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1-1) Open Quantum System (OQS)

1- What is the Quantum Boltzmann equation (QBE)

The theory of OQS describes the interaction of a quantum system with its environment

Liouville-von Neumann equation

The reduced density matrix



The full Hamiltonian for the system and environment:

interaction picture:



The first step in solving the Liouville- von Neumann :

substituting the integrated equation back into the Liouville- von Neumann equation:



Approximations:

1- no entanglement between the system and the environment are present at t=0: 



2- Born approximation: 

Employing the Born approximation we may rewrite the equation as:



This simply corresponds to replacing: 

3- Markov approximation: No memory

Markov master equation



In general, the system environment interaction can be presented as: 

S_i : operators acting only in the system’s Hilbert space, E_i: operators that only act in the Hilbert space of the environment

Markov approximation holds when the correlation function for the bath is 

correlation time tau defines the memory retention time of the environment. Therefore, as long as changes
in the system occurs on a timescale much greater than tau the Markov approximation holds. 



The density operator describing the system:

density matrix. 

Another particular function, the number operator: 

The expectation value of N is proportional to the density matrix: 
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fermions. However, our results are quite general and, in principle, can be applied to similar

systems, such as CMB radiat ion, cosmic neutrinos, and dark matter. It should be noted that this

approach is essent ially similar to the method of the master equat ion described in the previous

sect ion, except that taking the trace over the environment states is replaced by taking expectat ion

values over the environment ’s creat ion and annihilat ion operators. Therefore, physical processes

can be calculated microscopically with the help of field theory techniques. In the following, we

formulate QBE under the above condit ions.

1. QBE with Born-Markov approximation but without secular approximation

To find the quantum Boltzmann equat ion, we start with the t ime evolut ion of the number

operator associated with the system’s degrees of freedom given in the following form [8–13]:

d

dt
N̂ S
i j (k, t) = i H

0
int (t), N̂

S
i j (k, t) −

t

0

ds H 0
int (t), H

0
int (t − s), N̂

S
i j (k, t − s) . (16)

The knowledge about scattering processes is encoded in the S-matrix element. It is essent ial to

note that, for a given process, the effect ive interact ion Hamiltonian H 0
int (t) is defined using the

n-th order S-matrix [8]

S(n) = − i dtH 0
int (t) , (17)

where the superscript 0 indicates that the interact ion Hamiltonian is a funct ional of the free field.

A discussed in detail in the [8–13], H 0
int (t) describesphysical processes such as scattering and decay

phenomena. Thesuperscript n in (17) shows thenumber of vert ices in thecorresponding Feynman

diagrams of such process. Each vertex corresponds to the fundamental interact ion Hamiltonian

H I (g) in which g denotes a general dimensionless coupling constant. Accordingly, it should be

noted that H 0
int (t) is different from the fundamental interact ion Hamiltonian. Moreover, N̂ S

i j (k, t)

is the number operator of the system defined as

N̂ S
i j (k, t) = a

†
i (k, t)aj (k, t) , (18)

where ai and a
†
i are the creat ion and annihilat ion operators respect ively, associated with the sys-

tem’s degrees of freedom. The number operator is related to the system’s density matrix after

taking the expectat ion value in the following form

N̂ S
i j (k, t) = tr[ρ̂(S)N̂ S

i j (k, t)] = (2π)
3δ3(0)2k0ρSi j (k, t) , (19)
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2- Review of the Quantum Boltzmann Equation
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where trace over the cont inuum of states is defined in Appendix A. It is dif f icult to solve the

integro-different ial equat ion (16) because it is non-local in t ime, asN S
i j st ill dependsupon theent ire

history of the process, and the integrat ion runs over t ime. This can be reduced to an equat ion

local in t ime if there is a clear separat ion of t ime-scales. To resolve this problem, we make the

Markov approximat ion, in which the t ime-scale of the environment is taken to be much shorter

than the t ime-scale of the system so that the memory effects of the environment are negligible

in the long run. In order to perform this approximat ion, we replace N̂ S
i j (k, t − s) by N̂

S
i j (k, t)

due to its slow evolut ion. In this way, we separate the t ime-scales into microscopic t ime-scale

tmic, quant ifying the interact ion t ime-scale of individual part icles, and mesoscopic t ime-scale tmes,

quant ifying the t ime-scale on which thewholemacroscopic system evolves. Therefore, in theBorn-

Markov approximat ion, the t ime evolut ion of this system is given by the following master equat ion

[8–13]:

d

dtmes
N̂ S
i j (k, tmes) = i H 0

int (tmes), N̂
S
i j (k, tmes)

−
tmes

0

dtmic H
0
int (tmes), H

0
int (tmes − tmic), N̂

S
i j (k, tmes) . (20)

As explained in the previous sect ion, the t ime integrat ion can be extended to infinity due to the

Born-Markov approximat ion. Now, after extending the upper limit of the integral involving tmes

to the infinity and taking the expectat ion value of both sides of (20), we find the final form of the

quantum Boltzmann equat ion as

(2π)3δ3(0)2k0
d

dtmes
ρSi j (k, x, tmes) = i H 0

int (tmes), N̂
S
i j (k, tmes)

c

−
∞

0

dtmic H 0
int (tmes), H

0
int (− tmic), N̂

S
i j (k, tmes)

c
,(21)

where the subscript c labels what we consider the connected part of the correlat ion funct ions.

Upon taking the expectat ion values, themacroscopic propert ies of the system (for example, GWs)

emerge. It is also assumed that the process obeys the t ime-reversal symmetry. The operat ion of

t ime-reversal interchanges init ial and final states with ident ical posit ions but opposite momenta.

For the scat tering processes such as Compton scat tering (the dominant interact ion for CMB pho-

tons), the S-matrix is invariant under the interchange of init ial and final states through which, the

interact ion Hamiltonian defined by equat ion (17) is invariant under t ime-reversal. Therefore, we

have H 0
int (− tmic) = H 0

int (tmic) under which, the Boltzmann equat ion transforms in the following

In the Born- Markov approximation, the time evolution of this system is given by the following master equation 

the time integration can be extended to infinity due to the Born-Markov approximation:
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connected part of the correlation functions. 



It is also assumed that the process obeys the time-reversal symmetry
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form [8, 13]:

(2π)3δ3(0)2k0
d

dtmes
ρSi j (k, x, tmes) = i H 0

int (tmes), N̂
S
i j (k, tmes)

c

−
1

2

∞

− ∞

dtmic H 0
int (tmes), H

0
int (tmic), N̂

S
i j (k, tmes)

c
,(22)

the equat ion that deals with the reversible scat tering processes. The first term on the right side of

(21) is known as the forward scat tering term, and thesecond term is theusual collision term [8, 13].

It is worth emphasizing that in this expression H 0
int (tmic) is also dependent on tmes, although we

have not shown it explicit ly.

Here, it is worth emphasizing that in the above QBE there is no need to consider the secular

approximat ion. In fact , as shown in [8–13], for the physical processes described by the interact ion

Hamiltonian, energy conservat ion is obtained naturally after taking the integrat ion over tmic in the

interact ion picture.

2. Extension to Markovian irreversible processes

There are a variety of examples of irreversible processes in the early universe. In this work,

we finally intend to explain the damping of GWs by an environment containing decoupled ult ra-

relat ivist ic fermions using theQBE. We assume that fermions are decoupled before re-entering the

horizon during radiat ion dominance. Due to its dissipat ive nature, this process is considered an

irreversible process. If we want to use the QBE to explain this damping effect , then we first need

to ident ify the interact ion Hamiltonian and essent ially the microscopic process that leads to this

irreversiblephenomenon. Thequest ion of how macroscopic irreversibility emerges from microscopic

processes has always been a fundamental quest ion. The root of this problem is that we st ill do

not know exact ly how to reconcile the second law of thermodynamics with its intrinsic arrow of

t ime, with the microscopic t ime-reversible dynamical equat ions. On one hand, the process of GW

damping is an irreversible phenomenon due to its dissipat ive nature, and on the other hand, it has

amicro-reversibility property on microscopic scales (see [64] for thediscussion on the relat ion of the

detailed-balance with the property of micro-reversibility of the underlying microscopic dynamics).

In order to use the QBE to explain this phenomenon, we must first generalize it to irreversible

phenomena.

In our formalism, thedetailed balance condit ion or micro-reversibility is fulfilled for microscopic

processes. Hence, in all the processes that we assume, the amplitudes of the init ial to final and

final to init ial react ions are equal. In other words, the phenomenon emerging on the macroscopic
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tmes
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dtmic H
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Extension to Markovian irreversible 
processes There are a variety of examples of irreversible processes in the early universe. The question of how macroscopic

irreversibility emerges from microscopic processes has always been a fundamental question. The root of this

problem is that we still do not know exactly how to reconcile the second law of thermodynamics with its intrinsic

arrow of time, with the microscopic time-reversible dynamical equations. In order to use the QBE to explain this

phenomenon, we must first generalize it to irreversible phenomena.

In our formalism the phenomenon emerging on the macroscopic scale is not invariant under time reversal, whereas

we assume that the microscopic interactions are invariant under time reversal. The emergent irreversible process

must occur on macroscopic scales.



For a microscopic irreversible process, like absorption or emission the effective interaction Hamiltonian doesn’t

satisfy the relation H (−tmic) = H(tmic). The effective interaction Hamiltonian for a specific irreversible process is

written in terms of the

creation and the annihilation operators. For such a process, the action of the time-reversal transformation on H is

equivalent to the action of Hermitian conjugation:

By doing this, the collision term is modified as:



Extension to non-Markovian (ir)reversible 
processes In the remainder of this talk, I discuss deviations from the Markovian approximation. As discussed above, in

most situations the non-Markovianity appears to be relevant for time-scales smaller than, or of the order of, the

environment correlation time τE .

If memory effects in the environment are substantial, then the evolution of the reduced density matrix will depend

on the past history of the system and the environment. In this condition, information can also flow back from the

environment to the system, resulting in a back-reaction effect of the environment. The microscopic description of

non-Markovian dynamics is much more complicated than the Markovian one. The precise details of the non-

Markovian dynamics has still not fully worked out, partly because of the complexity behind such phenomena.

Here, we will generalize the QBE as a new tool to deal with the non-Markovian processes. The generalized QBE

is derived as follows: First, it is important to note that we still consider the Born approximation.

The equation we will ultimately work with to describe an irriversal and non-Markovian process is:
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always fulfilled in many situat ions of physical interest , and significant ly non-Markovian dynamics
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is derived as follows: First , it is important to note that we st ill consider the Born approximat ion.

In addit ion, as stated, we are interested in the absorpt ion processes in which the t ime-reversal

symmetry is sat isfied microscopically, but the process is irreversible macroscopically. For this

case, t ime-local master equat ions are no longer applicable, and one has to instead solve integro-

different ial equat ions. We also need to replace the interact ion Hamiltonian with the relat ion (23)

so that the QBE can properly describe an absorpt ion process. The equat ion we will ult imately

work with to describe an irriversal and non-Markovian process is as below

(2π)3δ3(0)2k0
d

dtmes
ρSi j (k, x, tmes) = D i j [ρ

S(k, x, tmes)] , (25)

where D i j [ρ
S(k, x, tmes)] is the “ dissipator” that is given by

D i j [ρ
S(k, x, tmes)] = −

tmes

0

dtmic H 0
int (tmes), H

0†
int (tmic), N̂

S
i j (k, tmes − tmic)

c
. (26)

While N̂ S
i j is a non-local operator in t ime, we have kept the interact ion Hamiltonian local in t ime

for simplicity. In the following, we calculate the dissipat ive term D i j [ρ
S(k, tmes)] for the graviton

absorpt ion process by a decoupled ult ra-relat ivist ic fermions.

I I I . A PPLICAT ION : A BSORPT ION OF SOFT GRAV ITONS BY A

ULTRA -RELAT IV IST IC FERM ION BATH

As ant icipated, in this work, we apply the non-Markovian QBE to study the damping phe-

nomena due to coupling with ult ra-relat ivist ic fermions. Before, we characterize the system, the

environment and the system-environment interact ion Hamiltonian.
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ULTRA -RELAT IV IST IC FERM ION BATH

As ant icipated, in this work, we apply the non-Markovian QBE to study the damping phe-

nomena due to coupling with ult ra-relat ivist ic fermions. Before, we characterize the system, the

environment and the system-environment interact ion Hamiltonian.

Dissipator:



3- Applications of QBE: CMB

M. Zarei, N. Bartolo, D. Bertacca, A. Ricciardone and S. Matarrese, ``Non-Markovian open quantum system
approach to the early Universe: Damping of gravitational waves by matter,'' Phys. Rev. D 104, no.8, 083508 (2021)

H. Manshouri, A. Hoseinpour and M. Zarei, ``Quantum Boltzmann equation for fermions: An attempt
to calculate the NMR relaxation and decoherence times using quantum field theory techniques,’’ 

Phys. Rev. D 103, no.9, 096020 (2021) 

A. Hoseinpour, M. Zarei, G. Orlando, N. Bartolo and S. Matarrese, ``CMB V modes from photon-photon 
forward scattering revisited,’’ Phys. Rev. D 102, no.6, 063501 (2020)

N. Bartolo, A. Hoseinpour, G. Orlando, S. Matarrese and M. Zarei, ``Photon-graviton scattering:
A new way to detect anisotropic gravitational waves?,'' Phys. Rev. D 98, no.2, 023518 (2018)



The seminal work of Hawking has revealed that GWs do not interact with a perfect fluid in the absence of

dissipative processes. However, in a viscous medium, the energy of GWs is converted into heat, without

provoking macroscopic motions of the medium . A medium with a dynamical viscosity coefficient η could absorb
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defects, etc. (see e.g. [19–21] for reviews). SGWBs are then powerful tools to shed light on

astrophysics, cosmology and fundamental physics [18, 22–24]. Among all these effects, we will

invest igate the GW damping due to propagat ion in a dissipat ive environment.

The seminal work of Hawking [25] has revealed that GWs do not interact with a perfect fluid

in the absence of dissipat ive processes. However, in a viscous medium, the energy of GWs is

converted into heat, without provoking macroscopic motions of the medium [25–29]. A medium

with a dynamical viscosity coefficient η could absorb the GW at a rate of absorpt ion [25, 29],

ΓGW = 16πGη . (1)

This result is valid only if thecollision frequency in thematter 1 ismuch greater than the frequency

of the GW. A well-known effect given by decoupled relat ivist ic neutrinos on the CMB angular

power-spectrum is thedampingdueto their anisotropic stressof theamplitudeof theGW spectrum

by 35% [30] (seealso [31–38]). Such a damping becomesquite large in the frequency region between

10− 16 Hzand 10− 10 Hz [30–37]. In a similar way decoupled relat ivist ic part icles in theearly universe

affect the anisotropies of the cosmological background of GWs becoming testable predict ions for

future GW interferometers [36]. The opposite case, in which the collision frequency is very small

(so that one can consider the matter as collisionless matter), has been studied in [39], result ing

in no observable effect except perhaps for cosmological sources. The quantum effects, such as the

absorpt ion and st imulated emission of low-frequency gravitat ional waves by a hot ionized gas have

also been studied in [40]. As shown in this paper, such effects are well captured by the QBE

approach, which can then be used to extract predict ions for GW experiments.

We will apply the approach of the QBE to study the interact ion of the SGWB with a thermal

ultra-relat ivist ic fermion bath. We also rederive theGW damping effect for the case that fermions

aredecoupled relat ivist ic neutrinos[30]. Thestandard form of QBE isbased upon an open quantum

system. In this case, the gravitat ional wave can be viewed as an open system (S) that interacts

with the environment E (here, the fermion bath). The t ime evolut ion of S is obtained from the

total S+E dynamics by eliminat ing (i.e., integrat ing over) the E degrees of freedom. It may be

possible to safely ignore the details of the bath dynamics and use an effect ive descript ion of this

medium as a classical viscus background. It is usually assumed that the associated correlat ions are

sufficient ly small and the interact ion takes place in such a way that theS-E coupling is weak. This

is known as a Born approximation. The back-react ion of E on S is also ignored. This assumption

1 The collision frequency indicates the number of collisions per unit t ime. This collision frequency is defined as the

inverse of the (mean) t ime τ between two collisions, known as the scat tering t ime or relaxat ion t ime.

A well-known effect given by decoupled relativistic neutrinos on the CMB angular power-spectrum is the damping 

due to their anisotropic stress of the amplitude of the GW spectrum by 35%>

4- Applications of non-Markovian QBE: Damping of gravitational 
waves by matter
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A . Open quant um syst em component s

Asmentioned above, theSBGW absorpt ion process can be studied through the approach of an

open system interact ing with the environment. The system is SGWB propagat ing in an environ-

ment containing decoupled ultra-relat ivist ic fermions. In thefollowing, wewill consider an example

that such fermions can beconsidered thesameasdecoupled neutrinos. Wegenerally assumed that

both the system and the environment are affected by each other. This interact ion is described

by H 0
int (t). We then out line the system, the environment, and the interact ion Hamiltonian. We

also emphasize once again that our system and the environment are on an expanding space-t ime

background. In this condit ion, wemust consider a new time-scale that is the inverse of theHubble

parameter H − 1. We will discuss this new time-scale further below.

1. System

Weconsider a quantum system of soft graviton degreesof freedom that isaffected by itscoupling

to the environment. TheSGWB field hµν is given by assuming theweak-field limit and expanding

the metric around Minkowski space-t ime as follows:

gµν = ηµν + κhµν , (27)

where κ =
√
16πG. In the following, we will straightforwardly generalize this metric to the FRW

background. The dynamics of free gravitons in the transverse-traceless gauge is given by the

following Lagrangian density:

Lg =
1

4
ḣµν ḣ

µν + ∂λhµν∂
λhµν . (28)

The associated quantum field is decomposed as

hµν (x) = h
+
µν (x) + h

−
µν (x) , (29)

where h−µν (x) and h
+
µν (x) are linear in graviton creat ion and annihilat ion operators respect ively.

Fourier transforms of the fields are expressed by the following conventions:

h+µν (x) = dp
s= + ,×

as(p, t) h
s
µν (p) e

− i (p0 t− p·x ) , (30)

h−µν (x) = dp
s= + ,×

a
†
s (p, t) h

s ∗
µν (p) e

i (p0 t− p·x ) , (31)

We consider a quantum system of soft graviton degrees of freedom that is affected by its coupling to the 

environment.

The dynamics of free gravitons in the transverse-traceless gauge is given by the following Lagrangian

density: 

14

A . Open quant um syst em component s

Asment ioned above, the SBGW absorpt ion process can be studied through the approach of an

open system interact ing with the environment. The system is SGWB propagat ing in an environ-

ment containing decoupled ult ra-relat ivist ic fermions. In the following, wewill consider an example

that such fermions can beconsidered the same as decoupled neutrinos. We generally assumed that

both the system and the environment are affected by each other. This interact ion is described

by H 0
int (t). We then out line the system, the environment, and the interact ion Hamiltonian. We

also emphasize once again that our system and the environment are on an expanding space-t ime

background. In this condit ion, wemust consider a new t ime-scale that is the inverse of theHubble

parameter H − 1. We will discuss this new t ime-scale further below.

1. System

Weconsider a quantum system of soft graviton degreesof freedom that isaffected by itscoupling

to the environment. TheSGWB field hµν is given by assuming theweak-field limit and expanding

the metric around Minkowski space-t ime as follows:

gµν = ηµν + κhµν , (27)

where κ =
√
16πG. In the following, we will st raight forwardly generalize this metric to the FRW

background. The dynamics of free gravitons in the transverse-traceless gauge is given by the

following Lagrangian density:

L g =
1

4
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µν + ∂λhµν∂
λhµν . (28)

The associated quantum field is decomposed as

hµν (x) = h
+
µν (x) + h

−
µν (x) , (29)

where h−µν (x) and h
+
µν (x) are linear in graviton creat ion and annihilat ion operators respect ively.

Fourier t ransforms of the fields are expressed by the following convent ions:

h+µν (x) = dp
s= + ,×

as(p, t) h
s
µν (p) e

− i (p0 t− p·x ) , (30)

h−µν (x) = dp
s= + ,×

a
†
s (p, t) h

s ∗
µν (p) e

i (p0 t− p·x ) , (31)

15

where as and a
†
s are the graviton annihilat ion and creat ion operators, and the abbreviat ion dp is

defined as

dp =
d3p

(2π)3
1

2p0
, (32)

and h
(r )
µν are the polarizat ion tensors with the following well-known propert ies:

hsµν (p)p
µ = 0 , hµµ(p) = 0 , hsµν (p) hs µν (p)

∗
= δss . (33)

Note that in (30) and (31), we have not separated the microscopic and mesoscopic t imes to avoid

confusion. We assume that the t ime appeared in the exponent ial funct ion is a microscopic t ime,

while the annihilat ion and creat ion operators can generally be a funct ion of both t imes. It is also

convenient to represent the polarizat ion tensor h(s) µν in terms of a direct product of unit spin

polarizat ion vectors,

hsµν (p) = e
s
µ(p)e

s
ν (p) , esµ(p)p

µ = 0 , esµ(p) es µ(p)
∗ 2

= δss . (34)

In general, as and a
†
s are assumed to be t ime-dependent. In Appendix A, we will present a

general discussion about their t ime-dependent commutat ion relat ion and the calculat ion of their

expectat ion values. Asshown in thisappendix, for equal t imes, thecanonical commutat ion relat ions

are given by

as(p, t), a
†
s (p , t) = (2π)

32p0δ3(p − p )δss . (35)

The graviton density operator is presented in the following form [10]:

ρ̂(g) (x, t) =
d3p

(2π)3
ρ
(g)
i j (x, t)a

†
i (p, t)aj (p, t) , (36)

where the polarizat ion matrices ρ(g) for a system of gravitons have the following form:

ρ(g) (x, t) =
1

2

I (g)(x, t) + Q(g) (x, t) U(g) (x, t) − iV (g)(x, t)

U(g)(x, t) + iV (g)(x, t) I (g) (x, t) − Q(g) (x, t)
, (37)

where I (g) denotes the radiat ion intensity, Q(g) and U(g) parameterize the linear polarizat ion, and

V (g) is the circular polarizat ion. Among these parameters, I (g) is always posit ive, while the other

three parameters can have either sign. The Stokes parameters for monochromat ic plane GWs are

defined by [10]

I (g) = h+
2
+ h×

2
, (38)

Q(g) = h+
2
− h×

2
, (39)

U(g) = 2cosα h+ h× , (40)

V (g) = 2sinα h+ h× , (41)

The graviton density 

operator:
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where h+ and h× are the complex amplitude for two GW modes, and α represents the difference

of the phases of the h+ and h× modes. Q(g) measures the difference between polarizat ion modes,

U(g) and V (g) measure the phase-dependence of modes. The condit ion of Q(g) = U(g) = V (g) = 0

is associated with an unpolarized GW. In this case, theGW is composed of incoherent modes with

random polarizat ion angles. The phase of the h+ and h× modes will change over the coherence

t ime, which is taken much greater than the period of a quasi-monocrat ic wave. However, in the

condit ion that the phase of modes remains essent ially constant over a durat ion shorter than the

coherence t ime, the GW becomes polarized.

2. Environment

Theenvironment contains decoupled ult ra-relat ivist ic fermionic degrees of freedom and behaves

like a thermal fermion bath. It is also assumed that the environment (i) is expanding, (ii) is in

thermal equilibrium, (iii) not ices that the system is interact ing with it . However, it cannot relax

back to its equilibrium in a short t ime due to the expansion of space-t ime. Figurat ively, it means

that the environment has memory. We will incorporate this kind of memory effect due to the

expanding space-t ime in our calculat ion.

Fermions are generally described by the spinor field ψf that is decomposed as ψf (x) = ψ+f (x) +

ψ−
f (x) such as

ψ̄−
f (x) = dq

r

b†r (q, t)ūr (q)e
i (q0 t− q·x ) , (42)

ψ+f (x) = dq
r

br (q, t)ur (q)e
− i (q0 t− q·x ) , (43)

where ur is the Dirac spinor, with spin index r = 1, 2, br , and b
†
r are fermion creat ion and annihi-

lat ion operators, respect ively, and

dq =
d3q

(2π)3
. (44)

The creat ion and the annihilat ion operators of fermions obey the following equal-t ime canonical

ant i-commutat ion relat ion

br (q, t), b
†
r (q , t) = (2π)3δ3(q − q )δr r . (45)

Using these operators, we can define the fermionic density operators in the form,

ρ̂(f ) (x, t) =
d3q

(2π)3
ρ
(f )
i j (x, q, t)b

†
i (q, t)bj (q, t) , (46)
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is associated with an unpolarized GW. In this case, theGW is composed of incoherent modeswith

random polarizat ion angles. The phase of the h+ and h× modes will change over the coherence

t ime, which is taken much greater than the period of a quasi-monocrat ic wave. However, in the

condit ion that the phase of modes remains essent ially constant over a durat ion shorter than the

coherence t ime, the GW becomes polarized.

2. Environment

Theenvironment contains decoupled ult ra-relat ivist ic fermionic degrees of freedom and behaves

like a thermal fermion bath. It is also assumed that the environment (i) is expanding, (ii) is in

thermal equilibrium, (iii) not ices that the system is interact ing with it . However, it cannot relax

back to its equilibrium in a short t ime due to the expansion of space-t ime. Figurat ively, it means
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where for a system composed of unpolarized fermions, ρ
(f )
i j is given by

ρ(f)(x, t) =
1

2

n(f ) (x, t) 0

0 n(f ) (x, t)
, (47)

where, n(f ) denotes the intensity of the fermions.

3. Interaction Hamiltonian

The gravitons interact with an environment composed of the ult ra-relat ivist ic fermions that

causes a damping effect . As we ment ioned before, the QBE is a new powerful tool to obtain a

classical macroscopic descript ion of this effect emerging from a microscopic absorpt ion. Voronov

has calculated the scat tering amplitude of the gravitons with fermions many years ago [65]. Here,

we use his results to calculate the absorpt ion (emission) of gravitons by (from) fermions. Using the

S-matrix element, we can write the effect ive interact ion Hamiltonian describing the absorpt ion of

graviton by fermions of thermal bath as in the following form:

H 0
int (t) = −

i

2
κ d3x h+µλ ψ̄

− γλ∂µψ+ . (48)

Insert ing the Fourier t ransforms (30), (42), and (43), into (48) we get
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2
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× ei (− p
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†
r (q , t)br (q, t) . (49)
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× ei (− p
0+ q 0− q0 )tas(p, t)b

†
r (q , t)br (q, t) . (50)

In this step, we deduce the behavior of (48) under t ime reversal. It is known that the covariant

bilinear t ransforms under t ime reversal as [66, 67]

ψ̄aγ
λ∂λψb

T
−→ ψ̄bγ

λ∂λψa , (51)

where a, b= + , − . Also, the GW field transforms as

h+µν
T
−→ h−µν . (52)
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hsµλ (p)ūr (q )(− iq
µ)γλur (q)

× ei (− p
0+ q 0− q0)te− i (− p+ q − q)·xas(p, t)b

†
r (q , t)br (q, t) . (49)

Integrat ing over x gives

H 0
int (t) = −

i

2
κ dpdqdq

s,r ,r
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Therefore, we get

H 0
int (− t) = −

1

2
κ

s,r ,r

d3xdpdqdq h∗sµλ (p)ūr (q)q
µγλur (q )e

− i (− p0+ q 0− q0 )t

× e− i (p+ q− q )·xa†s(p, t)b
†
r (q, t)br (q , t)

= H
0†
int (t) , (53)

which confirms our claim about the relat ion of t ime-reversal and complex conjugate operat ions on

the interact ion Hamiltonian. H
0†
int (t) describes the inverse process, i.e., the graviton emission from

the fermion of thermal bath. As explained in the previous sect ion, the QBE involves both H 0
int (t)

and H
0†
int (t) terms. After this extension, the collision term will result in two processes that will be

interpreted as the graviton absorpt ion and emission processes. One can apply the same formalism

to the interact ion of gravitons with ult ra-relat ivist ic ant i-fermions.

At the end of this part , we briefly discuss the act ion of parity operator on interact ion Hamil-

tonian (48). In general, the covariant bilinear is t ransformed under a parity t ransformat ion as

[66, 67]

ψ̄aγ
λ∂λψb

P
−→ ψ̄aγ

λ∂λψb . (54)

It is also shown that hRµν → hLµν under a parity t ransformat ion [68], where L and R represent ,

respect ively, the left -handed and the right-handed GW circular polarizat ion. Therefore, the inter-

act ion Hamiltonian h
(s)
µν ψ̄aγ

λ∂λψb is not totally invariant under a parity t ransformat ion.

B . Calculat ion of t he col l ision t erm

In this part , we provide the general calculat ion of the collision or damping term. Working in a

comoving frame, we subst itute the interact ion Hamiltonian (53) into the dissipat ive term on the

right-hand side of equat ion (25) and find

D i j [ρ
(g)(k, x, tmes)] = −

κ2

4

tmes

0

dtmic d3xd3x dp1dq1dq1dp2dq2dq2 e
i (p02+ q

0
2− q

0
2 )tm i c

×

s1 ,r 1 ,r 1 s2 ,r 2 ,r 2

hs1µ1λ1 (p1)ūr 1 (q1)q
µ1
1 γλ1ur 1 (q1)h

∗ s2
µ2λ2

(p2)ūr 2 (q2)q
µ2
2 γλ2ur 2 (q2)

× e− i (q1− q1− p1 )·x 1e− i (p2+ q2− q2 )·x 2 as1 (p1, tmes)b
†

r 1
(q1, tmes)br 1 (q1, tmes)

, a†s2 (p2, tmic))b
†
r 2
(q2, tmic))br 2 (q2, tmic))

, a
†
i (k, tmes − tmic))aj (k, tmes − tmic)

c
. (55)

At the end of this part, we briefly discuss the action of parity operator on interaction Hamiltonian. In 

general, the covariant bilinear is transformed under a parity transformation as 
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µ1
1 γλ1ur 1 (q1)h

∗ s2
µ2λ2
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In this part , we provide the general calculat ion of the collision or damping term. Working in a

comoving frame, we subst itute the interact ion Hamiltonian (53) into the dissipat ive term on the
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D i j [ρ
(g)(k, x, tmes)] = −

κ2

4

tmes

0

dtmic d3xd3x dp1dq1dq1dp2dq2dq2 e
i (p02+ q

0
2− q

0
2 )tmic

×

s1,r 1 ,r 1 s2 ,r 2,r 2

hs1µ1λ1 (p1)ūr 1 (q1)q
µ1
1 γλ1ur 1 (q1)h

∗ s2
µ2λ2

(p2)ūr 2 (q2)q
µ2
2 γλ2ur 2 (q2)

× e− i (q1− q1− p1 )·x 1e− i (p2+ q2− q2)·x 2 as1 (p1, tmes)b
†

r 1
(q1, tmes)br 1 (q1, tmes)

, a†s2 (p2, tmic))b
†
r 2 (q2, tmic))br 2 (q2, tmic))

, a
†
i (k, tmes − tmic))aj (k, tmes − tmic)

c
. (55)

Therefore, the interaction Hamiltonian is not totally invariant under a parity transformation. 
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an integro-different ial equation for theGW propagat ion in the environment is obtained [30]. After

numerically solving thisequat ion and obtaining theamplitudeof thegravitat ional wave, it is shown

that the damping impact on the cosmological gravitat ional wave is not negligible.

TheGW dynamics is given by

d2

dt2mes
hi j (k, tmes) + 3H (tmes)

d

dtmes
hi j (k, tmes) +

k2

a(tmes)
hi j (k, tmes) = κ2πi j (k, tmes) , (60)

whereπi j is the tensor component of thematter anisotropic stress [30], H is theHubble expansion

rate, and a(tmes) is the scale factor given by the following line element in Friedmann-Lemâıtre-

Robertson-Walker (FLRW) background,

ds2 = dt2mes − a
2(tmes)δi j dx

idx j . (61)

Themode dynamics is influenced by theHubble parameter H and by the anisotropic stress source

term πi j . It was shown that all short wavelength tensor modes reentering the horizon during the

radiat ion dominated era, from the epoch of neutrino decoupling to thematter dominat ion era, are

suppressed by a factor A0 ≈ 0.8 [30].

Here, we turn to calculate the term derived in [30] using theapproach of open quantum systems

and QBE. To this end, we assume that soft gravitons interact with a medium involving relat ivis-

t ic fermions with momentum q = |q|(sin θcosφ, sinθsinφ, cosθ). The relat ivist ic fermions are

described by the following right-handed and left-handed helicity eigenstates [66],

u+ (q̂) =
1
√
2

cos(θ/ 2)

sin(θ/ 2)eiφ

cos(θ/ 2)

sin(θ/ 2)eiφ

, u− (q̂) =
1
√
2

− sin(θ/ 2)e− iφ

cos(θ/ 2)

sin(θ/ 2)e− iφ

− cos(θ/ 2)

. (62)

Now, we further simplify (58) by taking integrat ion over q1,

D i j [ρ
(g)(k, x, tmes)] = − δ3(0)

κ2

8

tmes

0

dtmic d3q

×

s1,r 1,r 1

qm1
1 qm2

2 hs1m1n1
(k̂ )h∗ jm2n2

(k̂ )ūr 1 (q̂ + k̂)γ
n1ur 1 (q̂)ūr 1 (q̂)γ

n2ur 1 (q̂ + k̂)

× ρ
(g)
s1 i
(k, x, tmes − tmic) n

(f )(|q|, tmes, tmic) − n
(f )(|q| + |k|, tmes, tmic) ,(63)

wherewe have relabeled themomentum q1 as q. By plugging the helicity states u± into (63) and
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taking summat ion over both r1, r2 = + , − , we get

D i j [ρ
(g) (k, x, tmes)] = − δ3(0)

κ2

4

tmes

0

dtmic d3qsin2 θ q · e(j )
2

× gf n(f ) (|q|, tmes, tmic) − n
(f ) (|q| + |k|, tmes, tmic)

× cos2φρ
(g)
1i (k , x, tmes − tmic) + sin 2φρ

(g)
2i (k, x, tmes − tmic) (64)

where gf denotes the number of helicity states for fermions. Therefore, using this result , the QBE

(59) becomes

d

dtmes
ρ
(g)
i j (k, x, tmes) =

κ2gf

8|k|

tmes

0

dtmic
d3q

(2π)3
sin2 θ q · e(j )

2

|k |
∂

∂|q|
n(f ) (|q|, tmes, tmic)

× cos2φρ
(g)
1i (k, x, tmes − tmic) + sin 2φρ

(g)
2i (k, x, tmes − tmic) , (65)

where, in the last step, we have expanded n(f ) up to the first order in |k|. We are interested in the

t ime evolut ion of the intensity of GWs defined by I (g) = ρ
(g)
11 + ρ

(g)
22 . To evaluate I

(g) , we assume

that gravitons are propagat ing in z direct ion with the following basis for direct ion and polarizat ion

vectors:

k = (0, 0, 1) , (66)

e(1) = (1, 0, 0) , (67)

e(2) = (0, 1, 0) . (68)

The relat ivist ic fermions are also described by an unpolarized Fermi-Dirac dist ribut ion

n(f ) (|q|, tmes, tmic) = Uf (tmes, tmic)nf (|q|, tmes) , (69)

with

n(f ) (|q|, tmes) = e
|q |

T f + 1

− 1

, (70)

whereTf is the temperatureassociated with ult ra-relat ivist ic fermions, and Uf is the t imeevolut ion

operator. Now, insert ing nf into the equat ion (65), using integrat ion by parts and also integrat ing

over φ, we find the t ime evolut ion of the intensity as

İ (g) (k, x, tmes) = −
κ2gf

8π2

tmes

0

dtmic d|q|d(cosθ) sin4 θ|q|3Uf (tmes, tmic)

× e
|q |

T f + 1

− 1

I (g) (k, x, tmes − tmic) , (71)

where dot denotes different iat ion with respect to tmes. Integrat ing over |q| gives

İ (g) (k, x, tmes) = −
κ2ρ̄f

4

tmes

0

dtmic d(cosθ) sin4 θUf (tmes, tmic)I
(g) (k, x, tmes − tmic) , (72)
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the total energy of fermions per proper volume,
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where ρ̄f is the total energy of fermions per proper volume,
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The t ime evolut ion of Uf (tmes, tmic) has been computed in [30] and is parameterized as

Uf (tmes, tmic) = e
− i

t mes
t m i c

dt
|k |µ

a( t ) , (74)

where µ = q̂ · k̂ = cosθ and Uf sat isfy the semigroup property as expected. Therefore, we get
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Now, using the integrat ing by parts technique to take integrat ion over |k| and also taking the

integrat ion over µ we find
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where j 2(s) is the spherical Bessel funct ion, and
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dt

a(t )
. (77)

Equat ion (76), describing the macroscopic t ime evolut ion of the GW intensity equat ion, arises

from thequantum master equat ion and involves a memory kernel. Thememory effect is due to the

t ime non-locality property of I (g) (k, x, tmes − tmic). Moreover, the expansion history of the FLRW

universewill producea memory effect as well. Thememory kernel j 2(s) is non-local in t ime due to

the fact that it keepsmemory about the start ing point tmic. Theappearance of tmic in thememory

kerne implies that thedynamics contains amemory. Therefore, theequat ion (76) is non-Markovian

and keeps any memory about tmic (see [55, 64] for a discussion about non-Markovian condit ions of

an open quantum system).

The full t ime derivat ive of I (g) can be expanded into part ial derivat ives as

∂

∂tmes
I (g) (k, x, tmes) − H k

∂

∂k
I (g) (k, x, tmes) +

1

a
k̂ ·∇ I (g)(k, x, tmes) = − 4κ2ρ̄f (tmes)

tmes

0

dtmic
j 2 (s)

s2

× I (g) (k, x, tmes − tmic) . (78)

The energy density of gravitat ional waves is given by [10]

ρ(g) (x, tmes) =
1

2
ḣi j (x, tmes)ḣ

i j (x, tmes) =
1

4

d3k

(2π)3
k0I (g) (k, x, tmes) . (79)
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The full time derivative of I can be expanded into partial derivatives as 
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To compare this result with Weinberg, it should be noted that for left-handed relativistic neutrinos, we have gf = 1. 

Considering neutrino and antineutrino, the neutrino energy density is given by 
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Using this expression and after taking integrat ion over k, one can rewrite the equat ion (78) in

terms of energy density in the following form:
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where
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1

4

d3k

(2π)3
kI (g)(k, x, tmes) , (81)

is the momentum out-flux carried away by GW.

In order to compare our results with [30], we must extract the equat ion of mot ion for tensor
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of an integro-different ial equat ion that is non-local in t ime. At the early stage of radiat ion domi-

nance, one can consider the short memory or equivalent ly the Markovian approximation. In this

approximat ion, I (g) will be independent of tmic. The reason for this approximat ion is as follows.

In the limit s → 0, we can write j 2(s)/ s
2 → 1/ 15. We instead replace j 2(s)/ s

2 with α/ 15 where α

is a fudge factor that then wematch to the numerical solut ion. Therefore, for the modes that are

superhorizon during the radiat ion-dominated era one can write

∂

∂tmes
I (g)(k, K , tmes) − H k

∂

∂k
I (g)(k, K , tmes) −

i

a(tmes)
k̂ · K I (g)(k,K , tmes) = −

8ακ2

15
ρ̄ν(tmes)

×
tmes

0

dtmicI
(g)(k,K , tmes − tmic) , (87)

where I (g)(k,K , tmes) is the Fourier transform of the intensity, and K is themomentum conjugate

to x. The right-hand side of this equat ion is st ill dependent of tmic. However, one can neglect the

microscopic t ime in I (g)(k,K , tmes − tmic) at the early stage of radiat ion dominance and rewrite

the right-hand side of (87) in terms of I (g)(k,K , tmes) and tmes as in the following form:

∂

∂tmes
I (g)(k,K , tmes) − H k

∂

∂k
I (g)(k,K , tmes) −

i

a(tmes)
k̂ · K I (g) (k, K , tmes) = −

8ακ2

15
ρ̄ν(tmes)tmes

× I (g)(k,K , tmes) . (88)

Using this expression, one can write

∂

∂tmes
I (g)(k,K , tmes) − H k

∂

∂k
I (g)(k, K , tmes) −

i

a(tmes)
k̂ ·K I (g) (k, K , tmes) = −

1

τ
I (g)(k,K , tmes) ,

(89)

where τ is the damping t ime of GW,

1

τ (tmes)
=
8ακ2

15
ρ̄ν (tmes)tmes . (90)

It has been shown that in the early stage of radiat ion dominance, the effect of damping t ime

on the tensor modes that are superhorizon is not negligible. To illustrate this for the intensity, we

first write the scale factor a(t) after neutrino decoupling as

a(tmes) Ω
1/ 4
R (2H0 tmes)

1/ 2 , (91)

where H0 is the Hubble constant and ΩR is the radiat ion energy fract ion. The Hubble parameter

is also given by

H (tmes) =
1

2tmes
. (92)

25

of an integro-different ial equat ion that is non-local in t ime. At the early stage of radiat ion domi-

nance, one can consider the short memory or equivalent ly the Markovian approximat ion. In this

approximat ion, I (g) will be independent of tmic. The reason for this approximat ion is as follows.

In the limit s → 0, we can write j 2(s)/ s
2 → 1/ 15. We instead replace j 2(s)/ s

2 with α/ 15 where α

is a fudge factor that then we match to the numerical solut ion. Therefore, for the modes that are

superhorizon during the radiat ion-dominated era one can write

∂

∂tmes
I (g) (k, K , tmes) − H k

∂

∂k
I (g)(k, K , tmes) −

i

a(tmes)
k̂ · K I (g)(k, K , tmes) = −

8ακ2

15
ρ̄ν (tmes)

×
tmes

0

dtmicI
(g) (k, K , tmes − tmic) , (87)

where I (g) (k, K , tmes) is the Fourier t ransform of the intensity, and K is themomentum conjugate

to x. The right-hand side of this equat ion is st ill dependent of tmic. However, one can neglect the

microscopic t ime in I (g) (k, K , tmes − tmic) at the early stage of radiat ion dominance and rewrite

the right-hand side of (87) in terms of I (g) (k, K , tmes) and tmes as in the following form:

∂

∂tmes
I (g) (k, K , tmes) − H k

∂

∂k
I (g) (k, K , tmes) −

i

a(tmes)
k̂ · K I (g) (k, K , tmes) = −

8ακ2

15
ρ̄ν (tmes)tmes

× I (g) (k, K , tmes) . (88)

Using this expression, one can write

∂

∂tmes
I (g) (k, K , tmes) − H k

∂

∂k
I (g) (k, K , tmes) −

i

a(tmes)
k̂ ·K I (g) (k, K , tmes) = −

1

τ
I (g)(k, K , tmes) ,

(89)

where τ is the damping t ime of GW,

1

τ (tmes)
=
8ακ2

15
ρ̄ν (tmes)tmes . (90)

It has been shown that in the early stage of radiat ion dominance, the effect of damping t ime

on the tensor modes that are superhorizon is not negligible. To illustrate this for the intensity, we

first write the scale factor a(t) after neutrino decoupling as

a(tmes) Ω
1/ 4
R (2H0 tmes)

1/ 2 , (91)

where H0 is the Hubble constant and ΩR is the radiat ion energy fract ion. The Hubble parameter

is also given by

H (tmes) =
1

2tmes
. (92)

26

In this era, the neutrino energy density is given by

κ2ρ̄ν(tmes) 6f νH
2 , (93)

where, for three neutrino species, f ν = Ων / ΩR 0.4. Therefore,

1

τ (tmes)
=
16α

5

f ν

tmes
. (94)

When the effect of absorpt ion can be ignored, i.e., the condit ion H τ 1 is met, we recover the

ordinary Liouville equat ion for the gravitat ional wave. In this limit , using (80), we can show that

the energy density of GW behaves as ρ(g)(x, tmes) ∝ a− 4(tmes) t imes an oscillatory factor that is

due to thegradient term on the left-hand sideof (80). From the expression (79) and in a comoving

frame, one would expect a similar scaling for the intensity as I (g)(k, x, tmes) ∝ a
− 4(tmes). Now, to

obtain such a result for I (g)(k, x, tmes) from equat ion (78) one must assume I (g)(k, x, tmes) ∝ k
− 4.

Given thisscaling behavior (which implies that theanisotropic stress tensor of neutrinos just affects

the amplitude of GWs, but they do not produce a change in frequency), the evolut ion equat ion

(89) becomes

∂

∂tmes
I (g)(k,K , tmes) +

1

2
+
4αf ν

5

4

tmes
I (g)(k,K , tmes) − i

µ K

2
√
tmes

I (g) (k,K , tmes) = 0 . (95)

where µ = K̂ · k̂ and

K =
2
√
H0ΩM

Ω
3/ 4
R

K

K eq
, (96)

with K eq denot ing the wave number of the mode that reenters the horizon at matter-radiat ion

equality. The analyt ical solut ion of this equat ion is in the following form

I (g)(k,K , tmes) = I
(g)(k,K , tend)

tend

tmes

4(1+ δ)

eiK µ (
√
tmes−

√
tend ) , (97)

where δ = 8αf ν / 5, and I
(g)(k, K , tend) is the GW intensity at the end of inflat ion. Taking the

Fourier t ransform of (97) yields

I (g) (k, x0, tmes) =
tend

tmes

4+ 32f ν / 5
d3K

(2π)3
I (g)(k,K , tend)e

iK µ (
√
tmes−

√
tend )eiK ·x 0 , (98)

where x0 is the observer locat ion. Now, using the following general decomposit ion

ei µ K x =

∞

= 0

i (2 + 1)j (K x)) P (µ ) , (99)

and the expansion

I (g)(k,K , tend) = I
(g)(k,K , tend)

LM

cILM Y
M
L (K̂ ) , (100)

26

In this era, the neutrino energy density is given by

κ2ρ̄ν(tmes) 6f νH
2 , (93)

where, for three neutrino species, f ν = Ων / ΩR 0.4. Therefore,

1

τ (tmes)
=
16α

5

f ν

tmes
. (94)

When the effect of absorpt ion can be ignored, i.e., the condit ion H τ 1 is met, we recover the

ordinary Liouville equation for the gravitat ional wave. In this limit , using (80), we can show that

the energy density of GW behaves as ρ(g)(x, tmes) ∝ a
− 4(tmes) t imes an oscillatory factor that is

due to thegradient term on the left-hand sideof (80). From theexpression (79) and in a comoving

frame, one would expect a similar scaling for the intensity as I (g)(k, x, tmes) ∝ a
− 4(tmes). Now, to

obtain such a result for I (g)(k, x, tmes) from equation (78) one must assume I (g)(k, x, tmes) ∝ k
− 4.

Given thisscaling behavior (which implies that theanisotropic stress tensor of neutrinos just affects

the amplitude of GWs, but they do not produce a change in frequency), the evolut ion equation

(89) becomes

∂

∂tmes
I (g)(k,K , tmes) +

1

2
+
4αf ν

5

4

tmes
I (g)(k,K , tmes) − i

µ K

2
√
tmes

I (g)(k,K , tmes) = 0 . (95)

where µ = K̂ · k̂ and

K =
2
√
H0ΩM

Ω
3/ 4
R

K

K eq
, (96)

with K eq denoting the wave number of the mode that reenters the horizon at matter-radiat ion

equality. The analyt ical solut ion of this equation is in the following form

I (g)(k,K , tmes) = I
(g)(k,K , tend)

tend

tmes

4(1+ δ)

eiK µ (
√
tmes−

√
tend ) , (97)

where δ = 8αf ν / 5, and I
(g)(k,K , tend) is the GW intensity at the end of inflat ion. Taking the

Fourier transform of (97) yields

I (g)(k, x0, tmes) =
tend

tmes

4+ 32f ν / 5
d3K

(2π)3
I (g)(k,K , tend)e

iK µ (
√
tmes−

√
tend)eiK ·x 0 , (98)

where x0 is the observer locat ion. Now, using the following general decomposit ion

ei µ K x =

∞

= 0

i (2 + 1)j (K x)) P (µ ) , (99)

and the expansion

I (g)(k,K , tend) = I
(g)(k,K , tend)

LM

cILM Y
M
L (K̂ ) , (100)



27

where j (x) is the spherical Bessel funct ion, P (µ) is the Legendre polynomials, and YML (K̂ ) is the

spherical harmonics, we find at x0 = 0,

I (g)(k, x0 = 0, tmes) =
tend

tmes

4(1+ δ)

LM

d3K

(2π)3
I (g) (k, K , tend)c

I
LM Y

M
L (K̂ )i (2 + 1)

× j K
√
tmes −

√
tend P (µ ) . (101)

Taking the monopole term L = M = 0, we get

I (g) (k, x0 = 0, tmes) =
tend

tmes

4(1+ δ)
cI00
4π5/ 2

dK K 2I (g) (k, K , tend)

× j 0 K
√
tmes −

√
tend . (102)

At the early stages of the radiat ion-dominated epoch, the interact ion with the fermion bath de-

creases the amplitude of the GW intensity by a factor δ∼ 0.64α.

At the end of this sect ion, we will est imate the factor α by comparing our results with [30]

and [34]. We first show that the same suppression factor δ ∼ 0.48α could be also obtained from

Eq.(83). Considering the approximat ion j 2(s)/ s
2 → α/ 15 in the stress tensor (86), one finds

ḧi j (x, tmes) +
3

2
+
8αf ν

5

1

tmes
ḣi j (x, tmes) −

∇ 2

a2(tmes)
hi j (x, tmes) = 0 . (103)

We write hi j (u) = hi j (u0)χ(u), where in a radiat ion-dominated background, u = 2K
√
tmes. In

the absence of the anisotropic stress, the solut ion of this equat ion becomes χ(u) = j 0(u) where j 0

is spherical Bessel funct ion. In the presence, of the anisotropic stress the equat ion (103) can be

solved approximately with theoverall scaling hi j (x, tmes) ∝ (
√
tmes)

− 1− 2δ t imesan oscillat ing factor

coming from the Laplacian term. Therefore, using (79), we find the t ime behavior of ρ(g)(x, tmes)
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which is the same as the scaling behavior that we found using (95).
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In this era, the neutrino energy density is given by

κ2ρ̄ν(tmes) 6f νH
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with K eq denoting the wave number of the mode that reenters the horizon at matter-radiat ion

equality. The analyt ical solut ion of this equat ion is in the following form

I (g)(k,K , tmes) = I
(g)(k,K , tend)

tend

tmes

4(1+ δ)

eiK µ (
√
tmes−

√
tend ) , (97)
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Taking the monopole term L = M = 0, we get
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At the early stages of the radiat ion-dominated epoch, the interact ion with the fermion bath de-

creases the amplitude of the GW intensity by a factor δ∼ 0.64α.

At the end of this sect ion, we will est imate the factor α by comparing our results with [30]

and [34]. We first show that the same suppression factor δ ∼ 0.48α could be also obtained from

Eq.(83). Considering the approximat ion j 2(s)/ s
2 → α/ 15 in the stress tensor (86), one finds
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We write hi j (u) = hi j (u0)χ(u), where in a radiat ion-dominated background, u = 2K
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which is the same as the scaling behavior that we found using (95).
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χ(u) =
1

2
πχ(u0)u

2δ+ 3/ 2
0 u− 2δ− 1/ 2 J2δ+ 3/ 2(u0)Y2δ+ 1/ 2(u) − Y2δ+ 3/ 2(u0)I 2δ+ 1/ 2(u) , (105)

whereJα (u) and Yα (u) areBessel funct ionsof thefirst and thesecond kind, respect ively, and χ(u0)

is fixed by performing matching with the init ial condit ion at u0. For u > 1 the solut ion (105) can

be approximated as follows:

χ(u) = χ(u0)
Γ(2δ+ 3/ 2)

π1/ 2
2

u

2δ+ 1

sin(u) . (106)

27

where j (x) is the spherical Bessel funct ion, P (µ) is the Legendre polynomials, and YML (K̂ ) is the

spherical harmonics, we find at x0 = 0,

I (g)(k, x0 = 0, tmes) =
tend

tmes

4(1+ δ)

LM

d3K

(2π)3
I (g) (k,K , tend)c

I
LM Y

M
L (K̂ )i (2 + 1)

× j K
√
tmes −

√
tend P (µ ) . (101)

Taking themonopole term L = M = 0, we get

I (g)(k, x0 = 0, tmes) =
tend

tmes

4(1+ δ)
cI00
4π5/ 2

dK K 2I (g)(k,K , tend)

× j 0 K
√
tmes −

√
tend . (102)

At the early stages of the radiat ion-dominated epoch, the interact ion with the fermion bath de-

creases the amplitude of theGW intensity by a factor δ∼ 0.64α.

At the end of this sect ion, we will est imate the factor α by comparing our results with [30]

and [34]. We first show that the same suppression factor δ ∼ 0.48α could be also obtained from

Eq.(83). Considering the approximation j 2(s)/ s
2→α/ 15 in the stress tensor (86), one finds
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ḣi j (x, tmes) −

∇ 2

a2(tmes)
hi j (x, tmes) = 0 . (103)

We write hi j (u) = hi j (u0)χ(u), where in a radiat ion-dominated background, u = 2K
√
tmes. In

the absence of the anisotropic stress, the solut ion of this equation becomes χ(u) = j 0(u) where j 0

is spherical Bessel funct ion. In the presence, of the anisotropic stress the equation (103) can be

solved approximately with theoverall scaling hi j (x, tmes) ∝ (
√
tmes)

− 1− 2δ t imesan oscillat ing factor

coming from the Laplacian term. Therefore, using (79), we find the t ime behavior of ρ(g)(x, tmes)

as

ρ(g)(x, tmes) ∝ a
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which is the same as the scaling behavior that we found using (95).
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FIG. 1: The solid-red curve shows the analyt ical solut ion Eq. (105) with α = 2/ 7 compared to the f ν = 0

solut ion j 0(u) (dot-dashed, black) and the asymptot ic solut ion 0.8j 0(u) (dashed-blue). Here, u = 2K
√
tmes.

In Fig. (1), we have illustrated the analyt ical solut ion (106) for α = 2/ 7. We have also compared

χ(u) with thesolut ion j 0(u) and theasymptot ic solut ion Aj 0(u) with thesuppression factor A = 0.8

suggested in [30]. Theχ(u) departsfrom thetheδ = 0solut ion j 0(u) and approachestheasymptot ic

solut ion 0.8j 0(u) around u = 3 as illustrated in Fig. (1).

Now that wehave fixed theparameter α, the suppression factor of theGW intensity is obtained

asδ = 0.183. It isworth mentioning that theSGWB also passes through thematter-dominated era

unt il observed at present t ime. According to an argument given by [30], weexpect that (106) serves

as an init ial condit ion for the subsequent evolut ion of the gravitat ional wave amplitude during the

matter-dominated era. Therefore, one should st ill expect the samechange in the amplitude during

the matter-dominated era.

B. I nfluence on t he polar izat ion of GW

In this part , we provide the system of different ial equat ions given by QBE that describe the

t ime evolut ion of the GW’s Stokes parameters in the radiat ion and matter-dominated epochs. To

this end, we first define the vector P in terms of the gravitat ional Stokes parameters as the form,

P (g) , = I (g) ,Q(g) , U(g) , iV(g) . (107)
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Using this vector and assuming the scaling behavior as P (g)(k, K , tmes) ∝ k− 4, one can represent

the evolut ion equat ions (65) in the following form:

∂

∂tmes
P (g) (k, K , tmes) + 4HP

(g) (k, K , tmes) −
i

a(tmes)
µ K P (g) (k, K , tmes) = − 8κ2ρ̄ν(tmes)

×
tmes

0

dtmic
j 2 (s)

s2
M P (g)(k, K , tmes, tmic) , (108)

where

M =

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 − 1

, (109)

is the symmetric diagonal matrix. Therefore, we have a system of first -order t ime non-local differ-

ent ial equat ions that can be numerically integrated in an expanding universe background. Using

equat ion (108) and the samemethod as in the previous sect ion, we can calculate the V parameter

during radiat ion dominance as follows:

V (g) (k, x0 = 0, tmes) =
tend

tmes

4(1− δ)

LM

d3K

(2π)3
V(g)(k, K , tend)c

V
LM Y

M
L (K̂ )i (2 + 1)

× j K
√
tmes −

√
tend P (µ ) , (110)

where V(g) (K , tend) is the V-mode parameter at the end of inflat ion. Very interest ingly, the source

term associated with the V-mode polarizat ion of GWs changes sign. Therefore, contrary to the

damping effect in the intensity and the linear polarizat ion, the V-mode polarizat ion is amplified

by interact ion with themedium containing decoupled relat ivist ic fermions. The interact ion causes

ρ
(g)
i j → ρ

(g)
j i , which, in turn, changes the sign of the V parameter. The parity t ransformat ion of the

interact ion Hamiltonian is a clue to ident ify the sign change of V . As it was shown, the interact ion

Hamiltonian is not invariant under parity t ransformat ion and interchanges the right- and left -

handed circular polarizat ion modes. Therefore, one can write

V = VR − VL
P
−→ VL − VR = − V , (111)

where VL and VR denote the left - and right- handed V-modes.

V . CONCLUSIONS

We have discussed that QBE is a powerful and commonly used tool in the invest igat ion of

open quantum systems. In the convent ional form of the QBE, the Born-Markov approximat ion
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Decoherence induced by graviton noise:

Indirect detection of gravitons, the quantum counterparts of the Stochastic Gravitational Wave 

Background has been recently proposed by making use of induced decoherence through the noise of 

gravitons 
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Figure 1: Superposit ion of two states.

density matrix describing the system. The entangling process with the environment may be

regarded as the vanishing of the o↵-diagonal matrix elements of the density matrix.

The interact ion of two massive part icles with gravitat ional waves is parameterized as

H int (t) =
mS

4
ḧ+i j (0, t)⇠̂

i− ⇠̂j + . (3.11)

In Fourier space, we have

H int (t) =
mS

4

X

s,r ,r 0

Z
d3p

(2⇡ )32p0
üsp (t)e

(s)
i j (p)⇠

i⇤
r (t)⇠

j
r 0(t)b

(s)(p)a(r )†a(r
0) . (3.12)

4 Quant um noise induced by gravit ons

4.1 Squeezed coherent st at es

The definit ion of the squeezed coherent state |⇣i is

|⇣i ⌘Ŝ(⇣)|0i , (4.1)

where Ŝ(⇣) is the squeezing operator expressed by

Ŝ(⇣)⌘exp

"
1

V

X

p ,A

⇣⇤p bs(p)bs(−p) + ⇣p b
†
s(p)b

†
s(−p)

#

, (4.2)

where ⇣k ⌘r k exp[i ' k ] and r k is the squeezing parameter.

The squizing operator is unitary, and sat isfies the following relat ions

Ŝ†(⇣) bs(p) Ŝ(⇣) = bs(p) cosh r k − b
†
s(−p)e

i ' k sinh rp , (4.3)

Ŝ†(⇣) b†s(−p) Ŝ(⇣) = b†s(−p) cosh rp − (bs(p)) e
− i ' p sinh rp . (4.4)

6



Decoherence is a phenomenon of the quantum theory where the loss of coherence occurs and the interference

effects are lost. By evaluating the reduced density operator with a mixed state, containing states of the system as

well as environmental states one sees that the state of the system of interest is dephased and the off-diagonal

terms decay.
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üsp (t)e

(s)
i j (p)⇠

i⇤
r (t)⇠

j
r 0(t)b

(s)(p)a(r )†a(r
0) . (3.12)

4 Quant um noise induced by gravit ons

4.1 Squeezed coherent st at es

The definit ion of the squeezed coherent state |⇣i is

|⇣i ⌘Ŝ(⇣)|0i , (4.1)
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Conclusion:

1- QBE is a powerful to study reversible processes in the early universe. 

2- We applied non-Markovian extension of QBE to explain the damping 
Of GWs due to interaction with a medium.

3- The non-Markovian QBE can be sued to study decoherence effects such 
Decoherence of a quantum system due to interaction with graviton noise. 



Thank you for your attention!


