Search for

Majorana Fermions

Ali Ghorbanzadeh Moghaddam
IASBS, Zanjan

e Advanced school on Recent Progress R T
4 -\ in Condensed Matter Physics £ %24
& L) N IPM, June 2012

i ' .

SYL

e 'Yy
.....
-3 -
_______



A bird's eye view on quasiparticles in CMP
Introduction to Majorana fermions (MF)
How to make MF
Kitaev Toy model for MF
Topological properties of systems hosting MF
Topological superconductivity (TS)
Possible physical realization of TS
How to use them
Non-Abelian statistics and braiding
Topological quantum computing
How to detect them

Transport properties of MF



References

“Paired states of fermions 1n two dimensions with breaking of parity and
time-reversal symmetries and the fractional quantum Hall effect”,

N. Read, D. Green, Phys. Rev. B (2000)

“Unpaired Majorana fermions in quantum wires ",
Alexel Kitaev, cond-mat/0010440

“Topological phases and quantum computation ”,
Alexei Kitaev, Chris Laumann, arXiv:0904.2771

“New directions in the pursuit of Majorana fermions in solid state systems”,
Jason Alicea, arXiv:1202.1293

“Introduction to topological superconductivity and Majorana fermions”,
Martin Leijnse, Karsten Flensberg, arXiv:1206.1736

“Search for Majorana fermions in Superconductors”,
Carlo Beenaker, arXiv:1112.1950

“Non-Abelian anyons and topological quantum computation”,
Chetan Nayak et al., Rev. Mod. Phys. (2008)



Condensed matter physics (a bird's eye view)

Theory of Everything (TOE)
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Theory of Everything (TOE)

“But the TOE is not a theory of every thing,

and instead in some sense it is nothing.”
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Condensed matter physics (a bird's eye view)
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Condensed matter physics (a bird's eye view)

higher organizing principles in nature

The emergent physical phenomena regulated by
higher organizing principles have a property,
namely their insensitivity to microscopics.

One main purpose of CMP is to study

The elementary excitations




Condensed matter physics (a bird's eye view)

higher organizing principles in nature More is Different ﬁ

The emergent physical phenomena regulated by - J
higher organizing principles have a property,
namely their insensitivity to microscopics.

Reductionism

Emergence

One main purpose of CMP is to study

The elementary excitations

Correlations —

- We are searching new

- Quasiparticles




Introduction to Majorana fermions (HEP vs CMP or LEP!)

A Majorana fermion is its own antiparticle 4T = ~

¢ History: Neutral spin-1/2 particles as real solutions of Dirac eq.

¢ Particle physics: Neutrinos might be Majorana fermions!

Neutrinoless double beta decay (Not yet observed)

Ettore Majorana



Introduction to Majorana fermions (HEP vs CMP or LEP!)

A Majorana fermion is its own antiparticle 47 = ~

¢ History: Neutral spin-1/2 particles as real solutions of Dirac eq.

¢ Particle physics: Neutrinos might be Majorana fermions!

Neutrinoless double beta decay (Not yet observed)

Fmergence in condensed matter

o Prehistory: d = (v + iv2)/v2

¢ Isolated Majoranas are believed to exist in:

Fractional quantum Hall state at v = 5/2

Boundaries of topological superconductors

Ettore Majorana

(vortex cores and edges)




Majorana’s as protected qubits

A big challenge for Quantum Computer: Decoherence

Possible errors destroying the state of qubit (spin system)

& - N\ (o —
(Classwal error: el 0 | Phase error: "lph O

tlips the jth qubat ~ changes the relative sign




Majorana’s as protected qubits

A big challenge for Quantum Computer: Decoherence

Possible errors destroying the state of qubit (spin system)

N\ ¢
Phase error:

[ o . - o aj
(Classwal CITOr: Mecl O

Tlph O

- changes the relative sign

tlips the jth qubat

. P
Phase error: 7pnha;a;

a;i — a;
. J
Majorana operators: ¢2j-1 = a; + a;, €2 =~
1 .
Phase error: a;aj =3 (1 +1iczj-1¢9)
Isolated Majorana 1s immune against any error
( ?le a9 77 CLN

|
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Toy model: Kitaev proposal for Majorana fermions
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Spinless p-wave superconductor (SPSC)
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Alexi Kitaev



Toy model: Kitaev proposal for Majorana fermions

Spinless p-wave superconductor}SPSC)
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J

' Majorana operators:
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Toy model: Kitaev proposal for Majorana fermions

= =

Spinless p-wave superconductor#(SPSC)

I !
Hj = Z{ w(ajaHl + ]Jr+1 j) — H(“;aj 2) + daja;, + A7a ]—I—l ;:| '
j {

' Majorana operators:
0 0\ ; N0 0\ 4
C2j—1 = €XP 15 aj—|-exp —15 a]. Cyj = —1€Xp 15 aj—l—lexp —15 a]-
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Hi = 52[—sz—lczj+ (w+ [4])cajeajpr + (—w + |A|)Czj—lczj+z]
— J , B 7 J

1 .
(a) [4]=w=0, u<0 H, = —uZ(a}aj —§> = %(_H)ZCZj—ICZj
I h
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Toy model: Kitaev proposal for Majorana fermions

(a) The Majorana operators from the same site paired, to form l
a ground state with occupation number 0; .

(b) The Majorana operators at the ends remain unpaired,
leading to a two-fold degenerate ground state,

—ticican|Yo) = |%o) —ic1CaN | Y1) = — 1)
a=d+d, con=(d—-dN /i = d'dlve) =0, d'd|yr) = [¢1)

J

1 .
(a) [4]=w=0, u<0 H, = —uZ(a}aj —§> = %(_H)ZCZj—ICQj
I _

(b) ‘A|:W>O,ILL:O HIZiWZCZjCZJ'_|_1
J

a b

Cl (2 €3 (4 CoL—-1 C2L 1l (2 C3 (4 C2r—1 €2

Alexi Kitaev



Toy model: Kitaev proposal for Majorana fermions

—— — ——

(" B ] —
Jordan-Wigner transformation

| a; = <ﬁ 0;) ot al = (Zl_[j a,i) o (0; — (—1)a;aaj

Transverse field Ising model (TFIM) [exeraise 1]

N—1 N
HS:—JZO';?O'?_H—}LZZO'; w=J, pu=—2h,
| j=1 j=1

- | E - D




Toy model: Kitaev proposal for Majorana fermions
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] ordan—Wl gner transformatlon
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Toy model: Kitaev proposal for Majorana fermions

— ——

] ordan—Wl gner transformatlon

aj = <ﬁ Ui) o) a - <H0k> i (Ui B (_1)@%‘)

| Transverse field Ising model (TFIM) [exeraise 1]
N—1 N

HS:—JZO';?O'?_H—}LZZO'; w=dJ, u=—-2h,

ZQ symmetry TFIM: Ps = H o SPSC: Pp = (—1)2i %%

J=1 - y

N

ZQ Symmetry Majorana: Pmaj — H(—iczk—lczk) m— iClch
k=1

fermionic parity cannot be disturbed by local perturbation,
but the spin Z5 symmetry can be removed by s



Role of topology in Kitaev toy model

Kitaev Hamiltonian 1n k-space:

~

: 1 A¥ .
Oli — [CJILvC—k H = — CIMHCr,  Hi = ( % & ) EXErCLSE 2
| 2 ké;z ' Ak —€k ( J

€, = —tcosk — W r | e .
_ . —— | B(k) = /€2 +
A, = —iAe*® sin k ! () \/ v




Role of topology in Kitaev toy model

Kitaev Hamiltonian 1n k-space:

: 1
Cl = [cJ,L,c_k_ H =3 > CiHKCr,  Hi = (Z’; _€k> [6)<6rc>use ;zj
keBZ

€, = —tcosk — W |
) o — | E(k) =
AL = —er“b sin &

r\g S.) H 1+ ¢c.p. (k) cl]0)

non-topological

( —_—
e |£U|/C7 w < —1 (strong pairing) U=t

pcp. ()] ~ -

topological
(weak pairing)
non-topological p=—t
(strong pairing)




Role of topology in Kitaev toy model

Kitaev Hamiltonian 1n k-space:
T _ Jf ] 1 € A
Cp =lewek]  H=35 3 ClHiCr Hi= ( ¢ ) (exercise 2

A, —e
keBZ k k

€, = —tcosk — W
- N b :>
AL = —1Ae*? sin k
r\gs [T 01 +wc e cllo
A0<k<w )
4 |:U|/C B non-topolggical B
|¢Cp(x)‘ ~ < € 9 H < t _(strongEaTn_g) _________ L4 _t_
const, |u| <t

Strong (|u| > t) vs. weak pairing (|u| < t)
BCS-BEC crossover topological

(weak pairing)

(still no guarantee for 0 oo NJA______.

non-topological = —t

tOpOlOgicaHy distinct phaseS) (strong pairing)




Role of topology in Kitaev toy model

Kitaev Hamiltonian 1n k-space:

- 1 A’
C’T— CT,C_ — § | _ [ €k k
[ L k | H 5 - CkaCk, Hk ( , . €




Role of topology in Kitaev toy model

Kitaev Hamiltonian 1n k-space:

_ 1 Ak
Cl=lchew] =3 Y clmon, w=(g 5
kEBZ ko Tk

(Genﬁeral form: Hi =h(k)- o o= o%+ oy + 072

:_ (CT )T = 6%Clp =—=> hay(k) = —hey(—k), h.(k) = h.(—k) ]




Role of topology in Kitaev toy model

Kitaev Hamiltonian 1n k-space:

_ 1 Ak
Ol =leher]  H=1 Y ClHiCL Hy = ( K _Ak)
keBZ ko —Ck

(Gentereil form: Hr =h(k) - o o =R+ oYy + 072

(CL)T = 070k == hay(K) = —hay (), ha(k) = ha(—F) |

( — = = =

fl(k) = h(k)/|h(k)] Z topological invariant

\

fv=1
" (trivial)

h(0) = so2, B(r)=smz, Y= 805t

y
v=-1
/(topological)



Role of topology in Kitaev toy model

Kitaev Hamiltonian 1n k-space:

€L A;‘;

)

v =1
(trivial)

OZ — [CJ]L,C_]@: H :% Z C,i?’[kck, Hy = (A
kEBZ ko Tk
(General form: Hr =h(k)- o o=0"X+0%y +0°Z
| (Cik)T = 0"Cr == hoy(k) = —hay(=k), h.(k) = h.(=F) J
ﬁ(k) — h(k;)/‘h(k)| (ZQ topOZng:cal i;;c-z.riant \
h(0) = soz, h(m)=s,2, Y = S05x

e —————

(Trivial: an even number of pairs of Fermi points
Topological: an odd number of pairs of Fermi points

- Transition takes place when the gap closes;
i.e. in the boundaries where h(k) is ill-defined.

\
A _

o _ 7 i J

v = —1
(topological)




Topological superconductor

Spinless p, + ¢p, superconductor

| L () L (©
Hpac (k) = [Ho(k) — pl7: + Do(kame +ikyry) | L] a-

l—‘E
particle-hole symmetry: ; , r,=T}
— —_—— — F—E:FE
=Hpac(k)E™" = —Hpaa(-k) (E=7C) )

A+ A —
I'_p =T% (FE =0 if exists is protected) \ \




Topological superconductor

Spinless p, + ¢p, superconductor

| L 0 L ©

Hpac (k) = [Ho(k) — p]7 + Ao(keTe + ikyTy) Al AL

1—‘E

particle-hole symmetry: ; , r,=T}

—_ —_—_ — -E:FE

“Hpac (k)27 = —Hpaa (k) (E=7,C) A“F N

['_ g = F}LE (E = 0 if exists is protected) v v

_ I , (d 2DT-SC
[ Protected states can exist in the boundaries: (\/
Majorana edge states (2D) I
Majorana bound states at the ends (1D)
Majorana bound to vortex core (2D) (€)
” ) I




Topological superconductor

Spinless p, + ¢p, superconductor

| A O A ©
Hpac(k) = [Ho(k) — p|72 + Ao(kaTs + ikyTy) Al N
1—‘E
particle-hole symmetry: ; , r,=T}
— —_ — -E:FE
“Hpac(k)27! = —Hpag(-k) (E=r7,C) A"F N
I'_p =T% (FE =0 if exists is protected) \ \
_ _ f (d) 2DT-SC
[ Protected states can exist in the boundaries: (\/
Majorana edge states (2D) I
Majorana bound states at the ends (1D)
Majorana bound to vortex core (2D) (€)
i _ r
— f —_———— B N\ 0 P F_E:F-IIE-
{ Bulk-edge correspondence in , ,
- topologically nontrivial state of matter | o




Role of topology in 2D spinless p-wave superconductor

Hamiltonian 1n k-space:

P
H = % / (‘;7:){2 U (k)H (k)T (k),
[ (k) Ak)”
109 = ( 45 “etty )




Role of topology in 2D spinless p-wave superconductor

Hamiltonian 1n k-space:

P
H = % / (‘;7:){2 U (k)H (k)T (k),
_( e(k) Ak
w0 = 00 ) _
g.8.) o 1+ cp. (k)Y (—k) ¥ (k)T]0)




Role of topology in 2D spinless p-wave superconductor

Hamiltonian 1n k-space:

F‘H = % / (;il; U (k)H (k)T (k),
w0~ ( 3~ )
g-8.) o AL 1+ vc.p. (K1 (—k) " (k)T]]0)
e e — h_(-l;_ i N (@) A k2

Chern number

d°k - & & topological k
C = / E[h : (8kxh X 6ky h)] Tk |5airing) >
- C # 0 nontrivial topology | non-topological p="0 (topological)

(strong pairing)
WV,




Vortex core states in 2D spinless p-wave superconductor

P — — —







Vortex core states in 2D spinless p-wave superconductor

. . ) — —
Hoe = 5 [ 10 (U () ¥ (r), Py

— T €—i¢ — Up @ / / /
1) = (ppo iy 2] 0t = ), v )

) 1 r / / ) —i(b/Q ] ) 1 r / / _i¢/2
_ind = [ dr’p(r”) e in 0 — X _drip(r’) €

<%

c

+

~—
H

~
|

Eout/in = £NA/Rout/in for half-integer n (anti-periodic boundary condition)

periodic boundary condition
energies with integer »
n=0 Majorana bound state

A vortex carrying a quantum flux —

b E
b A (© @  AE
@ ® O O
o ® ® o
LK O O
> .
p>0 O (o) o (o)
topological o o (o] (o)
n<0 (o (0

trivial



Physical realization: Artificial topological superconductor

Superconductor-topological insulator interface

Hpac(k) = (vrk -0 — p)7. + Ag

defining new fermionic operator: (exercise 3]
U = (crr +ePery)/V2  (tanby = ky /ks)
Hpac (k) = (vp[k|—p)7. + Ao (eP<ipfy’  + H.c.)

Similar to the spinless p + ip superconductor




Physical realization: Artificial topological superconductor

Superconductor-topological insulator interface

Hpac(k) = (vrk -0 — p)7. + Ag

defining new fermionic operator: [exercise 3]
Y = (ckr +e%er))/V2  (tanbi = ky/k.)
Hpac (k) = (vp|k|—p)7. + Ao (ePeplyT, + H.c.)

Similar to the spinless p + ip superconductor

4
E E
E 1)
Al

............ |
....................... 0 5> P
------------ r r
............... T, |0)
...................... “.._ Majorana fermion :

.............. . J Majorana bound States

.~ bound to a vortex

- = A = 1,¢ A
superconauctor R 0 0 \‘
/ super- super- !
# : conductor i e conductor

2D topological insulator

3D topological insulator E :
/ .. edgestate . )




Physical realization: Nanowire with Rashba Spin-orbit

Nanowire on top of a superconductor

H=[dyUi(y)HU(y) O =@l yl v, —v)

H = [p°/2m — p(y)|T. + a(y)po.7. + B(y)oz + A(y) 7




Physical realization: Nanowire with Rashba Spin-orbit

Nanowire on top of a superconductor

H=[dyUi(y)HU(y) O =@l yl v, —v)

H = [p?/2m — p(y)]r. + a(y)po.7. + B(y)oe + Ay)Ts

B3 =B+ A’ 4+ 2+ (ap)? + 2\/ B2(A? +&2) + (ozp)%%J (exercise 4]

S (o) S (9
A=B=p=0 M/Am B=1/4 u=0 L“/Ao.s B=1/4 u=0

1 1r

1 2 | 1 > p

= Q) = (g) s
~ A=0.1 B=1/4 u=0 Lﬂ/ h
1} 1 1f

A=1/10 B=1/4

u=v21 /20

A=1/10 B=1/4
u=.3

D 1 2 1 2



Physical realization: Nanowire with Rashba Spin-orbit

Two gaps (near p = Oand p = pr): By, E;

Ey=E(p=0)=|B— A2+ u2| QPT at: B2 = A? 4 2

5 S (e) S (9
~ L”/AJM B=1/4 u=0 LTJ/




|

| Spatially varying A

Physical realization: Nanowire with Rashba Spin-orbit

Two gaps (near p = Oand p = pr): By, E;

Eo=E(p=0)=|B— /A1 2

~

Yy

A —a

G

A=0 B=1/4 u=0

1F

—

'Spatially varying B

Spatially varying 3

§y
A=1/4 B=1/4 =0
1

QPT at: B? = A? + 12

1 > b
b) e B
/ 1 A
_______ 7  —
e N .
a \\‘
Y — B y i
d) 0
jg ; B—-A

______ e
Y —
e)




Physical realization: Experiment

Signatures of Majorana Fermions in

Hybrid Superconductor-Semiconductor
Nanowire Devices e

superconductor
V. Mourik,** K. Zuo,** S. M. Frolov,* S. R. Plissard,” E. P. A. M. Bakkers,™? L. P. Kouwenhoven't P

A ~ Device 1 - Device 2

InSb nanowire (
wide gates - silicon nitride - 1

silicon oxide



Physical realization: Experiment

B(T)

B| B, \}/\//
S| (2e%/h)

0.45

0.3
400
(2e?/h)
< 0.45
=2

0.3

-400k.

0 0 -10 -
Voltage on Gate 4 (V) Voltage on Gate 4 (V) V (uV) 0 2 n 3m/2 2m



Properties: non-Abelian statistics

non-degenerate braiding: W +— W degenerate braiding: ¥ — UW



Properties: non-Abelian statistics

non-degenerate braiding: W +— W degenerate braiding: ¥ — UW

‘\ 7 o . o ﬁ\
' Cooper pairs acquires 21 phase upon crossing the

1

- brach cut, Majorana catch half a such phase

)




Properties: non-Abelian statistics

non-degenerate braiding: W +— W degenerate braiding: ¥ — UW

Clockwise exchange
of two MF -

brach cut, Majorana catch half a such phase

, . )
- Cooper pairs acquires 2w phase upon crossing the |

)

Y1 — Y2

2
N\
=




Properties: non-Abelian statistics

non-degenerate braiding: W +— W degenerate braiding: ¥ — UW

, . )
- Cooper pairs acquires 2w phase upon crossing the |

lockwise exchange -
Clockwise exchange | brach cut, Majorana catch half a such phase

of two MF L - )
M= )2 Rotating one MF
Yy = 4 around the other

By = 717

Y1 = (172) 1 (n2)' = —n
Yo = (m72) 72 (1172)' = —72




Properties: non-Abelian statistics

a ! | )
Biof0) = —= (1+4) |0) 1) = fil0 i
1 p— . 2 |
- Byoll) = 7 (1—12)|1) /i (e +32)/
S - ) )
1 .
B12|00) = 7 (1 +12)]00), non-Abelian statistics

MF exchange

[Bq;—u, Bz’,i—l—l] — Yi—17i+1




Properties: topological quantum computing

) Measure (|O12034>+|112134>)/\/§

B I f
0) = [00), |1) = |11) | ~ ~
| | | |
— 1Y1Y2 = —1Y3Y4 = O, 1@ @, 30 @4
| —17Y27Y3 = Og, Tt \
- —imYs = —iYya =0y, | Brad \
o — — /0 o, .o 0/
By = B3y = 6_%027 Create U|O12034>\/

Y
N
X

|
C.DI
&
Q
]




Majorana detection

Peculiar characteristics (Tools for detection)

Nonlocal transport (through coupled Majoranas)
1. Direct coupling: Hp;r = tepy1y2 , €np x exp(l/€)
2. Coulomb interaction in mesoscopic TS islands

Fractional or 4m-periodic Josephson effect

Half-integer conductance quantization

4F ' L L R B

‘ I g topologmalbf 7/2

trivial

F1 e EM xw F2 g ( _____________ 5/9
super- Ny Al nontrivial |
magnet conductor magnet < 2
O . _ normal state
< O J| . | . | . | . | !
—— 0 20 40 60 80 100 120

—EM EF - VQPC [Eso]



What else?

Other detection mechanisms? (theory & experiment)

nonlocal transport and entanglement

Universal quantum computing (theory)
Non-topological operations

Coupling topological qubit with conventional qubits

Majorana in other systems (theory & experiment)

Topological superconductivity in Sr2RuQ4

FQHEat v = 5/2



