoothed over the scale
*( )R M c200 , δc(z) is the critical linear overdensity for collapse

(Kitayama & Suto 1996), and D(z) is the linear growth factor
(Carroll et al. 1992). The corresponding galactic size *Reff(z) at
the knee of the galaxy mass function should evolve according
to Equation (4) with * ( )M M zc c200 200 . This expression for
*Reff(z) relates the typical sizes of progenitor–descendant pairs

of galaxies at different redshifts, although there will be a large
dispersion about it as a result of stochasticity in the hierarchical
growth of galaxies.

Our Reff–R200c relations for late-type galaxies (defined by low
n , high sSFR) at 0.5<z<3 are within 0.1–0.2 dex of the
predictions of simple models in which galactic disks acquire and
retain the same specific angular momentum as induced by tidal
torques in their surrounding dark matter halos. At z<0.5,
late-type galaxies are ∼0.2 dex below this prediction. However,
given possible systematic errors in the measurements of galactic
sizes (20% for low-n galaxies), our results are consistent with a
range ηj∼80%±20% for the retained fraction of specific
angular momentum. Our results therefore agree nicely with
recent, direct measurements of the specific angular momentum
of galactic disks at z=0 (Fall & Romanowsky 2013), at
0.2<z<1.4 (Contini et al. 2016), and at 1<z<3 (Burkert
et al. 2016), all of which indicate retention factors ηj near unity
or slightly below.
The notion of angular momentum conservation was

introduced as a simplifying approximation in the era of
analytical models of galaxy formation (Fall & Efstathiou 1980).
Since then, hydrodynamical models have revealed a much
more complex situation. In particular, it is now clear that
several physical processes may change the specific angular
momentum of galaxies or parts of galaxies during their
formation and evolution, including merging, feedback, inflows,
outflows, and gravitational interactions between baryons and
dark matter. Some of these processes cause gains in specific
angular momentum, while others cause losses (see Roma-
nowsky & Fall 2012; Genel et al. 2015, for summaries and
references to earlier work).
The galactic disks that form in recent hydrodynamical

simulations have nearly the same specific angular momentum
on average as their dark matter halos, in good agreement with
observations (Genel et al. 2015; Pedrosa & Tissera 2015; Teklu
et al. 2015; Zavala et al. 2016). Evidently, the processes
responsible for gains and losses are either weak or in rough
balance, leading to an apparent (if not strict) conservation of
angular momentum during the formation of galactic disks.
Simulations and now observations indicate that galaxies of all
types grow in a quasi-homologous (or self-similar) relationship
with their dark matter halos. The details of how this happens
are a topic of ongoing research.

We thank Gerard Lemson for the help with Millennium
Simulation, Adam Tomczak for useful discussions of stellar
mass functions, and Andrey Kravtsov for providing conversion
factors between different halo mass definitions. We also thank
Avishai Dekel, Sandra Faber, Steve Finkelstein, Andrey
Kravtsov, Yu Lu, and Rachel Somerville for comments on a
near-final draft of this paper. This work is based on
observations taken by the CANDELS Multi-Cycle Treasury
Program with the NASA/ESA HST, which is operated by the
Association of Universities for Research in Astronomy, Inc.,
under NASA contract NAS5-26555.

Table 2
Verification of Main Results

SMHM 1 SMHM 2 SMHM 3 SMHM 4

1. The Reff–R200c relations are roughly linear in all redshift bins. T T T T
2. The Reff–R200c relations are offset for early- and late-type galaxies. T T T T
3. The Reff–R200c relation for late-type galaxies are close to the J/M equality line. T T T T
4. The Reff–R200c relation shows little evolution between z=0 and z=3. T T T T
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underlying distribution. The bottom panels of Figure 1 show
the same comparison for the Deep region in the magnitude
range 24.2 mag< H160< 25.2 mag. We made a similar
comparison for the stellar mass distributions, also finding no
statistically significant difference between the HUDF and the
Deep and Wide samples.

We have also estimated the completeness of our sample from
the detection efficiencies for the CANDELS survey derived by
Guo et al. (2013). They inserted artificial galaxies into images
from the Wide, Deep, and HUDF regions and analyzed them
with SExtractor in the same way as the real survey to determine
the detection efficiency as a function of apparent magnitude
H160, effective radius Reff, and Sérsic index n (see their
Figure5). From these results, we estimate that our sample as a
whole is more than 85% complete. This high level of
completeness helps to ensure that selection biases have
relatively little impact on our galaxy size–halo size relations
(estimated in Section 5).

Studying galaxy size evolution demands that we compare
Reff values at a similar rest-frame wavelength across redshift
bins, so that we can eliminate the contributions from dust or
stellar age gradient to the observed size evolution. We follow
the procedure in van der Wel et al. (2014) to correct for galaxy
color gradients and place galaxy sizes on the same rest-frame
wavelength. To do this, we use galaxy sizes measured in H160
for galaxies at z> 1.5 and use the sizes measured in J125 at
z< 1.5. Color gradients that lead to different galaxy sizes at
different wavelengths are accounted for by a correction factor
that is a function of galaxy redshift, stellar mass, and galaxy
type (late-type or early-type). As the result of this color
gradient correction, the measurements are converted into the
Reff near rest-frame 5000Å. The size correction is typically
only a few percent, but it does reach ∼60% in some cases. For
more details about the color gradient correction, we refer the
readers to van der Wel et al. (2014), Section2.2, and their
Equations(1) and (2).

Stellar masses and star formation rates are estimated by
comparing our photometry with model SEDs, adopting a
Chabrier (2003) initial mass function (IMF). Here the stellar
masses of galaxies include all luminous stars and dark remnants
at the time of observation (but not stellar ejecta). This method
of estimating stellar masses has been extensively tested in
Mobasher et al. (2015), and they found that typical stellar mass
uncertainties are ∼0.25 dex for the magnitude limits adopted
here. The primary sources of systematic uncertainties are IMF

and stellar evolution models; for galaxies with strong nebular
emission lines, systematic uncertainties for stellar mass can be
up to ∼0.4 dex.
We restrict this study to galaxies with stellar masses

M*> 107Me. Above this limit, we include all galaxies
brighter than the magnitude limits mentioned above, where
we are confident that our measurements are robust and
unaffected by size-dependent biases. For each redshift interval,
we estimate the typical stellar mass of the faintest galaxies
M*,low by taking the median SED-fitted stellar mass estimate of
galaxies within 0.1 mag of the HUDFmagnitude limit. The
values of M*,low are listed in Table 1 and shown as thick tick
marks at the bottoms of Figures 5–9. SED-based star formation
rates can be uncertain by ∼0.4 dex (Salmon et al. 2015);
therefore, the uncertainties in the specific star formation rates
(sSFRs) are roughly 0.6 dex for our galaxy sample. In this
paper, we select subsamples in the upper and lower 20% tails of
the sSFR distribution. Because we are making a differential
comparison between the relatively large populations in these
tails, our results are not sensitive to the sSFR uncertainties.

3. Abundance Matching

In this study, we employ the technique of abundance
matching to estimate the mass and hence the size of the dark
matter halo associated with each galaxy in our sample. In
essence, this technique compares the measured sizes of
observed galaxies with the inferred sizes of matched halos in
cosmological dark matter simulations. The basic assumption is
that the rank ordering of galaxy (stellar) masses M* reflects on
average the rank ordering of halo (virial) masses M200c, i.e.,
that the cumulative number densities of galaxy masses and halo
masses are equal: ng(> M*)= nh(> M200c). This ansatz leads
directly to a correspondence between M* and M200c known as
the stellar mass–halo mass relation. While the assumption that
galaxy masses and halo masses follow the same rank ordering
is a reasonable approximation for statistical studies based on
large samples such as ours, it cannot be exactly true for
individual galaxies, which experience stochastic events such as
mergers and starbursts throughout their histories.
Given an SMHM relation, we compute the halo mass M200c

of each galaxy in our sample from its stellar mass M*. We then
compute the virial halo radius R200c using the standard formula

p r
=
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where ρcrit(z) is the critical density of the universe at redshift z.
In order to assess how sensitive our results are to the choice of
SMHM relation, we perform all of our calculations with four
different SMHM relations. All of these SMHM relations are
based on the Chabrier (2003) stellar IMF and the same halo
mass definition M200c. They are plotted in Figures 2–4 and
discussed below.
SMHM relation 1. We have derived this new SMHM

relation specifically for this study so that it is as consistent as
possible with the CANDELS data set, selection criteria, and
SED fitting procedure for our sample of galaxies with size
measurements. In particular, we combine the stellar mass
function ng(> M*) from Tomczak et al. (2014) with our
determination of the halo mass function nh(> M200c) from the
Millennium-II simulation (Boylan-Kolchin et al. 2009).

Table 1
Galaxy Sample Sizes

Redshift Wide Deep HUDF Total zmed M*,low
a

(Me)

0.0< z< 0.5 4388 923 50 5361 0.34 1.0×107

0.5< z< 1.0 9706 2435 116 12,257 0.73 5.0×107

1.0< z< 1.5 6666 1395 113 8174 1.23 8.2×107

1.5< z< 2.0 5152 1224 90 6466 1.70 1.7×108

2.0< z< 2.5 2580 727 47 3354 2.23 2.1×108

2.5< z< 3.0 1483 497 54 2034 2.69 3.8×108

All redshifts 29,975 7201 470 37,646 K K

Note.
a Typical stellar mass of the galaxies from HUDF with 26.6
mag< H160< 26.8 mag and near the median of each redshift bin. In the
lowest redshift bin, we impose a hard cut in stellar mass at 107 Me.
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We have plotted and examined the Reff–R200c relations at all
redshifts (0< z< 3) for all four SMHM relations to determine
whether or not they support the four main results discussed in
Section 4. The outcome of this test is recorded in Table 2 by a
T (for true) or F (for false) for each combination of SMHM
relation and result. All of the entries are Ts. Table 2 therefore
reinforces our conclusion that the main scientific results of this
study are robust relative to discrepancies among the SMHM
relations (because of the weak dependence of R200c on M200c).

6. Discussion

We have found that the sizes of galaxies are proportional on
average to the sizes of their dark matter halos over a wide range
of galaxy and halo masses and over the entire redshift range
0<z<3 studied here: Reff=αR200c with α≈0.03. In
particular, we confirm the basic relation found by Kravtsov
(2013) at z=0 with only minor adjustment, some of which is
related to the difference between 2D half-light radii and 3D
half-mass radii. There is some curvature at the upper end of our
overall Reff–R200c relation, which is due to the larger abundance
and smaller average size of early-type galaxies compared with
late-type galaxies of the same stellar mass. Indeed, we find that
early- and late-type galaxies follow distinct, roughly parallel
Reff–R200c relations offset by a factor of ∼2 for the upper and
lower 20th percentiles of Sérsic index and specific star
formation rates, which are meant to be proxies for disk-
dominated and spheroid-dominated galaxies.

Given the proportionality between galaxy and halo sizes, it is
now straightforward to predict how galaxy sizes evolve with
redshift, from the following alternative forms of Equation (1):

a a a= = =
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Here H(z) is the Hubble parameter at redshift z, and V c200 is the
circular velocity of the halo in question (see Mo et al. 1998).
Thus, we expect Reff∝H−2/3(z) or Reff∝H−1(z) depending
on whether galaxies at different z are compared at the same
M200c or V200c. As a result of gravitational clustering, the
characteristic halo mass evolves with redshift roughly as
*s dµ( ) ( ) ( )M z z D z,c c200 , where *s ( )M z,c200 is the rms

deviation of the linear density field smoothed over the scale
*( )R M c200 , δc(z) is the critical linear overdensity for collapse

(Kitayama & Suto 1996), and D(z) is the linear growth factor
(Carroll et al. 1992). The corresponding galactic size *Reff(z) at
the knee of the galaxy mass function should evolve according
to Equation (4) with * ( )M M zc c200 200 . This expression for
*Reff(z) relates the typical sizes of progenitor–descendant pairs

of galaxies at different redshifts, although there will be a large
dispersion about it as a result of stochasticity in the hierarchical
growth of galaxies.

Our Reff–R200c relations for late-type galaxies (defined by low
n , high sSFR) at 0.5<z<3 are within 0.1–0.2 dex of the
predictions of simple models in which galactic disks acquire and
retain the same specific angular momentum as induced by tidal
torques in their surrounding dark matter halos. At z<0.5,
late-type galaxies are ∼0.2 dex below this prediction. However,
given possible systematic errors in the measurements of galactic
sizes (20% for low-n galaxies), our results are consistent with a
range ηj∼80%±20% for the retained fraction of specific
angular momentum. Our results therefore agree nicely with
recent, direct measurements of the specific angular momentum
of galactic disks at z=0 (Fall & Romanowsky 2013), at
0.2<z<1.4 (Contini et al. 2016), and at 1<z<3 (Burkert
et al. 2016), all of which indicate retention factors ηj near unity
or slightly below.
The notion of angular momentum conservation was

introduced as a simplifying approximation in the era of
analytical models of galaxy formation (Fall & Efstathiou 1980).
Since then, hydrodynamical models have revealed a much
more complex situation. In particular, it is now clear that
several physical processes may change the specific angular
momentum of galaxies or parts of galaxies during their
formation and evolution, including merging, feedback, inflows,
outflows, and gravitational interactions between baryons and
dark matter. Some of these processes cause gains in specific
angular momentum, while others cause losses (see Roma-
nowsky & Fall 2012; Genel et al. 2015, for summaries and
references to earlier work).
The galactic disks that form in recent hydrodynamical

simulations have nearly the same specific angular momentum
on average as their dark matter halos, in good agreement with
observations (Genel et al. 2015; Pedrosa & Tissera 2015; Teklu
et al. 2015; Zavala et al. 2016). Evidently, the processes
responsible for gains and losses are either weak or in rough
balance, leading to an apparent (if not strict) conservation of
angular momentum during the formation of galactic disks.
Simulations and now observations indicate that galaxies of all
types grow in a quasi-homologous (or self-similar) relationship
with their dark matter halos. The details of how this happens
are a topic of ongoing research.

We thank Gerard Lemson for the help with Millennium
Simulation, Adam Tomczak for useful discussions of stellar
mass functions, and Andrey Kravtsov for providing conversion
factors between different halo mass definitions. We also thank
Avishai Dekel, Sandra Faber, Steve Finkelstein, Andrey
Kravtsov, Yu Lu, and Rachel Somerville for comments on a
near-final draft of this paper. This work is based on
observations taken by the CANDELS Multi-Cycle Treasury
Program with the NASA/ESA HST, which is operated by the
Association of Universities for Research in Astronomy, Inc.,
under NASA contract NAS5-26555.

Table 2
Verification of Main Results

SMHM 1 SMHM 2 SMHM 3 SMHM 4

1. The Reff–R200c relations are roughly linear in all redshift bins. T T T T
2. The Reff–R200c relations are offset for early- and late-type galaxies. T T T T
3. The Reff–R200c relation for late-type galaxies are close to the J/M equality line. T T T T
4. The Reff–R200c relation shows little evolution between z=0 and z=3. T T T T
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Figure 6. Parameterized redshift evolution of the size–mass relation, from the power law model fits shown in Figure 5. The left-hand panel shows the evolution of
the intercept, or the size evolution at fixed stellar mass of 5 × 1010M⊙. Strong evolution is seen for high-mass early-type galaxies, and moderate evolution is seen
for low-mass early types and for late-type galaxies. The middle and right-hand panels show the evolution of the slope and intrinsic (model) scatter of the size–mass
relation, either with little or no evidence for changes with redshift. The open symbols represent the observed scatter: these measurements do not take measurement
uncertainties and contamination into account. The fitting parameters shown in this figure are given in Table 1.
(A color version of this figure is available in the online journal.)

Table 1
Results from the Parameterized Fits to the Size–Mass Distribution of the form Reff/kpc = A(M∗/5 × 1010 M⊙)α ,

as Described in Section 3.1 and Shown in Figures 5 and 6

Early-type Galaxies Late-type Galaxies

z log(A) α σ log(Reff ) log A α σ log(Reff )

0.25 0.60 ± 0.02 0.75 ± 0.06 0.10 ± 0.02 0.86 ± 0.02 0.25 ± 0.02 0.16 ± 0.01
0.75 0.42 ± 0.01 0.71 ± 0.03 0.11 ± 0.01 0.78 ± 0.01 0.22 ± 0.01 0.16 ± 0.01
1.25 0.22 ± 0.01 0.76 ± 0.04 0.12 ± 0.01 0.70 ± 0.01 0.22 ± 0.01 0.17 ± 0.01
1.75 0.09 ± 0.01 0.76 ± 0.04 0.14 ± 0.01 0.65 ± 0.01 0.23 ± 0.01 0.18 ± 0.01
2.25 − 0.05 ± 0.02 0.76 ± 0.04 0.14 ± 0.02 0.55 ± 0.01 0.22 ± 0.01 0.19 ± 0.01
2.75 − 0.06 ± 0.03 0.79 ± 0.07 0.14 ± 0.03 0.51 ± 0.01 0.18 ± 0.02 0.19 ± 0.01

Note. σ (log Reff ) is the scatter in Reff in logarithmic units.

for late-type galaxies, where W is the weight and C is the
contamination fraction, both of which are a function of redshift
and mass. The best-fitting parameters are identified by finding
the model with the maximum total likelihood, L = LET + LLT.

For the late types, we fit all galaxies with M∗ > 3 × 109M⊙;
this limit provides a good dynamic range of two orders of
magnitude in mass and exceeds the mass limit of our sample
up to z = 2.5 (Figure 2). For the early types, we fit all galaxies
with M∗ > 2 × 1010M⊙, so that we avoid the clearly flatter part
of the size–mass distribution at lower masses (see Section 3.2).
This cutoff exceeds the mass limit of our sample up to z = 3.

The black lines in Figure 5 indicate the fitting results, and the
evolution of the individual model parameters (intercept, slope,
and scatter) are shown in Figure 6. The fitting results are also
given in Table 1. The intercept of the best-fitting size mass model
distributions evolves significantly with redshift and particularly
rapidly for the early types.

Usually, the evolution of the intercept is parameterized as a
function of (1+z). While this is intuitively appealing because of
our familiarity with the cosmological scale factor, this is perhaps
not the physically most meaningful approach. Galaxy sizes, in
particular disk scale lengths, are more directly related to the
properties of their dark matter halos than to the cosmological
scale factor. Halo properties such as virial mass and radius
follow the evolving expansion rate—the Hubble parameter
H (z)—instead of the cosmological scale factor. For a matter-
dominated universe, H (z) and (1 + z) evolve at a similar pace,

but as a result of the increased importance at late times of Λ
for the dynamical evolution of the universe, H (z) evolves much
slower in proportion to (1 + z) at late times than at early times.
For example, at z ∼ 0 we have H (z) ∝ (1 + z)0.4, while at z ∼ 2
this is H (z) ∝ (1 + z)1.4.

For this reason it is reasonable to parameterize size evolution
as a function of H (z) in addition to (1 + z). The solid lines
in the left-hand panel of Figure 6 represent the evolution as a
function of H (z), while the dashed lines represent the evolution
as a function of (1 + z). These results are also given in Table 1.
The H (z)βH parameterization is marginally preferred by the
data over the (1 + z)βz parameterization, as is more clearly
illustrated in Figure 7, where we show the residuals. In addition
to the statistical limitations, we note that these residuals are of
the same magnitude as the systematic uncertainties in the size
measurements and color gradient corrections (Section 2.5). A
more thorough comparison with size evolution of larger samples
at z < 1 with size measurements at visual wavelengths would
improve these constraints.

Newman et al. (2012) first demonstrated the lack of strong
evolution in the slope of the size–mass relation for massive
(>2×1010 M⊙) early-type galaxies. Here we confirm that result
(middle panel, Figure 6) and find a slope of Reff ∝ M0.75 at all
redshifts. This slope is somewhat steeper than measured by Shen
et al. (2003) for present-day early-type galaxies. Differences in
sample selection (star-formation activity versus concentration)
and methods (Reff from Sérsic profile fits versus Petrosian

8

van der Well+2014

The Astrophysical Journal, 788:28 (19pp), 2014 June 10 van der Wel et al.

Figure 7. Evolution-corrected average sizes at M∗ = 5 × 1010 M⊙ for late-type
galaxies (top panel, in blue) and early-type galaxies (bottom panel, in red). The
values shown here are the values shown in the left-hand panel of Figure 6,
divided by (1 + z)βz as indicated on the y-axis. The residuals from the best-
fitting (1 + z)βz law indicate that parameterizing the evolution as a function of
the Hubble parameter (Reff ∝ h(z)βH ) may provide a more accurate description
of the late-type galaxies. See Section 3.2 for further discussion.
(A color version of this figure is available in the online journal.)

half-light radii) may explain this difference. For the first time
we extend the analysis to late-type galaxies: the slope is much
flatter than the slope for early types (Reff ∝ M0.22), with little or
no change with redshift. This slope is intermediate to the slope
found by Shen et al. (2003) for low- and high-mass galaxies.
Our sample contains too few high-mass late-type galaxies to
perform a robust double-component power law fit, as done by
Shen et al. (2003), but in Section 3.2 we will show evidence for
the steepening of the relation for massive late-type galaxies out
to z = 1.

Finally, we present the first measurement of the intrinsic
scatter in size beyond the local universe (right-hand panel of
Figure 6). We find no strong evolution for either late types
or early types, and we find that the scatter for the early-type
population is always somewhat smaller (0.1–0.15 dex) than for
the late-type population (0.16–0.19 dex). These numbers agree
well with the intrinsic scatter measured by Shen et al. (2003)
for present-day galaxies: 0.13 dex for early-type galaxies and
0.20 dex for late-type galaxies. We note that the effects of
measurement uncertainties were not included by Shen et al.
(2003).

For comparison, we show the observed scatter at each redshift,
calculated as the standard deviation in Reff after subtracting
the best-fitting size–mass relation. The values for early-type
galaxies are in the range of 0.2–0.3 dex, in good agreement
with the values found by (Newman et al. 2012) over the same
redshift range. In particular, the strongly increased observed
scatter in size for the early-type galaxies at z > 2 is largely
attributed to significant contamination by misclassified late-
type galaxies. We have assumed a misclassification probability
of 10% (resulting in an assumed misclassified fraction of
C = 0.10 in the case of an equal number of early- and late-
type galaxies—see above), but although this value is empirically
motivated, it is not known with great precision. If we decrease
(increase) the misclassification probability to 5% (20%), then

the recovered intrinsic scatter for the z = 2.0–2.5 early-type
galaxy sample, for example, increases (decreases) to 0.18 (0.11).

At this point we should also comment on the effect of
changing the value for the assumed random uncertainty in stellar
mass (here 0.15 dex). Decreasing its value has no measurable
effect, while increasing it to 0.30 dex decreases the recovered
value for the intrinsic scatter further, to 0.05 dex for the
z = 2.0–2.5 early-type galaxy sample. In this sense, the derived
values for the intrinsic scatter are upper limits.

While our particular choices in modeling the uncertainties
affect the results with (marginal) significance, they do not affect
our general conclusions that the intrinsic size scatter (1) is
!0.20 dex for both types of galaxies and (2) does not strongly
evolve with redshift. However, the conclusion that the scatter
for early-type galaxies is smaller than for late-type galaxies at
all redshifts—as is seen for present-day galaxies—should at this
stage be regarded as tentative.

Finally, we note that changes in the misclassification proba-
bility or uncertainty in stellar mass do not significantly affect
the recovered values of the other model parameters (zero point
and slope).

3.2. Evolution of Median Sizes

In this section we offer a complementary description of the
evolution of the size–mass relation. In Figure 8 we show the
median sizes as a function of mass and redshift, along with
the 68th percentile width of the size distribution. The values
are listed in Table 2. Up to z ∼ 1.5 the relation for late types
steepens and tightens at the high-mass end. Shen et al. (2003)
modeled the steepening by assuming a two-component power
law, but we sample an insufficiently large volume and sample
size at >1011 M⊙ to include this in our analytical description
presented above (Section 3.1). The flattening of the size–mass
relation for low-mass early types is also clearly seen. Inspection
of the SEDs of individual galaxies confirms that these are truly
quiescent galaxies, with strong 4000 Å breaks. As we showed in
Section 3.1, the large apparent increase in the scatter for high-
redshift early types can be partially attributed to contaminants
and outliers.

We provide complementary sets of median size and scatter
measurements in the Appendix. These include the commonly
used circularized radii: Reff,circ = Reff

√
b/a, where b/a is the

projected axis ratio. In addition, we provide the measurements
for the combined late + early-type galaxy sample and the mea-
surements in bins of rest-frame V-band luminosity.

Figure 9 shows the median size evolution for galaxies in
different mass bins. We parameterize this evolution both as a
function of H (z) and of (1 + z)—see Section 3.1. The results are
shown as solid and dotted lines, respectively, in Figure 9 and
are also given in Table 2.

Ideally, an immediate comparison with the size–mass distri-
bution of nearby galaxies provides a strong constraint on the
evolution. However, such comparisons are fraught with sys-
tematic uncertainties. The aim here is merely to show that our
observations from CANDELS and 3D-HST are consistent with
the size–mass relation for nearby galaxies as measured from the
SDSS (Shen et al. 2003), who provided the standard reference
for this purpose.

In order to account for possible systematic differences we
compare the size measurements from Shen et al. (2003) with
those from Guo et al. (2009) on an object-by-object basis. The
reason for using the Guo et al. (2009) measurements as a baseline
is that they are based on the same technique—GALAPAGOS
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Fig. 2.19. The surface brightness profiles of three disk galaxies plus their decomposition in an exponential
disk (solid line) and a Sérsic bulge (dot-dashed line). [Based on data published in MacArthur et al. (2003)
and kindly made available by L. MacArthur]

Fig. 2.20. The effective radius (left panel) and the surface brightness at the effective radius (right panel) of
disk dominated galaxies plotted against their absolute magnitude in the B-band. [Based on data published
in Impey et al. (1996b)]

(i.e. a Sérsic profile with n = 1). Here R is the cylindrical radius, Rd is the exponential scale-
length, I0 is the central luminosity surface density, and L is the total luminosity. The effective
radius enclosing half of the total luminosity is Re ≃ 1.67Rd. Following Freeman (1970) it has
become customary to associate this exponential surface brightness profile with the actual disk
component. The central regions of the majority of disk galaxies show an excess surface brightness
with respect to a simple inward extrapolation of this exponential profile. This is interpreted as a
contribution from the bulge component, and such interpretation is supported by images of edge-
on disk galaxies, which typically reveal a central, roughly spheroidal, component clearly thicker
than the disk itself (see e.g. NGC 4565 in Fig. 2.7). At large radii, the surface brightness profiles
often break to a much steeper (roughly exponential) profile (an example is UGC 927, shown in
Fig. 2.19). These breaks occur at radii Rb = αRd with α in the range 2.5 to 4.5 (e.g. Pohlen et al.,
2000; de Grijs et al., 2001).

Fig. 2.20 shows Re and µe as functions of the absolute magnitude for a large sample of disk
dominated galaxies (i.e. with a small or negligible bulge component). Clearly, as expected, more

Mowla+2019
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Figure 2. Redshift evolution of smoothly broken power law fits (Eq. 2) to the size–mass relation. Left: Evolution of size–mass
relation of all galaxies since z⇠3. The solid lines show the r80 – mass relation, while the broken lines show r50 – mass relation.
The pivots of the broken power-law fits are indicated by red squares. Right: Evolution of the parameters of broken power law
fits to median r80 – mass distribution. The top panel shows the pivot stellar mass, the middle panel shows pivot radius and the
bottom panel shows slopes ↵ and � of the power law. Overplotted are the slopes of the single power law fits to the star-forming
and quiescent galaxies in Mowla et al. (2018).

Table 1. Best-fit parameters of smoothly broken power-law fit to the size–mass relation, given in Eq. 2.

z r80 r50

rp [kpc] log(Mp/M�) ↵ � rp [kpc] log(Mp/M�) ↵ �

0.37 8.6±0.7 10.2±0.1 0.17 ± 0.03 0.50 ± 0.03 3.8±0.3 10.3±0.1 0.09 ± 0.03 0.37 ± 0.03

0.79 8.7±0.5 10.5±0.1 0.17 ± 0.02 0.61 ± 0.04 4.0±0.4 10.7±0.2 0.10 ± 0.02 0.45 ± 0.09

1.24 8.3±0.3 10.8±0.1 0.16 ± 0.01 0.69 ± 0.06 4.2±0.4 11.1±0.2 0.13 ± 0.01 0.53 ± 0.17

1.72 7.6±0.7 10.9±0.1 0.15 ± 0.01 0.62 ± 0.19 3.7±0.8 11.1±0.5 0.11 ± 0.03 0.50 ± 0.29

2.24 6.5±0.7 11.0±0.2 0.14 ± 0.02 0.53 ± 0.17 3.1±0.5 11.0±0.3 0.11 ± 0.02 0.42 ± 0.25

2.69 5.3 ±0.4 10.8±0.2 0.05 ± 0.03 0.34 ± 0.09 2.8 ±0.4 10.9±0.3 0.06 ± 0.04 0.38 ± 0.20

The slope of the size–mass relation at M? < Mp is
approximately constant at ↵ ⇡ 0.16 while it is � ⇡ 0.60
at M? > Mp. We note here that the slope of the low
mass end is similar to the slope of a single power law fit
to the sample of star-forming galaxies, while that of the
high mass galaxies is similar to a single power law slope
of quiescent galaxies (see Mowla et al. 2018).

4. HALO-TO-STELLAR MASS RELATION

4.1. Calculating Halo Mass

The functional form of the size–mass relation is rem-
iniscent of the form of the stellar mass – halo mass re-
lation: this relation also has di↵erent slopes in di↵erent
mass regimes with an inflection point. In the SMHM

relation the inflection point is where galaxy formation is
maximally-e�cient in the sense that the largest fraction
of baryons is in stars (Behroozi et al. 2010). This super-
ficial similarity motivates us to examine the hypothesis
that the upturn in the stellar size – stellar mass relation
above the pivot stellar mass is simply a reflection of the
downturn in the stellar mass – halo mass relation above
its pivot halo mass.
We test this by adopting a constant ratio between

galaxy size and the virial radius of the halo: Rvir =
r80/�. We define the halo virial mass and virial ra-
dius within a spherical overdensity�vir times the critical

Halo Mass vs Stellar Mass from Size-Mass relation

A reflection of M*-M_halo relation?
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Figure 3. Halo mass-stellar mass relation derived from the size–mass relation of galaxies at 0.1 < z < 3.0. The halo masses
are determined from virial radii, with the simple assumption that the virial radius scales as Rvir = ��1r80, with � = 0.047. The
red squares show the halo mass from median sizes and the black line shows the halo-mass-stellar mass relation from size–mass
relation fit (grey band represents the error associated with the fit). Purple lines show stellar-to-halo mass relations derived using
abundance matching techniques, and the green dashed line at 0.1 < z < 1.0 is derived from galaxy-galaxy lensing and clustering
(Leauthaud et al. 2012).

density ⇢crit:

Mhalo =
4⇡

3
�vir⇢critR

3
vir, (3)

where �vir is from Bryan & Norman (1998).
This allows us to express median galaxy radii, r80, in

terms of median halo masses, by choosing an appropri-
ate value for the proportionality constant �. We fit for
� by minimizing the di↵erence between the halo mass
– stellar mass relation that we derive in the lowest red-
shift bin and the relation from Leauthaud et al. (2012) at
0.2 < z < 0.48. Leauthaud et al. (2012) measured halo
masses from the COSMOS ACS data using a joint anal-
ysis of galaxy-galaxy weak lensing, galaxy spatial clus-
tering, and galaxy number densities. We find � = 0.047
from this analysis. This value can be compared to pre-
vious studies that relate r50 to Rvir. These studies find
�50 = 0.015�0.03 (Kravtsov 2013; Somerville et al. 2018;
Huang et al. 2017; Jiang et al. 2018). These values are
consistent with our result for r80, when the typical ratio

between r80 and r50 is taken into account (a factor 2 to
3, depending on the Sersic index).
The results are shown in Fig. 3, and compared to halo

mass – stellar mass relations from the literature. The de-
rived halo-to-stellar mass function agrees very well with
the lensing measurements from Leauthaud et al. (2012)
at all masses and both redshift ranges where lensing data
are available, even though we fit only for a single o↵set.
Beyond z ⇠ 1 we cannot compare directly to measure-
ments, but as shown in Leauthaud et al. (2012) (and
Fig. 3) pivot halo mass measurements from lensing are
consistent with those from halo occupation distribution
(HOD) and subhalo abundance matching (SHAM) mea-
surements. We therefore also include SMHM relations
from SHAM and HOD measurements by Rodŕıguez-
Puebla et al. (2017), Moster et al. (2013), Behroozi et al.
(2018) and Legrand et al. (2018). At all redshifts the
SMHM that we derive from galaxy sizes agrees well with
that derived using other methods, although slope of the

Mowla+2019
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Stellar Mass Profiles

Star-Forming Galaxies

0 2 4 6 8 10 12 14
r (kpc)

5

6

7

8

9

10

11

12

Lo
g 
Σ

 (M
O • /

 k
pc

2 )

Star-Forming

10.8 < Log(M*) < 11.2

5

6

7

8

9

10

11

12

Lo
g 
Σ

 (M
O • /

 k
pc

2 )

 

 

 

 

 

 

 

 

0 2 4 6 8 10 12 14
r (kpc)

0 2 4 6 8 10 12 14
r (kpc)

 

 

 

 

 

 

 

 
10.6 < Log(M*) < 10.8

 

 

 

 

 

 

 

 

0 2 4 6 8 10 12 14
r (kpc)

0 2 4 6 8 10 12 14
r (kpc)

 

 

 

 

 

 

 

 
10.4 < Log(M*) < 10.6

 

 

 

 

 

 

 

 

0 2 4 6 8 10 12 14
r (kpc)

0 2 4 6 8 10 12 14
r (kpc)

 

 

 

 

 

 

 

 
10.2 < Log(M*) < 10.4

1.7 < z < 2.0
1.5 < z < 1.7
1.3 < z < 1.5
1.1 < z < 1.3
0.9 < z < 1.1
0.7 < z < 0.9
0.5 < z < 0.7
z ∼ 0

 

 

 

 

 

 

 

 

0 2 4 6 8 10 12 14
r (kpc)

Mosleh+2017
Disk Formation

Central Densities



Quiescent

0.0 0.5 1.0 1.5 2.0
Redshift

9.0

9.5

10.0

10.5

11.0

Σ
1 

kp
c [

M
O •k

pc
-2
]

Σ1 kpc ∝  (1+z)0.55 ± 0.08

10.8 < Log(M*) < 11.2
10.6 < Log(M*) < 10.8
10.4 < Log(M*) < 10.6
10.2 < Log(M*) < 10.4

Evolution of the Central Regions

Star Forming

0.0 0.5 1.0 1.5 2.0
Redshift

8.5

9.0

9.5

10.0

10.5

Σ
1 

kp
c [

M
O •k

pc
-2
]

10.8 < Log(M*) < 11.2
10.6 < Log(M*) < 10.8
10.4 < Log(M*) < 10.6
10.2 < Log(M*) < 10.4 Mosleh+2017



10.0 10.5 11.0 11.5
Log(M*)

0.0001

0.0010

0.0100

n 
(>

M
*) 

[M
pc

-3
]

z ∼ 0.005 
0.20 < z < 0.50
0.50 < z < 0.75
0.75 < z < 1.00
1.00 < z < 1.25
1.25 < z < 1.50
1.50 < z < 2.00
2.00 < z < 2.50
2.50 < z < 3.00

0.0 0.5 1.0 1.5 2.0 2.5
 Redshift

10.0

10.2

10.4

10.6

10.8

11.0

11.2

Lo
g(

M
*)

1011.2 Msun

Evolution of the Central Regions

Mosleh+2017

ND Evolution

0.0 0.5 1.0 1.5 2.0
Redshift

9.0

9.5

10.0

10.5

11.0

Σ
 1 

kp
c [

M
O •k

pc
-2
]

Σ1 ∝  (1+z)0.27 ± 0.12

Log(M*) ∼ 11.2 @ z ∼ 0

Quiescent Galaxies



Galaxy formation as a cosmological probe 1131

Figure 2. The halo merger histories for (a) haloes with masses Mhalo > 1012 M⊙ and (b) haloes with masses Mhalo > 1011 M⊙. The various lines show how
the merger history varies with redshifts for haloes of these given masses and using the cosmologies shown in the upper left. In general, we find that cosmologies
with the highest matter densities have the highest merger fractions, although higher values of ! produce a smaller merger fraction at a given redshift.

Table 2. The cosmological models we use in this paper
to compare with the observed merger fractions and their
various fitted parameters. These are for galaxies with halo
masses of Mhalo > 1012 M⊙. Listed are each model’s
"!, "m and σ 8 values. We also show the best-fitting
f0 and m values for the power-law fits as discussed in
Section 3.1.

Model "! "m "tot σ 8 f0 m

Cosmo-1 0.0 0.1 0.1 0.9 0.027 1.73
Cosmo-2 0.7 0.3 1.0 0.9 0.032 1.92
Cosmo-3 0.0 0.3 0.3 0.9 0.035 1.82
Cosmo-4 0.0 1.0 1.0 0.9 0.052 1.73
Cosmo-5 0.5 0.5 1.0 0.9 0.041 1.88
Cosmo-6 0.7 0.3 1.0 0.7 0.038 1.93
Cosmo-7 0.7 0.3 1.0 0.8 0.034 1.97
Cosmo-8 0.7 0.3 1.0 1.0 0.032 1.94
Cosmo-9 0.7 0.3 1.0 1.1 0.033 1.88

average m value for "! = 0.7 is m = 1.93, while for "! = 0.3 it
is m = 1.76. The decline in mergers is therefore steeper for higher
values of ! due to the accelerated expansion, lowering the number
of mergers at a faster rate.

3.3 Halo merger dependence on σ 8

One cosmological parameter that can vary, and depends on large-
scale structure, and therefore also the halo and galaxy formation
history, is the value of σ 8, the normalization of the matter power
spectrum, as measured in the rms dispersion of total mass density
within 8 Mpc spheres.

We show the variation of the halo merger histories using the stan-
dard cosmology of "m = 0.3, "! = 0.7 but with different variations
of the value of σ 8 in Fig. 3. The differences in the predicted halo
merger history between these values of σ 8 are smallest at z < 1,
where the merger fraction only varies by δfhalo ∼ 0.02 over the
range of σ 8 = 0.7 to 1.1. For the σ 8 = 0.7 models, we find at z = 1
that the halo merger fraction is fhalo = 0.15, while for σ 8 = 1.1

Figure 3. The evolution of the halo merger fraction for haloes with
Mhalo > 1012 M⊙ as a function of the value of σ 8. The range we show
here is for σ 8 = 0.7–1.1, with the highest halo merger fractions for those
evolving within a universe that has the lowest σ 8.

the halo merger fraction is fhalo = 0.12. This implies that at a given
redshift the accuracy of our merger fractions would have to be bet-
ter than a few percentage, which is easier to accomplish than that
required to distinguish between various values of likely different "

cosmologies (Section 5).
We tabulate in Table 2 the values of the best-fitting power-laws

to these merger histories at various values of σ 8. We find a strong
linear relationship between the halo merger fraction and the value
of σ 8, such that,

fhalo = (−0.230 ± 0.06) × σ8 + (0.592 ± 0.006), (11)
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merger fraction at this stellar mass ration by using the observations
from Bluck et al. (2012). We use this to correct other pair fractions
from Man et al. (2012) and Lopez-Sanjuan et al. (2010), with the
assumption that the relative fractions change in the same way as in
the Bluck et al. (2012) study. Regardless, the vast majority of our
comparisons are done using the CAS mergers where the total mass
ratios are already > 1:4.

5.2.2 Comparison of observed and predicted mergers

Using the information above, we show in Fig. 8 a direct compar-
ison between the halo merger history predictions which we have
discussed throughout this paper, and the observed galaxy merger
histories based on our stellar mass selection. Fig. 8 shows that there
is general agreement between the shape and normalization of the
merger history for the predicted haloes and the observed galaxy
merger histories. To make a quantitative comparison, we use the
conversion factors from equation (15), with its associated uncer-
tainties to determine the halo mass for the corresponding selection
of stellar mass. For log M∗ > 10, this corresponds to a selection
of log Mhalo = 11.3 ± 0.4. We then use the relations discussed in
Section 3.1 to determine the merger fraction for galaxies at this
halo mass and their associated uncertainties as a function of red-
shift. As discussed in Section 3.1, there is very little variation in the
merger fraction for haloes of different masses at a given redshift. For
example, at z ∼ 2.5, the merger fraction with an uncertainty given
by the models and conversion uncertainty is fhalo = 0.35+0.01

− 0.02.
Our relatively large observational errors on the merger fraction

evolution cannot easily distinguish between these various models
currently, an issue we discuss in more detail below in terms of
future surveys that can improve this comparison with data. We
however carry out a full analysis of the best-fitting model using a
reduced χ2 approach, and using the uncertainties calculated using

the methods described above across all redshifts. We do this by
matching the model with the corresponding halo mass to our stellar
mass derived galaxy merger measurements. We then utilize the
best-fitting power laws to determine the χ2 of each fit. The reduced
χ2 values range from 4.8 to 14.43, with the best-fitting model the
concordance cosmology with "# = 0.7 and "m = 0.3. The data
also rule out that the universe has a low matter density of "m =0.1,
although in terms of the comparison there is a similarity between
the merger history for models with "m = 0.3, "# = 0.7 and "m =
0.3, "# = 0.

We furthermore show in Fig. 9 the variation of the halo merger
fraction as a function of "# at z = 2.5 with the assumption that
"# + "m = 1 holds throughout. The best-fit relation between the
merger fraction and the value of "# is given by

fhalo = α × "# + β = α × (1 − "m) + β, (16)

where the values for the fit for "# < 0.55 are α = − 0.05 ± 0.01
and β = 0.41 ± 0.01. For "# > 0.55, the best fit is given by
α = − 0.24 ± 0.02 and β = 0.52 ± 0.01. The relation between the
halo merger values and "# is such that at "# < 0.55 there is very
little variation between the value of "# and the merger fraction.
This relation becomes steeper for values "# > 0.6, making it a
more sensitive measurement of "# and "m.

Using our best measured merger fraction of fm = 0.31 ± 0.07
at z = 2.5, we find that this formally leads to a measured
"# = 0.84+0.16

− 0.17, which is very uncertain compared to other
leading methods of finding "#, but still demonstrates consistency
with previous work, and that there is at least broad agreement be-
tween cosmology and galaxy formation as seen through mergers.
The error bars on this measurement come from the uncertainty in
the theoretical fit and the uncertainty in the measured merger frac-
tion from Mortlock et al. (2013) based on CANDELS data and
incorporating stellar mass and redshift uncertainties.

Figure 8. The halo merger histories compared with data for (a) haloes with masses Mhalo > 1012 M⊙ and (b) haloes with masses Mhalo > 1011 M⊙. The
various lines show how the merger history varies with redshifts for haloes of this given mass, and using the cosmologies listed in the upper left. The solid
symbols with errors bars are data on the merger fraction evolution taken from Conselice et al. (2009) for those at z < 1.5, merger fractions from pairs from
the UDS (circles with inner error bars) and from Bluck et al. (2009) for z > 1.5 in panel (a) – all selected to have M∗ > 1011 M⊙. For panel (b) the solid
symbols with errors bars are taken from Conselice et al. (2009) for those at z < 1.5 and from Conselice et al. (2008) for z > 1.5, all selected to have M∗ > 1010

M⊙. For both, the open symbols are from asymmetries from Mortlock et al. (2013) using CANDELS data. The average error weighted values of the merger
fractions from the various surveys are shown as open black stars.
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Figure 5. Left-hand panel: average sizes of quiescent galaxies as a function of stellar mass in the redshift range 1 < zphot < 2, separated into four density
bins. Galaxy density was measured in fixed physical apertures of radius 400 kpc. The black solid and dashed lines represent the local relations for ETGs and
LTGs, respectively, taken from Shen et al. (2003) and modified as described in Section 4.2. Galaxies in the highest density bins appear significantly larger for
the same stellar mass. Right-hand panel: mean normalized effective radii, obtained by first dividing out the size–mass relation, as described in Section 4.3.
The fractional differences between the normalized effective radii of galaxies in the highest and lowest densities are (by increasing mass) 18 ± 12, 19 ± 9 and
48 ± 25 per cent. For clarity, in both panels the data points were shifted by an arbitrarily small amount along the x-axis with respect to the centre of the stellar
mass bins. For a list of the number of galaxies in each mass–density bin we refer the reader to Table C1.

mass of each population (e.g. Fig. 4, black points) was determined
using the least-squares method. This was then employed to divide
out the size–mass relation from the full, un-binned distribution and
obtain the normalized effective radii, Reff, normalized, such that

log(Reff, normalized) = log(Reff ) − (b × log M∗ + a) , (5)

where a and b are the intercept and the gradient of the best-fitting
line, respectively. The values of a and b are given in Table B1. This
was performed for each population and redshift slice separately. The
right-hand panels of Figs 5 and 6 show that the relation between
normalized galaxy sizes and environment is still present, especially
at zphot > 1.

For further checks and tests to assess whether our trends were
driven by systematic effects we refer the reader to Appendices A
and B.

Our findings were also confirmed when looking at alternative
measures of environment. We repeated the above analysis but this
time using a 250 kpc aperture radius. Galaxies which, according
to this smaller aperture, lived in the densest regions showed up
to ∼ 71 ± 30 per cent larger mean normalized effective radii than
galaxies, at comparable stellar masses, living in the lowest densities.
Furthermore, an alternative environmental measure, nth nearest-
neighbour distances (Section 3.1), was also explored. When we

used a number of neighbours which translates into average dis-
tances comparable to 250–400 kpc at zphot = 1−2, such as 15,
consistent trends were recovered. Conversely, when smaller scales
were explored, with distances to 3rd or even 8th nearest neighbour,
the size–density relation appeared comparably strong only for the
galaxies in the highest stellar mass bin.

Finally, we also repeated the above analysis but this time using
a simple UVJ colour selection, with no additional sSFR cut (see
Section 3.3). The purpose of this exercise was to check that our
chosen colour selection for passive galaxies did not affect the results
described above. The alternative quiescent definition was not found
to significantly change the results of our work, the overall trend
for the passive population remained (albeit slightly weaker in the
lowest stellar mass bin).

Fig. 7 shows the average effective radii for SF (i.e. non-quiescent)
galaxies in the four density bins (Section 4.1), as a function of
stellar mass for zphot = 1−2. After inspecting this figure, we noted
that there was arguably a hint of a relationship between size and
environment for SF galaxies. However, due to the very strict criteria
to select quiescent galaxies, our SF sample possibly contains some
passive galaxies. The presence of these quiescent galaxies which did
not satisfy our very strict cut may be driving this trend. To test this,
we repeated Fig. 7 with a stricter SF sample, obtained by requiring
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Figure 1. Median stellar mass–size relation for central (left panel), satellite (middle panel), and all ETGs (right panel) in different halo masses. Error bars are errors
on the medians computed through bootstrapping and dashed lines show the 1σ scatter.
(A color version of this figure is available in the online journal.)

Figure 2. Median size ratio of central and satellite galaxies for different halo
masses as a function of stellar mass.
(A color version of this figure is available in the online journal.)

cluster galaxies lies slightly below (∼1σ ) the relation for field
galaxies (see also Valentinuzzi et al. 2010). It is still unclear
what makes the difference and requires further investigation.
Morphological selection could, for example, play a role since
the Poggianti et al. (2012) sample seems to be dominated by
lenticular galaxies, which have been shown to be systematically
smaller than elliptical galaxies at fixed stellar mass (Bernardi
et al. 2012; Huertas-Company et al. 2013; see also Section 4.1)
when the size is estimated with a single Sersic profile and
then circularized. In the Poggianti et al. (2012) sample, there
are ∼50% S0s in clusters but only ∼30% in the field (private
communication), which would partially explain why they find
smaller galaxies in clusters. What seems to arise from these
works is that, if there is a difference with environment at z ∼ 0,
then it must be small. Moreover, at fixed halo-mass, satellites and
centrals present similar mass–size normalizations (Figure 2) and
scatters, which suggests that the mass–size relation is universal,
independent of the position of the galaxy in the halo.

3.2. Mh–γ Relation of Massive ETGs

Though galaxies of similar mass share similar size distri-
butions irrespective of their environment, we cannot directly
rule out some intrinsic environmental dependence. The intrinsic
scatter of the mass–size relation for massive ETGs (∼0.2 dex;

Figure 3. Left: median M∗–Mh relation for central ETGs (solid red circles) and
satellites ETGs (solid blue squares). Dashed lines show the 1σ errors. Right:
histogram of halo masses for ETGs more massive than 1011. Dotted red: central
galaxies; dashed blue: satellite galaxies.
(A color version of this figure is available in the online journal.)

e.g., Bernardi et al. 2011, 2012; see also Figure 1) puts an
upper limit to that effect, i.e., galaxies in massive halos can be,
at most, a factor three (2 × 100.2) times larger than the same
galaxies living in small halos. As a result, the detection of the
signal might be difficult given the observational uncertainties in
the different variables at play (sizes, halo masses, galaxy clas-
sification, and stellar masses), which can reduce any observed
trend (see Sections 4.2).

In the next two sections we focus on the high-mass end of
the mass function (where the impact of mergers should be more
pronounced) and look in detail for environmental effects, taking
into account as much as possible the effects of observational
biases and errors.

To this purpose, we analyze the Mh–Re relation, which gives
the median size of ETGs at fixed stellar mass as a function of
environment. While there is a well known correlation between
the mass of the halo and the stellar mass of galaxies populating
it (e.g., Lin & Mohr 2004), the scatter of that relation is large
enough so that galaxies of a fixed stellar mass populate a large
range of halos (Figure 3), allowing a study of environmental
effects at fixed stellar mass.

Our main results are shown in Figure 4 for central galaxies
in two stellar mass bins (11 < log(M∗/M⊙) < 11.5 and
11.5 < log(M∗/M⊙) < 12) and for satellite galaxies in one
single stellar mass bin (massive satellites only exist in massive
halos). We use large stellar mass bins to increase statistics
and minimize the impact of errors in stellar mass (∼0.2 dex).
However, this choice could induce false correlations between

3
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Mass-Size relation in Different Environment

The bottom panels of Figure 4, illustrate the half-light sizes
in the i-band, similar to the top panels. Again, the half-light
sizes of the isolated void quiescent galaxies are slightly
(∼16%) smaller at fixed masses, compared to their counterparts
in clusters and groups. In the stellar mass range of
10.5< log(M*/Me)< 11, the median half-light sizes for the
isolated quiescent galaxies is r 3.28e 0.38

0.24= kpc, compared to
the r 3.88e 0.24

0.26= kpc for the quiescent objects in groups and
r 3.80e 0.34

0.37= kpc for clusters.
In Figure 5, the cumulative distribution functions of the half-

light sizes are shown for each sample in two different stellar
mass bins. The circles indicate the median of sizes for each
sample. For the massive bin, the p-value from the 2D KS test
between sizes of the galaxies in clusters and groups is 0.35;
however, this value between sizes of quiescent galaxies in
clusters and voids is 0.13. This states that we cannot reject the
null hypothesis that the size distribution of both the void and
cluster galaxies and also the group and cluster galaxies
originates from the same distribution.

Moreover, the stellar mass–size (half-light sizes in the
i-band) relation of the quiescent samples is shown in Figure 6.
The circles represent the mass–size distributions for individual
objects (gray, blue, and red symbols for the isolated void,
group, and cluster galaxies, respectively) and the pentagons
depict the median of sizes in each stellar mass bin. The error
bars are the 1−σ scatter around the medians. The solid lines
represent the best-fit models to the individual data points
(following Equation (4) in Mosleh et al. 2013 and setting
characteristic mass to log(M0)= 10.53). From the median
points, the sizes of the quiescent galaxies in the isolated regions

are slightly smaller than their counterparts in the high-density
environments, in particular, for low mass galaxies. There is a
hint that at the stellar masses above 1011Me the isolated
quiescent void galaxies have larger sizes compared to the other
comparison samples; however, the significance of this devia-
tion is below 1-σ. In addition, as discussed in Mosleh et al.
(2013) and Bernardi et al. (2014), using single Sérsic models
for galaxies in the nearby universe can introduce a systematic
error in size measurements of the galaxies, particularly for
massive ones. As we have shown in the top panel of Figure 14
(Appendix), using the residual-corrected method (Szomoru
et al. 2010), i.e., taking into account the residuals and
deviations from a single Sérsic component fits, the mass–size
relation of isolated quiescent in voids have no significant
difference at the highest stellar mass bin, compared to their
counterparts in groups and clusters.

4.2. Central Densities and Velocity Dispersions

In addition to the mass–size relation, we also examined the
observed properties of the central regions of these galaxies. We
measured the stellar mass surface densities within an aperture
of 1 kpc radius (Σ1 kpc) as a proxy for the central stellar mass
density of galaxies, as used by Cheung et al. (2012), Saracco
et al. (2012), Fang et al. (2013), Tacchella et al. (2015), and
Mosleh et al. (2017). In Figure 7, the correlation between the
total stellar masses and the central densities (Σ1) is shown. As
shown by the median values (the pentagon symbols), the
M*–Σ1 relation for the quiescent galaxies is independent of
environment for the stellar mass range of the 109.8–1011.2Me.
We note that the integrated star formation history is used for

Figure 3. Comparison between median surface stellar mass density of the isolated quiescent galaxies in voids (black lines) to the ones from their counterparts in the
groups (blue lines) and clusters (red lines) split into two stellar mass bins of 1010.–1010.5 Me (left panel) and 1010.5–1011. Me (right panel). The quiescent galaxies in
groups and clusters have slightly higher stellar mass surface density profiles at their outer regions compared to the isolated galaxies. The shaded regions indicate 1−σ
scatter of the stellar mass profiles.
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measuring the central stellar masses, hence explaining any
systematic in the zero-point of the Σ1 compared to other
studies.

In Figure 8, the histograms of the central stellar mass
densities are shown for two stellar mass bins, similar to
Figure 4. The dotted and dashed lines depict the medians of Σ1
in each stellar mass bin. It can be seen from this figure that
there are no differences in the central stellar mass densities of
the quiescent galaxies in different environments for our studied
mass range.

This can be further examined by comparing the central
velocity dispersion of the galaxies (i.e., σ1 within a circular
aperture radius of 1 kpc) at fixed masses. For this, we use the
observed velocity dispersions (σap ) from the SDSS within 3″
fiber radius (Rap ) and correct them to the velocity dispersion
(σ1) within 1 kpc radius (R1) via a relation introduced by
Cappellari et al. (2006):

R R . 3ap ap1 1
0.066s s = -( ) ( ) ( )

The comparison between σ1 of galaxies can evaluate the
differences between the dynamical properties of the central
regions of the quiescent galaxies in different environments.
However, as the central velocity dispersion is related to the

central density, i.e., Σ1∝σ1 (see Fang et al. 2013), it is
expected to see an agreement between σ1 of different samples.
The top panels of Figure 9 illustrate the histogram

distributions of the galaxies’ σ1 in different environments.
The median values are also illustrated as dashed or dotted lines.
At fixed mass (at least in the range of 1010− 1011Me), the
central velocity dispersion of the galaxies in different
environments is similar. However, from the cumulative
distributions of the σ1 (bottom panels of Figure 9), there is a
hint that in the clusters and groups, the quiescent galaxies in the
lower stellar mass bins (left bottom panel), have a wider range
of σ1 compared to the isolated quiescent galaxies. The newly
accreted low mass quiescent galaxies to the high-density
regions might be a source for this slightly broader distribution
of σ1, though this needs to be investigated in future works in
more detail.
The relation between the central velocity dispersions (σ1)

with their total stellar masses of the quiescent galaxies is also

Figure 4. Top panels: histograms showing the distributions of the half-mass
sizes of isolated quiescent galaxies in voids (gray area) in comparison with
quiescent galaxies in groups (blue lines) and clusters (red lines) in two different
stellar mass bins. The dotted and dashed lines depict the median of the half-
mass sizes for each sample. Bottom panels: the same as the top panels but for
the half-light sizes in the i-band. This shows that at fixed mass, isolated
quiescent galaxies in voids have smaller half-mass/half-light sizes compared to
their counterparts in high galaxy density environments.

Figure 5. Cumulative distribution functions of the half-light sizes in i-band,
for the three quiescent samples in two stellar mass bins. The solid circles
show the median of each sample. Again, this indicates the slight differences
between sizes of quiescent galaxies in extreme over-dense and under-dense
environments.

Figure 6. Stellar mass–size relation for the isolated quiescent galaxies in void
(gray), group (blue), and cluster (red) environments. The solid circles show the
individual measurements, and the pentagons indicate the medians in each mass
bin. The error bars show the 1−σ scatter of the sizes in each bin. The sizes are
measured from the single-Sérsic best-fit models to the individual galaxy images
in the i-band. The relation is similar for all environments but with slightly
smaller sizes for the isolated quiescent galaxies in the voids for stellar masses
of 1010–1011 Me. The solid lines depict their best-fit models to the data points
(see the text for more details).
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zero point evolves by ∼0.02 dex. This small amount of
evolution is at a level that is likely dominated by systematic
uncertainties. If we weight each data point in the fit equally
rather than by the observational uncertainty, no statistically
significant evolution appears. The M*σ relation for massive
galaxies does not depend strongly on redshift for galaxies
at z< 0.7.
To check for systematics in the M*σ relation introduced by

the magnitude limit, we examine the volume-limited samples.
As before, we calculate the median velocity dispersion in bins
of stellar mass and bootstrap the errors. Figure 8(A) shows the
M*σ relation. The SDSS and SHELS M*σ relations are
consistent within the errors and both are consistent with the
relations derived from the full sample. The offset in
Figure 8(A) is ∼0.01 dex, an effect we attribute to residual
systematics. Figure 8(B) shows the M*σ relations derived from
the volume-limited sample as a function of redshift. The M*σ
remains independent of redshift.

4. SCATTER IN THE RELATION BETWEEN STELLAR
MASS AND VELOCITY DISPERSION

Figure 9(A) shows the central 68% of the velocity dispersion
distribution as a function of stellar mass and redshift. As
before, we bin the SHELS data by stellar mass and redshift and
determine errors by bootstrapping the data. The data show a
weak trend of increasing width in the velocity dispersion

Table 1
Fit Parameters

Sample N log( :M Mb ) log(σb) (km s−1) α1 α2

The Full Sample (Figure 5)

SDSS 371884 10.26± 0.01 2.073± 0.003 0.403± 0.004 0.293± 0.001
SHELS 4585 10.26 2.071± 0.004 0.281± 0.005

The Full Sample as a Function of Redshift (Figure 7)

SDSS (M* > 1010.26 Me) 325186 11 2.2969± 0.0006 L 0.299± 0.001
SHELS (0 < z < 0.2) 412 11 2.304± 0.007 L 0.34± 0.02
SHELS (0.2 < z < 0.3) 1115 11 2.277± 0.005 L 0.28± 0.01
SHELS (0.3 < z < 0.4) 1316 11 2.277± 0.004 L 0.31± 0.01
SHELS (0.4 < z < 0.5) 818 11 2.299± 0.005 L 0.27± 0.02
SHELS (0.5 < z < 0.6) 443 11 2.28± 0.01 L 0.26± 0.03
SHELS (0.6 < z < 0.7) 61 11 2.24± 0.07 L 0.32± 0.18

The Volume-limited Sample (Figure 8)

SDSS VL 109330 10.26 2.068± 0.001 L 0.305± 0.001
SHELS VL 1827 10.26 2.06± 0.01 L 0.30± 0.01
SHELS VL (0 < z < 0.2) 233 10.26 2.03± 0.02 L 0.37± 0.03
SHELS VL (0.2 < z < 0.3) 641 10.26 2.05± 0.01 L 0.30± 0.02
SHELS VL (0.3 < z < 0.4 ) 953 10.26 2.03± 0.01 L 0.33± 0.02

The Hyde & Bernardi, Belli et al. and Rines et al. Samples (Figures 13 and 14)

Hyde+2009 46410 11 2.29± 0.02 0.286± 0.002
Belli+ 2014 56 11 2.38± 0.01 0.30± 0.03
Rines+ 2016 123 11 1.73± 0.03 0.32± 0.03

Note. Parameters of the fits. Column 1 identifies the sample and Column 2 gives the number of objects in the sample. Column 3 is the “break point” stellar mass. An
error indicates that the break point is fitted to the data; otherwise Mb is fixed. Column 4 gives the velocity dispersion at Mb. Columns 5 and 6 give the power-law index
of the fit. An entry for α2 alone indicates a single power-law fit to the data.

Figure 6. Median relation between stellar mass and velocity dispersion in bins
of redshift for the magnitude-limited samples. The errors are bootstrapped.
Note the absence of evolution with redshift.
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Velocity Dispersion of Quiescent Galaxies
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Figure 3. Distributions at z = 0 of the simulated haloes in the planes M−σ0 (panel a), M−σV (panel b), M−rh (panel c) and M−rg (panel d). In each panel,
the plane has been binned in cells and the grey-scale represents the logarithm of the counts of haloes in each cell. The red dotted lines are the best fits at z = 0
(σ 0 ∝ M0.329, σV ∝ M0.335, rh ∝ M0.320 and rg ∝ M0.376); for comparison, the best fits at z ≃ 2.5 are plotted as blue dot–dashed lines.

where

log γ = (−0.069 ± 0.01) log(1 + z) + (−0.489 ± 0.003),

log b = (0.02 ± 0.02) log(1 + z) + (0.312 ± 0.004). (14)

The measured correlation for the simulated haloes is shown in
Fig. 3(c). The best-fitting relation computed for this sample at z = 0
is M ∝ r3.12±0.02

h (i.e. γ ≃ 0.32). For comparison, we also plot here
the z ≃ 2.5 best-fitting correlation: the slope is slightly decreas-
ing with redshift, down to γ ≃ 0.28 and the normalization in this
mass range gets lower at later times. As we expected, at fixed mass
higher-z haloes have smaller size, i.e. they have higher density.

We then fit the evolution of the normalization at M = 1012 M⊙
of the M−rh correlation as a function of redshift in the range 0 <

z < 2.5: we find an evolution of the type rh, 12 ∝ E(z)−0.65, which is
in good agreement with the expectations given by equation (8).
In the bottom panel of Fig. 4 our findings on the evolution in
time of rh, 12 are shown: as expected (equation 8), we find that
rh, 12 increases with time. We find a power-law best-fitting rh,12 ∝
(1 + z)−0.71 and also that a better representation of the results is
given by log rh,12 = −0.53 x2 − 0.41 x, where x ≡ log (1 + z).

In Fig. 3(d) we plot the distribution of the DM haloes in the
M−rg plane. Also in this case we find a reasonably good agree-
ment with the virial expectation (10), with a best-fitting correlation
M ∝ r2.71±0.02

g . We notice here that the somehow steeper slope than
expected in Fig. 3(d) is due to a tail of the distribution composed
of low-mass haloes (M < 1012 M⊙) with small rg: this feature can
be due to the fact that some DM haloes are not in equilibrium,

for instance, because they could have experienced a recent ma-
jor merger, and so virialization is not a good assumption for such
objects.

4 EVO L U T I O N O F I N D I V I D UA L H A L O E S

4.1 Evolution of simulated dark haloes in the mass–velocity
dispersion and mass–size planes

According to the halo definition here adopted (equation 1) the halo
mass increases monotonically with time, so studying a property
of a halo as a function of its mass is equivalent to studying the
time evolution of the same property. Here we present the time
evolution of σ 0 and rh for some individual representative haloes in
our simulation, by tracking them in the planes σ0−M and rh−M . In
Fig. 5 we plot the evolutionary tracks followed by a representative
halo with mass M ≃ 5.5 × 1014 M⊙ at z = 0: we reconstruct the
growth in velocity dispersion (top panel) and size (bottom panel)
as the halo gets more massive. It is apparent that neither in the
M−σ0 nor in the M−rh plane the halo evolves along the scaling
law of slope ≈1/3. The actual evolution experienced by the halo
in Fig. 5 is significantly shallower in the M−σ0 plane, with best-
fitting σ 0 ∝ M0.2, and steeper in the M−rh plane, with best-fitting
rh ∝ M0.6, consistent with the results of previous works on binary
dissipationless mergers (see e.g. Nipoti et al. 2003; Boylan-Kolchin,
Ma & Quataert 2005; Hopkins et al. 2009a; Hilz et al. 2012; Hilz,
Naab & Ostriker 2013).
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Figure 6
Comparison of different (a) fitting codes, (b) stellar population synthesis (SPS) models, and (c) priors on derived stellar masses. The
fiducial masses are based on fitting SDSS and GALEX photometry of z ∼ 0 galaxies using the iSEDfit code (Moustakas et al. 2012),
with simple stellar populations (SSPs) from FSPS (Conroy, Gunn & White 2009), including dust attenuation, a range in metallicities,
and star-formation histories with both smooth and bursty components. Panel a compares stellar mass catalogs produced by different
groups/codes. K-correct and MPA/JHU-DR7 are based on SDSS photometry, MPA/JHU-DR4 on SDSS spectral indices, and Salim
et al. (2007) on SDSS and GALEX photometry. Panel b shows the effect of different SPS models (i.e., different SSPs), and panel c shows
the effect of varying the priors on the model library. The mean systematic differences between mass estimators are less than ± 0.2 dex.
Figure courtesy of J. Moustakas (Moustakas et al. 2012). Abbreviations: FSPS, Flexible Stellar Population Synthesis; SDSS, Sloan
Digital Sky Survey.

Bruzual & Charlot (2003) SPS model for galaxies at z ∼ 2. When the fits excluded the possibility
of dust reddening, Maraston’s model provided a better fit to the optical-NIR SEDs than previous
models, whereas when dust was allowed, the quality of the fits became indistinguishable, although
the offsets in best-fit masses remained.

Subsequent work has largely confirmed the sensitivity of estimated stellar masses to the adopted
SPS model (Kannappan & Gawiser 2007; Wuyts et al. 2007; Cimatti et al. 2008; Conroy, Gunn
& White 2009; Longhetti & Saracco 2009; Muzzin et al. 2009). Essentially all work on this topic
has focused on comparing Maraston’s model to Bruzual & Charlot’s, where the difference in TP-
AGB treatment is probably the most significant, though not the only, difference (other differences
include different RGB temperatures and different treatments for core convective overshooting).
Many researchers have found a difference of a maximum factor of ∼2–3 in derived M/L ratios
between the two models, especially when NIR data were included. Kannappan & Gawiser (2007)
showed that the differences between Maraston’s and Bruzual & Charlot’s models are relatively
modest (!1.3) when NIR data are excluded. Conroy, Gunn & White (2009) constructed a new SPS
model in which the luminosity contribution from the TP-AGB phase could be arbitrarily varied.
These researchers isolated the importance of the TP-AGB phase and confirmed previous work
indicating that the adopted weight given to this phase in the models can have a large modulating
effect on the stellar mass.

The contribution of TP-AGB stars to the integrated light peaks at ∼3 × 108 − 2 × 109 year,
depending on metallicity, and so the importance of this phase to modeling SEDs will depend on
the SFH of the galaxy. It was for this reason that Maraston et al. (2006) focused their efforts on
quiescent galaxies at z ∼ 2; at this epoch even a quiescent galaxy will have a typical stellar age no
older than several gigayears. In addition to high-redshift quiescent galaxies, Lançon et al. (1999)
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Figure 2. Upper panel: stacked spectra of cluster, group and void galaxies in redshift-bin 0.035-0.050 and velocity dispersion-bin [150-
200] km s�1. For illustrative purpose, we stacked the spectra of group/cluster galaxies with velocity dispersions between 150 to 200 km s�1

to have a comparable stacked spectrum with void galaxies. Di↵erent colors correspond to di↵erent environments as labeled. The insets
are zoomed-in versions of the spectral indices used in the present work. The stacked spectrum of group and void galaxies are shifted for
displaying purpose. Lower panels: the ratio between stacked spectrum of voids and clusters, voids and groups and finally, groups and
clusters are shown, respectively.

We summarize here the various absorption line indices
used in this paper.

3.1 IMF-sensitive indices

Using near-infrared spectra of M-dwarf and M-giant stars,
Cohen (1978) found that the near-IR Ca ii triplet lines are
strongest in the spectrum of giant stars while the Na i feature
is stronger in dwarfs and can be used as dwarf/giant indica-
tors. Also, the studies of Schiavon et al. (1997) and Schiavon
et al. (2000) on the spectra of cool stars and the integrated
spectra of single-stellar populations (Vazdekis et al. 2012)
confirmed that the Na I doublet is an IMF-sensitive feature.
Moreover, one of the most prominent molecular bands in M-

dwarfs is TiO (Mould 1975). So the TiO1 and TiO2 indices
which measure the absorption of TiO molecular band pro-
vide sensitive tracers of low-mass cool stars. In addition, ex-
ploring MILES extended Simple Stellar Populations (SSPs)
(Vazdekis et al. 2012; Ricciardelli et al. 2012) by La Bar-
bera et al. (2013) and Conroy & Van Dokkum (2012a) SSP
models by Spiniello et al. (2012), it was found that the in-
dex strength of TiO1 and TiO2 indices clearly increase with
steeper IMF slopes. Also in a study by La Barbera et al.
(2013), it was found that Mg4780 has a significant depen-
dence on the IMF slope. Hence, this index can be used as an
IMF-sensitive feature. Table 4 summarizes the definition of
line indices, used in this paper for studying environmental
dependency of the IMF. Note that instead of Ca ii triplet,
we only used Ca2 line. The reason for this choice is that
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