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Present status of neutrino parameters
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Figure 1: Global 3⌫ oscillation analysis. Each panels shows two-dimensional projection of the
allowed six-dimensional region after marginalization with respect to the undisplayed parameters.
The di↵erent contours correspond to the two-dimensional allowed regions at 1�, 90%, 2�, 99%
and 3� CL (2 dof). Results for di↵erent assumptions concerning the analysis of data from reactor
experiments are shown: full regions correspond to analysis with the normalization of reactor fluxes
left free and data from short-baseline (less than 100 m) reactor experiments are included. For
void regions short-baseline reactor data are not included but reactor fluxes as predicted in [42] are
assumed. Note that as atmospheric mass-squared splitting we use �m2

31

for NO and �m2

32

for IO.
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Discovery of theta13! All oscillation 
parameters are measured with 
good precision, except for the mass 
hierarchy and the delta phase. One 
needs to check the 3-neutrino 
paradigm.

M. C. Gonzalez-Garcia et al., 1209.3023
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Long baseline neutrino oscillations

�13

Long baseline neutrino oscillation experiments (T2K, 
LBNE, EU superbeams, neutrino factories and beta 
beams) will aim at studying the subdominant channels 

in order to establish
1. the mixing angles (       )
2. the mass hierarchy
3. Leptonic CPV
4. Non-standard effects.

�µ,e � �e,µ �̄µ,e � �̄e,µ

P (⇥µ ⇥ ⇥e) � sin2 �23 sin2 2�13 sin2 �m2
31L

4E
for negligible matter and CPV effects.

See also Agarwalla’s talk
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CPV effects in neutrino oscillations
In many experimental situations the probabilities can 
be approximated for 2 neutrinos. In this case there are 
no CPV effects. The CP-asymmetry:

● CP-violation requires all angles to be nonzero.

● It is proportional to the sine of the delta phase.

● If one can neglect        , the asymmetry goes to zero 
as effective 2-neutrino probabilities are CP-symmetric.

�m2
21

P (⇥� ⇤ ⇥⇥ ; t)� P (⇥̄� ⇤ ⇥̄⇥ ; t) =

=
����U�1U

⇥
⇥1 + U�2U

⇥
⇥2e

�i
�m2

21L

2E + U�3U
⇥
⇥3e

�i
�m2

31L

2E

����
2

� (U ⇤ U⇥)

= U�1U
⇥
⇥1U

⇥
�2U⇥2e

i
�m2

21L

2E + U⇥
�1U⇥1U�2U

⇥
⇥2e

�i
�m2

21L

2E � (U ⇤ U⇥) + · · ·

= 4s12c12s13c
2
13s23c23 sin �

⌅
sin

⇥
�m2

21L

2E

⇤
+ sin

⇥
�m2

23L

2E

⇤
+ sin

⇥
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31L

2E

⇤⇧

P (⌫µ ! ⌫e; t)� P (⌫̄µ ! ⌫̄e; t) =
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Neutrino oscillations in matter

● When neutrinos travel in media, they interact with the 
background of electron, proton and neutrons and acquire 

an effective mass and oscillations are modified.

 ● Typically the background is CP and CPT violating and 
the resulting oscillations are CP and CPT violating.

Neutrinos undergo forward elastic scattering. [L. Wolfenstein, 
Phys. Rev. D 17, 2369 (1978); ibid. D 20, 2634 (1979), S. P. Mikheyev, A.  Yu Smirnov, Sov. J. Nucl. 

Phys. 42 (1986) 913.]

L4�f = �2
⌅

2GF (⇥̄eL��⇥eL)(ēL��eL) + · · ·

If additional interactions were present, these would 
modify the matter effects we observe.
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Electron neutrinos have CC and NC interactions, while 
muon and tau neutrinos only the latter.

We treat the electrons as a background:                     .

For a useful discussion, see E. Akhmedov, hep-ph/0001264;  A. de Gouvea, hep-ph/0411274.

⇥ē�0e⇤ = Ne ⇥ē��e⇤ = ⇥�ve⇤ ⇥ē�0�5e⇤ = ⇥�⇥e · �pe

Ee
⇤ ⇥ē���5e⇤ = ⇥�⇥e⇤

Strumia and Vissani7
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The full Hamiltonian in matter can then be obtained by 
adding the potential terms, diagonal in the flavour basis. 

For electron and muon neutrinos

For antineutrinos the potential has the opposite sign.

i
d

dt

�
|⇥e⇥
|⇥µ⇥

⇥
=

⇤
��m2

4E cos 2� +
⌅

2GF Ne
�m2

4E sin 2�
�m2

4E sin 2� �m2

4E cos 2�

⌅�
|⇥e⇥
|⇥µ⇥

⇥

● The diagonal basis and the flavour basis are related 
by a unitary matrix with angle in matter

tan(2�m) =
�m2

2E sin(2�)
�m2

2E cos(2�)�
⇥

2GF Ne
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�
2GF Ne =

�m2

2E
cos 2�● If                               : resonance    �m = ⇥/4

● The resonance condition can be satisfied for 
        - neutrinos if 
        - antineutrinos if 

�m2 > 0
�m2 < 0

● If                              , matter effects dominate 
and oscillations are suppressed.

⇥
2GF Ne �

�m2

2E
cos(2�)
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One can compute the probability in matter by 
expanding the full 3-neutrino oscillation probability.         

 

CP-violation

CP-violation

A measure of CPV effects is given by

ACP = P (�l⇥�l� )�P (�̄l⇥�̄l� )
P (�l⇥�l� )+P (�̄l⇥�̄l� )

� JCP � sin ⇥13 sin �

For large      , it is 
a subdominant 

effect with respect 
to the dominant 

atmospheric term.

Coloma and Fernandez-Martinez, 2011
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FIG. 1: Terms of the oscillation probability in vacuum as a function of L/E for θ13 = 1◦ (left)

and θ13 = 10◦ (right). Notice the different scales in the Y-axis between the two panels. The

terms driven by the “atmospheric” (green) and “solar” (red) oscillation frequencies as well as the

CP-violating interference between the two (blue) are shown.

P±
eµ ≡ P (( )νe →

( )νµ) = s223 sin2 2θ13 sin2

(

∆31 L

2

)

+ c223 sin2 2θ12 sin2

(

∆21 L

2

)

+ J̃ cos

(

±δ −
∆31 L

2

)

sin

(

∆21 L

2

)

sin

(

∆31 L

2

)

, (1)

where the upper/lower sign in the formula refers to neutrinos/antineutrinos, J̃ ≡

c13 sin 2θ12 sin 2θ23 sin 2θ13 and ∆ij ≡
∆m2

ij

2Eν
. We will refer to the three terms in Eq. (1)

as “atmospheric”, “solar” and “CP interference” terms, respectively.

In Fig. 1 the three terms in Eq. (1) are depicted as a function of L/E. The left panel shows

the case of θ13 = 1◦, while the right panel corresponds to θ13 = 10◦ (close to the best fit of

T2K). For the CP-violating interference term only the coefficient in front of cos
(

±δ − ∆31 L
2

)

has been shown. As can be seen, for θ13 = 1◦ the choice of the first oscillation peak is

indeed very favorable for the exploration of CP violation, since the coefficient multiplying

the CP-violating term is larger than either the solar or the atmospheric CP-conserving

terms. On the other hand, for θ13 = 10◦ the first oscillation peak is dominated by the

atmospheric term whereas the CP interference term is only a subleading component of the

3

Coloma and Fernandez-Martinez, 2011

The CPV effect depend 
on energy and they 

become more important 
at low energy.

See also Agarwalla’s talk

10
Sunday, 5 May 13



For large      , it is a subdominant effect with 
respect to the dominant atmospheric term.

�13

SPC 17 March 2009  Alain Blondel

T asymmetry for sin % = 1

0.10 0.30 10 30 90

NOTES:

Asymmetry can be very large.

Stat. sensitivity

in absence of bkg

is ~independent of #13

down to max. asym. point

Asymmetry changes sign

from one max. to the next.

Sensitivity at low values
of #13 is better for short

baselines, sensitivity at
large values of #13  is

better for longer baselines

(2d max or 3d max.)

sign of asymmetry changes

with max. number.

error

Max. 
Asymmetry

100%

Stat. error 
with no background

The CP asymmetry 
peaks for sin^2 2 

theta13 ~0.001. Large 
theta13 makes its 

searches possible but 
not ideal.

A. Blondel
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Degeneracies

The determination of CPV and the mass ordering is 
complicated by the issue of degeneracies: different 
sets of parameters which provide an equally good fit 
to the data (eight-fold degeneracies). 

⇥13, �, sgn(�m2
31), ⇥23

P (L/E) and P̄ (L/E)

NO

IO
both 

hierarchies
are allowed!

⇥�
13, �

�, sgn�(�m2
31), ⇥

�
23
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The physics reach of the facilities is actively studied at 
present in order to shape the future experimental neutrino 
program.

13

 Superbeams: T2K, NOvA, LBNE, SPL, 
LAGUNA. Use very intense muon neutrino 
beams from pion decay and search for 
electron neutrino appearance. 

 Betabeams: Use electron neutrinos from 
high-gamma ion decays.

  Neutrino factory: Use muon and electron 
neutrinos from high-gamma muon decays 
and need a magnetised detector. 

M
edium

 term
                  Long term

Future long baseline experiments

See also Choudhary’s talk
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Neutrino flux and baseline

Neutrino flux: High flux is crucial.

Beam Backgrounds: The beam is known to a high 
degree: for large theta13, the nue contamination in 
superbeams is subdominant and the neutrino factory 
has negligible intrinsic background.                                                   

Dispersion effects: the flux scales as 

Matter effects: The longer the baseline the stronger 
matter effects (A) and increased sensitivity to the type 
of neutrino mass hierarchy. 

•

•

•

•

1/L2

14
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Detector

Detection Cross section: scales with energy 

Backgrounds: NC in superbeams is important, and 
charge mis-id and tau neutrino contamination in 
neutrino factory

Detector performance: plays a crucial role in the 
performance. Particularly important are the low 
energy efficiency (LENF), energy resolution

Systematic errors: might be the ultimate limiting 
factor. Importance of near detector, independent 
measurements.

� E�•

•

•

•

15
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Systematic errors
● The cross sections will be one of the dominant factors. 

● The knowledge of the Earth matter profile introduces 
also an error for experiments with long baselines.  

Typically, an uncertainty ~7%  but e.g. for the CERN-
Pyhasalmi baseline ~2% [Kozlovskaya et al., hep-ph/0305042].

Matter uncertainty and CPV discovery

Assuming 5% systematic errors on signal and background:
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If we start from 2% systematic error on matter density:

Going to 5% we lose ⇠ 2% CPV coverage, for all exposures.
Going to 10% we lose ⇠ 5% CPV coverage.
Going to 20% (unrealistic) we lose ⇠ 20% CPV coverage.

CN2PY, LAr

Coloma, Li, SP, in preparation; NOW2012

PRELIMINARY

CN2PY, LAr
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Coloma, Huber, Kopp, Winter, 1209.5973

Good energy 
resolution, wide band 

beam, additional 
input will help in 

reducing the impact 
of systematic errors. 
The near detector(s) 
will play an important 

role.

NF10

BB350

WBB

T2HK

GLoBES 2012

all off
matter uncertainty off
flux off
nmDIS cross section off

no ND
no ND,unc

2âexposure
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QE cross section ratio off
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Figure 5: Dependence of the achievable precision in � (at 1�, for sin2 2✓13 = 0.1) for the benchmark

setups in Table 1 on systematic uncertainties, exposure, and near detectors. The bars show the improvement

in the precision of � compared to the default scenario if the dominant systematic errors are switched o↵

separately. Here “all o↵” refers to the statistics-only limit, “matter uncertainty o↵” to no matter density

uncertainty, “flux o↵” to no flux errors, “DIS ⌫µ cross section o↵” to no DIS e↵ective cross section errors

for neutrinos and antineutrinos, “cross section ratio o↵” to fully correlated e↵ective cross section errors

for ⌫e and ⌫µ, and for ⌫̄e and ⌫̄µ, and “intrinsic background o↵” to no uncertainty on the intrinsic beam

backgrounds. The e↵ect of doubling the exposure is also shown, as well as two sets of results without a

near detector: for “no ND” systematic uncertainties are still correlated between oscillation channels at the

far detector, while for “no ND, unc”, also correlations between appearance and disappearance channels are

not included. The �� values shown here correspond to the median value of � (i.e., for 50% of � values, the

precision would be better, for the other 50% it would be worse).

19
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Superbeams

[www-numi.fnal.gov]
Muon neutrinos come from pion decays with high fluxes and 
large detectors (T2K, NOvA, T2K-II, LBNE, SPL in EUROnu, 
LAGUNA-LBNO) at L~100-2000 km. 

18 T. Kobayashi

T2K
off-axis
L= 295 km

NOvA
off-axis
L=810 
km

Hadron monitor
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Figure 1: θ13, MH, and CPV discovery potential as fraction of true δCP as a function of the true sin2 2θ13

for the normal hierarchy (upper row) and inverted hierarchy (lower row) at the 90% CL. Note the different

vertical scales in the different panels.

hierarchy. In Fig. 1 we show for a given true value of sin2 2θ13 (horizontal axis) and a given
true hierarchy (upper row normal, lower row inverted) the fraction of all possible true values
of δCP for which the discovery can be achieved at the 90% confidence level. Hence, a fraction
of δCP of unity (or 100%) for a given sin2 2θ13 corresponds to a discovery for any possible
value of δCP.

The θ13 discovery potential (cf., left panels of Fig. 1) of the reactor experiments does
not depend on δCP since by convention this phase does not appear in the disappearance
probability Pee. Furthermore, the probability is given to good approximation by an effective
2-flavor expression: P react

ee ≈ 1 − sin2 2θ13 sin2(∆m2
31L/4E). Thanks to the large exposure,

Daya Bay will have the best discovery potential among the reactor experiments of sin2 2θ13 =
0.0066 at the 90% CL, compared to 0.018 for RENO and 0.033 for Double Chooz.2 In
contrast, the νµ → νe appearance probability relevant for the beam experiments shows a

2Let us mention that the Daya Bay assumptions of a systematical error of 0.18%, fully uncorrelated
among all detectors is more aggressive than for other reactor experiments. For example, if the systematic
error is at the level of 0.6%, such as assumed in Double Chooz, the Daya Bay sensitivity of sin2 2θ13 = 0.0066
deteriorates to sin2 2θ13 $ 0.01. If on the other hand the systematic error is 0.38% and assumed to be fully
correlated among modules at one site the limit would sin2 2θ13 $ 0.012 [36]. See also the discussion in
Ref. [30].

5

90% CL reach for T2K (0.75 MW 5 yrs), NOvA (0.7 
MW, 3 yrs, nu+nubar, 15 kton detector)

Huber at al., 2009

T2K and NOvA

Goals: get some 
information about 
the mass hierarchy 
and open the hunt 
for CP-violation.
 In Feb 24 2010, 
first T2K event was 
seen in SK! 

 NOvA will start 
data taking in 2013 
and be completed 
by 2014.

19
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LBNE, LBNO, T2HK Goals: 
CPV and matter effects

Neutrino Physics Prospects for neutrino oscillation physics

Figure 13: LAGUNA CP fraction for which a CP violation discovery at 3� (left) and 5� (right) is
possible as a function of sin2 2✓13 for the LAr (upper plots) and WC (lower plots) detector. Figure
from ref. [100].

SPL [66, 106]. Another superbeam configuration is under consideration in Europe within the
EUROnu Design study. This setup exploits a 4 MW beam to produce a very low energy superbeam
aimed at a 440 kton MEMPHYS Water Cherenkov detector located 130 km away at Fréjus. The very
high intensity of the beam and very large detector compensate for the low detection cross section and
excellent sensitivity to CP-violation can be reached, see Fig. 15. CP-violation can be found at 3�
for ⇠ 67% of the values of � for sin2 ✓13 = 0.1 [66] (see also ref. [106]). Due to the short distance,
no matter e↵ects arise and no sensitivity to the mass hierarchy can be achieved from long baseline
neutrino oscillations. However, given the recently discovered large value of ✓13, taking into account
atmospheric neutrino events will allow to find the hierarchy for su�cient exposure, see Fig. 6 [66].
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Figure 14: T2HK sensitivity to CP violation at 1, 2 and 3� as a function of sin2 2✓13. The mass
hierarchy is assumed known (left panel) or not (right panel). Figure from ref. [66].

energy resolution and e�ciency. Compared to superbeams, betabeams have an extremely pure beam,
with no contamination from other flavours at the source. On the other hand, the absence of a ⌫

µ

component implies that a betabeam cannot provide a precision measurement of ✓23. Due to the
short distance, no sensitivity to the mass hierarchy is achievable, as in the case of the SPL, unless
atmospheric neutrinos are included [67]. Excellent reach for CP-violation could be obtained, especially
if the betabeam is combined with a superbeam from CERN to Fréjus. The two setups are sensitive to
the T-conjugated channels, providing a clean measurement of the CP-violating phase �, see Fig. 15.
Moreover the betabeam–superbeam combination o↵ers also improved sensitivity to the mass hierarchy,
even in the case of short baselines [69], see Fig. 6 and footnote 3.

5.3 Neutrino factory

In a Neutrino Factory [120, 121, 122] neutrinos are produced by highly accelerated muons which decay
producing a highly collimated beam of muon and electron neutrinos. The spectrum is very well known
and high energies can be achieved: the wide beam and high energies allow to reconstruct with precision
the oscillatory pattern and typically achieve a superior performance with respect to the other options.
Let’s consider the decay of µ� (µ+): it will generate an initial beam with two neutrino components, ⌫

µ

and ⌫
e

(⌫
µ

and ⌫
e

). These will oscillate inducing also ⌫
e

and ⌫̄
µ

(⌫
e

and ⌫
µ

). At the detector, for muon-
like events, two di↵erent signals will be present: the right-sign muon events which derive from the
observation of ⌫

µ

coming from the disappearance channel, ⌫
µ

! ⌫
µ

, and the wrong-sign muon events
which are due to ⌫̄

e

! ⌫̄
µ

oscillations. As the appearance oscillation is sensitive to matter e↵ects
and CPV, it is necessary to distinguish the two signals. This is achieved by means of magnetised
detectors which can distinguish µ+- from µ�-events. The mis-id rate is typically very low at a level of
10�4–10�3, depending on the detector technology. The detector of choice [124] is an iron magnetized
detector (MIND) which provides excellent background rejection and very good energy resolution but
low detection e�ciency for neutrinos with energies in the few GeV range. This detector performs very
well for high energies and is the default choice for muon energies above 8 GeV. For lower energies,
detectors with lower-Z would be preferred, such as a magnetized Totally-Active Scintillator Detector
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Neutrino factory

Neutrino factory: Neutrinos from muon decays at 
L~1500-7000 km. Pure beam and multiple oscillation 
channels but needs magnetised detector (MIND, LAr). 
See e.g. de Rujula, Gavela, Hernandez; Cervera et al.; Freund, Huber, Lindner; Rubbia ....

New baseline for 
IDS-NF (Apr 2012):
LENF:
E=10 GeV and 
L=2000 km
with MIND
First LENF proposed 
in 2007 Geer, Mena, Pascoli
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Effect of statistics (LENF 20 kton TASD)

The number of events dominates the sensitivity.
Fernandez-Martinez et al., 0911.3776
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Fernandez-Martinez et al., 0911.3776 Dighe, Goswami, Ray, 1110.3289

A LENF (E~10 GeV, L~2000 km) can determine the 
type of mass hierarchy for all values of delta.

Sensitivity to mass hierarchy
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As      decreases the optimal energy and baseline 
shift towards the HENF configuration.

Agarwalla, Huber, Tang, Winter, 1012.1872 

�13

CPV sensitivity

Huber et al.,  hep-ph/0606119

CPV searches: optimisation studies
An optimisation of the NF using one MIND detector 
(low efficiency at low energies) was performed.
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TA S D a n d L A r 
detectors.

L ines show the 
fraction of delta for 
which CPV can be 
determined.

Excellent sensitivity 
for large      rather 
independent from L 
and E.

P. Ballett, SP, 1201.6299

�13
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Figure 16: Left: 3� sensitivity to the mass hierarchy, in terms of the fraction of � values for which
� = 0,⇡ can be excluded, as a function of sin2 2✓13 with a LENF with 20 kton TASD, LENF with
100 Kton LAr detector (the band corresponds to varying the detector performance), high energy
neutrino factory, a wide band beam, 3 betabeam configurations and for T2HK. Figure from ref. [136]
where further details of the simulations are reported. Right: Same as the left but for CP violation.

options for small ✓13, thanks to its high number events, very low backgrounds and small systematic
errors [132, 123].

In the case of large ✓13, a more conservative setup, named the Low-Energy Neutrino Factory
(LENF), was proposed as a less challenging option [134, 135] which used a single baseline of 1300 km,
corresponding to the Fermilab to DUSEL distance, and, consequently, a lower muon energy, at ⇠
4.5 GeV [136], see also ref. [137, 138]. Given the low energy, a detector with good energy resolution
and low energy threshold was needed in order to exploit the rich oscillatory pattern. The detector of
choice was a Totally-Active Scintillator Detector (TASD) magnetized by means of a large magnetic
cavern or a magnetized LAr TPC, which would be ideal due to the large size and the excellent
detector performance, especially at low energy. This initial study showed that excellent reach could
be achieved for the mass hierarchy and CP violation, see Fig. 16. A subsequent study of the LENF
using a Magnetized Iron Neutrino Detector have also shown promising performance [139] and its reach
is reported in Fig. 17. A similar study using a TASD and LAr detector [140] found a rather flat
performance as a function of L and muon energy, for large ✓13, as seen in Fig. 18. Based on these
analyses and in view of the discovery of large ✓13, the International Design Study on a Neutrino Factory
(IDS-NF) reviewed the baseline configuration in April 2012 and chose a LENF with MIND detector
with muon energy of 10 GeV and baseline of 2000 km.

A summary of the results for the LENF and a comparison with other facilities is given in Figs. 16
and 19 [123]. A word of caution is necessary as the precise reach of each setup is a↵ected by the
assumption made on the beam, detector, and systematic errors. Nevertheless, thanks to the intense
flux, pure beam, excellent background rejection and long baselines, a NF has been shown to achieve
the best physics reach in search for CP-violation and the mass hierarchy.

27

The ultimate sensitivity could be provided by the 
neutrino factory.

Coloma, Huber, Kopp, Winter, 1209.5973
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Sect. 2, this probability is obtained by simulating di↵erent realizations of a given ex-
periment 1000 times for each input value of � and checking whether in that particular
realization the facility is able to exclude CP-conserving values of � at the desired CL.
For T2K+NO⌫A and for T2HK, the probability of finding CP violation is strongly
asymmetric, reaching higher probabilities for negative �. This is a consequence of
the sign degeneracy that leads to allowed CP-conserving regions for positive � when
measuring ⌫µ ! ⌫e oscillations [79–81].
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Figure 2: Left panel: probability of finding CP violation (CPV) at the 90% CL for the

combination T2K+NO⌫A (gray-shaded area); probability of finding CP violation at 5� for

the new facilities in combination with the results obtained at T2K+NO⌫A (lines). Right

panel: joint probability that a new facility in combination with T2K+NO⌫A observes CP

violation at 5� and that T2K+NO⌫A alone have not seen a hint of it at 90% CL for the

same value of �. In all cases, it is assumed that T2K+NO⌫A will stop data taking on 2020.

To explain our results let us consider now, for example, the black solid line in
Fig. 2 (left), that represents the probability of finding CP violation at 5� (condition
A) for6 the NF10, P (A|�). Two flat regions can be seen for � 2 [�150�,�30�] and
[30�, 150�], for which the probability to measure a CP-violating phase at 5� at the
NF10 is P (A|�) ⇠ 1. Depending on �, it is more or less likely that T2K+NO⌫A
will have already found a 90% CL hint by themselves. For maximally CP-violating
values of �, in particular, there is a fair chance that they will have found a hint
by 2020 and, thus, condition B̄ will not be satisfied. This is reflected in that the
black solid line in Fig. 2 (right), which represents the joint probability P (A, B̄|�),
is reduced for |�| = 90�. For � = �90�, where T2K+NO⌫A have a peak in the
probability of finding CP violation at the 90% CL, we see that P (A| � 90�) ⇠ 1
whereas P (A, B̄|�90�) ⇠ 0.3. On the borders of the region of maximal probability of
finding CP violation for T2K+NO⌫A we see high spikes for the NF10 joint probability.

6We have checked that the combination of the NF10 data with T2K+NO⌫A is irrelevant, due
to the low statistics of the latter with respect to the NF10.
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LENF10 vs T2K and NOvA

If T2K and NOvA find a hint of CPV, then the LENF10 
will have an excellent chance to discover CPV.

Blennow et al., 1303.0003
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The precision measurement of the oscillation 
parameters will become very important once the mass 
hierarchy and CPV are established. LBL experiments can 

give information on                      . 

Precision measurements of oscillation 
parameters

⇥23, ⇥13, �

The expected precision on theta13 can be related to

If the statistical error dominates:

If the systematic error on the signal does:

If that on the background:

Nevents ⇠ Pµe ⇠ sin2 2✓13 ⇠ (✓13)
2 ) �N ⇠ ✓13�✓13

�✓13
✓13

⇠ 1

✓13
�✓13
✓13

⇠ constant

�✓13
✓13

⇠ 1

✓213

Coloma, Donini, Fernandez Martinez, Hernandez, 1203.565128
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✓13 precision

Triangle: current 1� precision of Daya Bay. Star: best attainable precision. C2P= CERN to Pyhäsalmi
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P. Coloma, A. Donini, E. Fernández Mart́ınez, P. Hernández,
arXiv:1203.5651.

Within the Daya bay 3� region, we can see that the scaling with ✓13 of �r✓13
of “short” (T2HK and the SPL) and “long” (LBNE and C2P) baseline super-beams
is di↵erent: for short baseline super-beams, the relative precision on ✓13 is roughly
independent of ✓13, indicating that precision in these facilities is limited by the sys-
tematics of the signal in this regime; for long baseline super-beams the precision
improves with ✓13, instead, as expected when the error is statistics-dominated. Be-
low the Daya Bay 3� bound, on the other hand, all super-beams show a significant
degradation of �r✓13. This is due to the fact that, for such small values of ✓13, the
signal is considerably reduced and the systematics on the background start to dom-
inate the error instead. The bands are in all cases relatively narrow, which means
that the precision on ✓13 does not depend significantly on �.
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Figure 5: Relative error on ✓13 as a function of ✓13 at 1� (1 d.o.f.) at the considered beta-

beam (left) and neutrino factory (right) setups. Left panel: results for BB100 (blue, dashed

lines) and BB350 (red, solid lines). Right panel: results for LENF (blue, dashed lines) and

IDS1b (red, solid lines). The width of the bands shows the dependence with the value

of �. The empty triangle shows the present precision at 1� for Daya Bay, while the star

represents the ultimate attainable precision, corresponding only to the quoted systematic

error. Both points are shown for the present best fit. The vertical line corresponds to the

present Daya Bay 3� lower bound. A true normal hierarchy has been assumed and no sign

degeneracies have been taken into account.

In Fig. 5 we compare the precision on ✓13 attainable in the beta-beam and neu-
trino factory setups. For all of these setups we can see that the precision improves

14

The best 
measurement of 
theta13 will be 

provided by Daya 
Bay, unaffected by 
degeneracies, and 

it could be 
marginally 

improved by 
LENF.

Coloma, Donini, Fernandez 
Martinez, Hernandez, 

1203.5651

Coloma, Huber, Kopp, Winter, 1209.597329
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In addition to delta, the study of sum rules and possible 
mixing patterns requires a precise measurement of the 

atmospheric and solar mixing angles. 
Useful parameterisation: 

2

lation amongst the mixing angles and phases. We refer
to this relation as a sum-rule and it provides a constraint
which reduces the number of degrees of freedom in the
leptonic mixing sector. It is convenient to parameterize
these relations by employing the notation of Ref. [1], and
introduce the parameters s, r and a defined by

sin θ12 =
1 + s√

3
, sin θ13 =

r√
2
, sin θ23 =

1 + a√
2

.

These parameters, originating from studies of tribimaxi-
mality, provide a close phenomenological fit to the known
mixing angles. A recent global fit [2] provides the follow-
ing 1σ intervals

−0.07 ≤ s ≤ −0.01,

0.21 ≤ r ≤ 0.23,

−0.15 ≤ a ≤ −0.07.

In this paper, we will focus on a specific set of correla-
tions which are primarily dependent on the atmospheric
mixing angle θ23, reactor mixing angle θ13 and the cosine
of the Dirac CP-phase, cos δ. It will be useful to work
with the first-order expansion of the complete sum-rule
in the small parameters s, r and a, which we call the lin-
earized sum-rule. For the models that we are interested
in, these will take the general form

a = σr cos δ, (1)

and we will treat σ as a new model-dependent constant.
Although we will consider questions based on a range
of values of this general parameter, there are two specific
values which we would like to highlight. These two values
have a degree of universality, having arisen in the liter-
ature from fully consistent models, whilst also remain-
ing the only simple rules that we’ve found in our more
phenomenological treatments: the first of these rules has
σ = 1, and the second is given by σ = −1/2. A dis-
cussion of higher-order effects, correcting the linearized
sum-rule, is presented in Section III.
We will quickly illustrate this discussion with an ex-

ample from the literature. A recent model presented in
Ref. [3] imposes an A4 symmetry, broken at low energies
by a set of flavons, which leads to the second column of
the PMNS fixed at its tribimaximal value,

|Uµ2| ≡
∣

∣cos θ12 cos θ23 − sin θ12 sin θ13 sin θ23e
iδ
∣

∣ ,

=
1√
3
.

This complete sum-rule can be linearized in terms of the
s, r and a parameters,

a = −
r

2
cos δ,

which is a specific realization of our general rule, Eq. 1,
with σ = 1.

A. Hernandez-Smirnov framework

A novel approach was recently introduced in Ref. [4] to
find flavour-symmetric correlations amongst the PMNS
mixing matrix elements, whilst making minimal assump-
tions about the details of the model. This approach
was built around the assumption that there exists a dis-
crete flavour group which is broken into two subgroups
at low-energy. These subgroups act independently on the
charged lepton and neutrino sectors of the theory, and
their misalignment leads to a non-trivial PMNS matrix.
If we assume, in this framework, that some of the known
symmetries of the leptonic mass terms are in fact residual
symmetries arising from this larger broken group, con-
straints can be placed on the PMNS matrix in a general
manner, regardless of the precise implementation of the
symmetry breaking. Some correlations were reported in
Ref. [4]; however, these correlations lead to linearized
sum-rules identical to those reported in previous studies.
In this section, we weaken some of the assumptions made
in the derivations of these relations and generate ad-
dtional sum-rules with distinct linearized relations. We
refer the reader to Ref. [4] for a detailed discussion of the
method for finding parameter correlations in the “sym-
metry building” approach, and we will only summarize
the steps here, highlighting where we alter the derivation.
The approach in Ref. [4] assumes that grand flavour

group is a von Dyck group, D(2,m, p). These are defined
by the presentation

S2
iU = Tm

αU = W p
U = SiUTαUWU = 1.

The choice of m and p dictates the unbroken group that
we are considering, and the assumption that the un-
broken group is finite restricts these to specific values.
Representing each choice by the ordered pair (m, p), the
choices which lead to finite groups are exhausted by 5
special pairs

(3, 3), (3, 4), (3, 5), (4, 3), (5, 3),

and 2 infinite sequences

(2, N) and (N, 2) ∀N ≥ 2.

For a given (m, p), two generators of symmetries
present in the leptonic mass terms must be chosen which
are assumed to be residual symmetries, remaining after
the breakdown of the full group Gf . In this work, we will
focus on the specific choice of Te which is given by

Te =





1 0 0
0 ei

2πk

m 0
0 0 e−i 2πk

m



 ,

where m is specified by the choice of group, and k ∈ Zm.
The second generator, governing the neutrino sector, will
be taken to be either S1 or S2, given by

S1 =





1 0 0
0 −1 0
0 0 −1



 , S2 =





−1 0 0
0 1 0
0 0 −1



 .

King, 0710.0530
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FIG. 3. The sensitivity of the next-generation facilities to the a, r and cos δ parameters. In all of the plots, the shaded regions
progressivley show the 1σ, 3σ and 5σ regions for the LENF, whilst the dashed lines are the equivalent envelopes for C2P. The
leftmost plot shows the sensitivity to a, whilst the central (rightmost) plot shows the sensitivity to r (cos δ).

resolution taken to be a flat 150 MeV for electrons and
0.2

√
E for muons. An error of 5% has been imposed on

the signal and background, and a 2% uncertainity on the
matter density.

A. Precision for a, r and cos δ

We start our study by computing the precision with
which the next-generation facilities can individually mea-
sure the parameters a, r and cos δ. An understanding of
this precision should give us an indication of the poten-
tial precision towards generic sum-rules in these variables
and help us to identify the dominant uncertainties and
functional dependence of such a measurement. In the
following analysis, we will refer to the parameter values
which are used to generate the simulated data as the
true values and the parameters which are extracted by
fitting our models to the data as the fitted values. When
necessary, true and fitted values will be distinguished by
subscripts i.e. ∆a ≡ aF − aT. For each parameter of
interest, we have scanned over a range of true values and
then computed the allowed region (at 1, 3 and 5σ) in the
fitted value of this parameter for both experimental set-
ups. We marginalize over all of the otherwise unspecified
oscillation parameters in each case. We then subtract
off the true value from the fitted values to produce the
allowed region expressed in terms of the permitted devi-
ation from the true parameter value as a function of the
true value itself.
The lefthand panel in Fig. 3 shows the sensitivity to

a for both the LENF and C2P experiments. For large
value of aT we find the magnitude of ∆a ≡ aF − aT to
be around 0.01 (0.015) at 3σ for the LENF (C2P); how-
ever, this increases notably around |aT| ! 0.05 possibly
up to around 0.06 (0.09). This increase is due to the pres-
ence of a degeneracy: for a given value of aT we get two
reasonably good solutions for the fit aF ≈ ±aT: a man-
ifestation of the θ23 octant degeneracy [33]. This is not
an exact degeneracy of the 3-neutrino oscillation prob-
ability, and the ambiguity only appears for the smallest

deviations from θ23-maximality. For all values of aT, C2P
performs worse than the LENF. However, if we focus on
the best-fit values for a given by recent global fits, at
around a = −0.12 [2], this discrepancy is negligible with
a difference of around ±0.003 at 1σ, less than 3%.
In the central panel of Fig. 3, we have computed the

sensitivity of the LENF and C2P to the parameter r.
Over the region of rT that is phenomenologically inter-
esting, this sensitivity is relatively constant at about 0.01
(0.02) for the LENF (C2P) at 3σ. There is a slight
broadening of the allowed region towards larger values
of r which as before, arises because of the presence of
a degenerate solution; an effect which is less marked for
weaker confidence levels. Once again, we see that LENF
uniformly out-performs C2P. The discrepancy is partic-
ularly marked at 5σ where the C2P allowed region is
around 3.5 times broader than the corresponding region
for the LENF. In recent work on the precision of next-
generation facilities, it has been shown [18] that only the
LENF will be able to surpass the precision on θ13 that
is expected to be attained by the current generation of
reactor experiments. However, this improvement in pre-
cision possible with the LENF is rather small, at around
1%, and effectively the constraints on θ13 will be set by
the reactor expeiments alone. For this reason, the ob-
served discrepancy in precision for r between the LENF
and C2P is only expected to influence the ability of the
experiments to place individual constaints on sum-rules,
and should not influence constraints exracted from global
analyses of the oscillation data.
The righthand panel of Fig. 3 shows the expected sen-

sitivity to cos δ for the LENF and C2P. This measure-
ment has a precision of at least 0.40 (0.55) for the LENF
(C2P) at 3σ, except for at the extreme points where the
true value of cos δ approaches ±1 and the uncertainty
becomes very small for the LENF, and is reduced but
remains sizable for C2P. We see that the LENF performs
significantly better at this measurement than C2P: at
5σ, C2P offers little discriminatory power, with a region
that almost covers the whole parameter space, while the
LENF offers a reasonable precision which becomes ex-

Dashed: WBB
Blue: LENF

Ballett, King, Luhn, Pascoli, 
Schmidt, in prep
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ample is the tribimaximal (TB) mixing matrix,
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which has received much attention by model builders.
Another viable option, referred to as golden ratio (GR)
mixing, is given by the following matrix:

UGR =

0

@
cos# sin# 0

� 1
p

2
sin# 1

p

2
cos# 1

p

2
1
p

2
sin# � 1

p

2
cos# 1

p

2

1

AP, (3)

where tan# = 1/' with ' given by the golden ratio
(1 +

p
5)/2. It is clear that these patterns must receive

corrections to be consistent with the known phenomeno-
logical data: in particular, both patterns predict ✓13 = 0.
However, as we shall show later, these patterns provide
a helpful framework for classifying a large class of mod-
els with phenomenologically viable mixing angles. Dif-
ferent modifications to the TB and GR mixing patterns
generically lead to relations among the parameters of the
PMNS matrix, which are commonly refered to as sum-
rules.

The main aim of this work is to investigate the exper-
imental prospects to confirm or exclude these sum-rules.
We focus on the atmospheric sum-rule, which relates the
atmospheric mixing angle ✓23 with the recently measured
reactor angle ✓13. After a study of the compatibility of
di↵erent sum-rules with the current experimental results
as well as the projected sensitivity of the running ex-
periments, we study two di↵erent experimental propos-
als explicitly, namely a superbeam from CERN to Pyh-
salmi (C2P) as well as the Low-Energy Neutrino Factory
(LENF) and demonstrate that the LENF provides the
best option for the precision determination of mixing pa-
rameters.

In Section II, we are discussing the predicted sumrules
in di↵erent models. Technical details of the group theory
are deferred to the appendix. The current experimental
constraints on the sum-rules and the projected sensitivity
of the current experimental program is discussed in Sec-
tion III, while prospects of next-generation experiments
are discussed in Section IV. Finally, we conclude in Sec-
tion V.

II. DISCRETE FLAVOUR SYMMETRIES AND
SUM-RULES

Many models have been proposed which invoke dis-
crete symmetries to help resolve the problem of leptonic
flavour. These models vary greatly in their complexity
and naturalness; however, most of them follow the same
essential steps. At some scale a group, Gf , must be
specified; common choices for this group include A4, S4

and �(27). These are small discrete groups with three-
dimensional representations, and frequently, the leptonic
SU(2) doublets are assigned to a three-dimensional rep-
resentation ensuring that their mixing is highly con-
strained. New scalar fields are then introduced, called
flavons, which are also assigned to representations of Gf .
The lagrangian can then be written down in the conven-
tional fashion, with all terms included that are consis-
tent with the symmetries of the theory. The terms which
constitute the flavon-flavon interactions are referred to as
the flavon potential; in successful models the minimum
of this potential will require non-zero VEVs for a subset
of the flavon fields, a feature which will spontaneously
break Gf . A pattern of masses and mixings should then
emerge, shaped by the breaking procedure and the pos-
sible presence of residual symmetries.
The incorporation of discrete flavour symmetries into

any extension of the standard model can only further
our understanding of flavour if it manages to reduce the
number of free parameters in the theory. It is, there-
fore, necessary that these models generate correlations
amongst the known parameters governing the leptonic
Yukawa sector. For a given model based on discrete
flavour symmetries, the correlations between the PMNS
matrix elements will, in general, correspond to a com-
plicated relation amongst the mixing angles and phases.
We refer to this relation as a sum-rule and it provides a
constraint which reduces the number of degrees of free-
dom in the leptonic mixing sector. It is convenient to
parameterize these relations by employing the notation
of Ref. [7], and introduce the parameters s, r and a de-
fined by

sin ✓12 ⌘ 1 + sp
3

, sin ✓13 ⌘ rp
2
, sin ✓23 ⌘ 1 + ap

2
.

These parameters, originating from studies of tribimaxi-
mality, provide a close phenomenological fit to the known
mixing angles. A recent global fit [8] provides the follow-
ing 1� intervals

�0.07  s  �0.01,

0.21  r  0.23,

�0.15  a  �0.07.

In this paper, we will focus on a specific set of correla-
tions which are primarily dependent on the atmospheric
mixing angle ✓23, reactor mixing angle ✓13 and the cosine
of the Dirac CP-phase, cos �. It will be useful to work
with the first-order expansion of the exact sum-rule in
the small parameters s, r and a, which we call the lin-

earized sum-rule. For the models that we are interested
in, these will take the general form

a = a0 + �r cos � +O(r2, a2), (4)

where we will treat a0 and � as new model-dependent
constants. As the mixing angles have already been mea-
sured, the linearized sum-rule can be turned in a predic-
tion of the Dirac CP phase �. For phenomenologically

Current data:
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Theoretical models typically lead to correlations between 
parameters (sum rules).

PRELIMINARY

Future prospectsCurrent data

Ballett, King, Luhn, Pascoli, 
Schmidt, in prep
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Sum rule 

not 
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4

FIG. 1. The current experimental status of the sum-rules given by � = 1 and � = �0.5. The diagonal lines show the regions
predicted for a and cos � given the 3� bounds on r, assuming both normal ordering (left) and inverted ordering (right). The
vertical line shows the current best-fit for a whilst the dark (light) grey regions show the 1� (2�) allowed intervals.

Gf m T↵–Si s a0 �

A4

3 Te–S2 0.010 0.000 �0.500

3 Tµ–S2 0.012 0.000 �0.500

3 T⌧–S2 0.012 0.000 �0.500

S4

3 Te–S1 �0.012 0.000 1.000

4 Tµ–S2 �0.124 �0.179 �0.408

4 T⌧–S2 �0.124 0.179 �0.408

A5

5 Te–S1 �0.118 0.000 1.144

5 Te–S2 �0.079 0.000 �0.437

5 Tµ–S2 0.054 0.084 �0.532

5 T⌧–S2 0.054 �0.084 �0.532

TABLE I. The phenomenologically viable linearized sum-rules
arising in the Hernandez-Smirnov framework for finite von
Dyck groups. In this table, m gives the order of the generator
which fixes the charge lepton mass matrix, Tm

↵ = 1. Ana-
lytical expressions for s, a0 and � are given in Table II. The
numerical values are obtained for the current best-fit value of
sin2 2✓13 = 0.089 [2].

have also shown (the red bands) the projected sensitiv-
ity to the a parameter as reported in Ref. [12]. These
projections are for the global parameter sensitivity in
2025 assuming only the current experimental program:
5 years of data from T2K, 6 from NO⌫A, and 3 years
each for Double Chooz, RENO and Daya Bay. As we
cannot predict the future best-fit value, the horizontal
location of the predicted regions is largely irrelevant, and
in Fig. 1 they have been arbitrarily centred around the
current best-fit value. We see that the predictions of � for
these two models are currently consistent with the global
data; however, there is some slight tension emerging at
1� between � = �0.5, NH and the measured values for a
and r. With the projected sensitivity to a, this tension

would be greatly enhanced and we see that the consis-
tency of these models will start to become rather con-
strained. The limiting factor for the exclusion of these
models with the current experimental programs, will be
the attainable precision on cos �. It has been shown that,
in the most optimistic case, the current experimental pro-
gram will only be able to provide a 3� region for � with
a width of around 300�[13]. It is clear, therefore, that
testing flavour sum-rules will be a task to be addressed
by a precision neutrino oscillation facility. We mention in
passing that recent global fits have provided some weak
constraints on �: Ref. [8] found a 1� region roughly given
by �1  cos �  0, which broadens to the full [�1, 1]
range at 2�. If this behaviour persists, it suggests that
ruling out � = �1/2 at the global level may be possible
within the current experimental program, but producing
a significant test of a � > 0 sum-rule remains unlikely.
For a strictly CP-conserving theory, sin � must vanish.
This value of cos � is quite di�cult to reconcile with the
linearized sum-rule given by � = 1. As such, if we do
find strict CP conservation in the leptonic sector, then
models of this type will be excluded.

In general, the correlations predicted by flavour sym-
metric models are non-linear relations between the os-
cillation parameters. So far we have focused only on
the first-order expression of these correlations in the pa-
rameters r and a; we will now address the impact of
higher-order terms. We consider the model presented in
Ref. [10], which fixes the elements of the first column of
the PMNS to their tribimaximal values. As a function
of r and a, this model predicts that cos � is given by the
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Going beyond the standard 3 
neutrino mixing scenario

A plethora of hints of physics beyond 3 neutrino 
mixing and SM interactions is present. 

LSND appearance experiment

MiniBooNE neutrino and antineutrino results

Reactor anomaly

If confirmed, it would lead to a radical shift in our 
understanding of neutrino and physics BSM and 
would require a reanalysis of the reach of future 
neutrino oscillation experiments.
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The near detector plays an important role as it can 
lead to sensitivity to oscillations with large masses:

Peµ = 4c2
14s

2
14s

2
24 sin2 �41

Pee = 1� sin2(2�14) sin2 �41

Pµ⇥ = 4c2
14c

2
24s

2
24s

2
34 sin2 �41

Sterile neutrinos

Sterile neutrinos could be present in extensions of the 
SM with masses from sub-eV to GUT scale. Of 
phenomenological interest for oscillations are those 
with sub-eV to multi-eV masses (LSND, MiniBooNE). 
New angles and CPV phases appear
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Sensitivities to the sterile neutrino parameters using 
a near detector at 2 km.
See e.g. Meloni, Tang, Winter, 1007.2419. Also, Donini et al.,  Antusch et al., Tang and Winter...

No sensitivity to the third angle as there is no 
sensitivity to the tau-channel.

current background7 and the appearance channels. This is as expected from Eqs. (2.2). The survival probability are
dominated by the first term, “1”, thus P

µµ

and P
ee

are always much larger than other probabilities and the event rates
of disappearance channels are abundant. The signals in near detector mainly come from the disappearance channels
and they provide excellent sensitivities on the sterile mixing parameters.

However, since the actual event rates and the number of expected signal are both large in disappearance channels,
it is also true that there would be larger errors. It is not necessarily true that higher statistics study will improve
much the sensitivities [14].

4.1. The Role of the Near Detector

As we are interested in large values of �m2
41, the oscillations driven by it will develop at short distances and the

best sensitivity is provided by the near detector. In Fig. 1, we show the reach for �m2
41 versus the two mixing angles

✓14 and ✓24 for both muon-energy setups with and without using the near detector. As expected, the near detectors
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Figure 1: Sensitivity to sin2 2✓14–�m2

41 (left) and sin2 2✓24–�m2
41 (right) at 90% CL without (green dashed curves) and with (red solid

curves) ND. The upper pair of figures corresponds to the E
µ

= 4.5 GeV LENF and the lower pair to the updated IDS-NF consideration
with E

µ

= 10 GeV.

significantly improve the reach for large �m2
41 while the far detector is important for measuring small �m2

41 but has
very limited sensitivity if the �m2

41 is large, as the oscillations get averaged out at such distances [19].
Moreover, Refs. [27, 39, 43] suggest that if a set of near detectors at di↵erent baselines is used, similar to the

reactor experiments like Double CHOOZ and Daya Bay, the systematic errors can be well controlled. The ‘further’

7The neutral current is one of important background in neutrino factory. This background is from the unoscillated ⌫ beams, interacting
with the detector through the process like ’⌫

µ

+ n ! ⌫
µ

+ ⇡+ + ⇡� + ⇡0 + n’, ’⌫
e

+ p ! ⌫
e

+ ⇡+ + n’, ’⌫
e

+ n ! ⌫
e

+ ⇡� + p’, and the
pions faking a muon or an electron in the detector. For more details about these backgrounds, please refer to Ref.[28].

6

Wong, SP, in preparation
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NSI

NSI appear as additional effects in the H:

NSI can arise in extensions of the SM. For instance 
D=6 operators typically lead to

Strong bounds arise from oscillations, pion decay, CKM 
unitarity..., typically <0.001, 0.1, and at the loop-level, if 
charged current processes cannot be avoided.

� � g2M2
W /(g2

NSIM
2
NSI)O6 =

1
�2

�
L⌅�⇥L⇤

⇥
(L⇧�⇥L�)
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LBL experiments are also sensitive to NSI at source, 
propagation and detection (Grossman, 95):

 The longer baseline (higher energy), the better the 
physics reach as NSI effects become more important.

matter effects
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The HENF provides the best sensitivity to NSI:

This analysis assumes two MIND detectors and 
therefore the reach for E=5 GeV is very limited.

Kopp, Ota, Winter, 0804.2261
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The LENF has also good 
sensitivity. The inclusion of 
the platinum channel helps 
in resolving degeneracies 

and to improve the 
sensitivity.

New phases appear in 
the new interactions 
and correlations with 

other parameters 
need to be taken into 

account.
Coloma, Donini, Lopez-Pavon and 

Minakata, 1105.5936

Li, Pascoli et al., in preparation
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In the past few years, the neutrino oscillation 
parameters have been measured with good precision. 
The recent discovery of non-zero      has important 
implications for LBL experiments. 

Next generation superbeams, betabeams and/or 
neutrino factory will address the mass hierarchy, CPV 
searches and precision measurements of the 
oscillation parameters. The NF is the ultimate facility.

The study of the physics reach of a facility requires a 
deta i led understanding of beam, detector 
performance, systematic errors and backgrounds. 
Comparisons between setups should be done with 
great care.

Conclusions

�13

•

•

•
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