Black Holes and Elementary String States
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Motivation:

Quantization of a relativistic string gives an
infinite tower of massive states.

The degeneracy of these states grow rapidly
with mass.

Thus it seems natural to define a ‘statistical
entropy’ associated with elementary string s-
tates:

Sstat(M, Q) = Ind(M, Q)

d(M,Q) = degeneracy of elementary string s-
tates with a given mass M and charges Q =

(Q1,Q2,...).



Since string theory includes gravity, one might
expect that a string of very large mass behaves
like a black hole.

One can assign an ‘entropy’ to these black
holes via the Bekenstein-Hawking formula:

Spr(M,Q) = A/(4Gy)

A: area of the event horizon
Gpn: Newton's constant

Question: Do these two different ways calcu-
lating entropy of an elementary string agree?

't Hooft, Susskind

Is  Sstat(M,Q) = Spr(M,Q)?



In order to make a meaningful comparison we
must ensure that the parameters M and @ ap-
pearing in the arguments of Sy and Spy refer
to the physical mass and charge.

Usually Sy is computed as a function of the
physical mass (ADM mass).

But Ss¢: IS calculated as a function of the tree
level mass of the elementary string state.

The physical mass is related to the tree lev-
el mass via a large but finite renormalization
effect. Susskind

Due to this renormalization effect it is difficult
to figure out how S, depends on the physical
mass of the black hole.

This makes the comparison of Sgqt and Sy
difficult.



In supersymmetric theories, this problem in prin-
Ciple can be avoided by considering BPS states

which do not suffer from any mass renormal-

ization.

For these states the mass is determined in
terms of the charges carried by the state.

As a result S, calculated as a function of
the tree level mass, gives Sgtqt @S a function of
the physical mass of the string.



Consider heterotic string theory compactified
on T° x S1.

Use o/ = 16 unit

— String tension = (27a/)~1 = (327) 1
R: radius of S in string metric

g. string coupling constant

coordinate radius of S = Vo' = 4



The spectrum of tree level heterotic string the-
ory is generated by 24 sets of left-moving boson-
ic oscillators a! ., 8 sets of right moving boson-

IC oscillators oﬂ_n and 8 sets of right moving

fermionic oscillators ¢*

1 <1< 24, 1 <1< 8, 1 <n<oo
A generic state:
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Q: labels the momentum, winding number and
various gauge charges carried by the state.

Define



Consider an elementary string state wound w
times along S and carrying n units of momen-
tum along S1.

Suppose the string has level Nj; left-moving
oscillator excitations and level Np right-moving
oscillator excitations.

m:. Mass of the string measured in the canon-
ical Einstein metric

= (G ge) e na-3)

: R
= ¢° _(%—%)2+4(NL—1)]

This formula is valid for bosonic states, but
due to supersymmetry for every bosonic state
there will be a fermionic state with the same
mass and charge.
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Nr = 3 — BPS states

These states are invariant under half of the
space-time supersymmetry transformations.

— N, =1+ nw
Thus nw > —1 for BPS states.

The degeneracy d, for these states can be
calculated by knowing the number of different
ways we can get level Ny, = nw—+ 1 excitations.



Formula for dyw:

> dy_1¢" =16 || 1 -q¢")"
N=0 n=1

For large nw:

dnw ~Y eXD(47T\/ nw)



Goal:

1) Construct the BPS black hole solution car-
rying the same mass and charge quantum num-
bers as the elementary string state.

2) Calculate its Bekenstein-Hawking entropy
and compare with Indny.

To carry out this goal we begin by writing down
the low energy effective field theory describing
heterotic string theory on T° x S1.



Relevant massless fields in ten dimension:

(10) p(10) 10

Gyt By and 10 0 <M N <9

The dynamics of this theory is described by
N = 1 supergravity theory in (941) dimen-
sions.

Action = S(G%}R},Bﬁ%},qﬂlo),...)

... denote other bosonic and fermionic fields
which will be set to zero in our analysis of clas-
sical solution describing the elementary string
state.



xH: non-compact directions (0 < u < 3)
z#: coordinate along S!

For constructing the black hole solution de-
scribing the elementary string described above,
we need non-trivial:

10 10 10 10 10
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All other fields are set to zero.

Furthermore we take all fields to be indepen-
dent of the compact directions.



Define ‘four dimensional fields’

o = (10 _ L jn(qlo)y
2

_ _—® _ | ~(10)
S=e 7, T'=\/Ggy "

G = 619 — (G0 1 6519 GO

—®
Juv — € G,uy,

A0 = _(G<10>) 1 G40,

AP = Lpao),
2
By = B(lO) Q(A;(LDA&Q) . AI(/I)AIELQ)) .

Guy: string metric

guv. canonical metric



The low energy effective action is given by:
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where

{9 = 9,48 — 0,4, a=1,2,

Hywp = [aMByp + 2 <A§}>F§§> 1 AELQ)F§§>)]
+cyclic permutations of u, v, p.

In this normalization convention the Newton's
constant is given by

Gy =2.



We now want to construct an extremal black
hole solution satisfying the following proper-
ties:

e It should have the same mass and charge as
the elementary string state carrying quan-
tum numbers (n,w).

e It should be a solution of the classical field
equations.

e It should be invariant under half of the
space-time supersymmetry transformation-
S.



The extremal black hole solution:

2
ds;

F'(p)
d$23

guvdatdx”

—(F(p))~ /2 pat?

+(F ()M p 1 (dp® + p?d$23) |
(p+ gwR/2)(p+ 8gnR™1),

do? + sin? 0 dg? |

g 2 (F(p)/2p71,

1

B\ (p+89nE 1) /(p+ guR/2),
16g°R2n

(p+8gnR~1)2’

1 gQud?Q
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0,

Guydaetde’ = S~ 1ds?
—g% p? (F(p)) tdt? 4 g% dz? .

‘Horizon’ is at p = 0.

Area of the horizon = 0



Naively this would imply that the Bekenstein-
Hawking entropy of the black hole is zero!

However it turns out that near the horizon the
curvature of space-time is large and hence we
cannot ignore the higher derivative corrections
to the effective action.

In order to study the effect of higher derivative
terms we need to study the the solution in the
‘near horizon region’:

p << gwR/Q,SgnR_l

We achieve this by taking the limit of large n
and w at fixed p.



Define:

r=gp, T=g_1t/\/nw

In this coordinate system the ‘near horizon' so-
lution takes the form:

2
.
dsSiring = — dr? + dr? + r? dQ3
2+\/nw
S = ,
r
n
T =2
w
o - 1w
4V n
2 1l /n

Curvatures in string metric are small for r >> 1
but of order 1 for r ~ 1.

— higher derivative terms become important
for r ~ 1.



We see that S ~ /nw for r ~ 1
S = Inverse string coupling?
— string coupling ~ (nw) /4 for r ~ 1.

Thus for large nw we can ignore string loop
corrections to the effective action.

T he relevant corrections come from higher deriva-
tive terms in the effective action appearing at
string tree level.



T he effective action at string tree level has an
exact symmetry:
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This corresponds to changing the radius of St.

In terms of four dimensional fields this be-
cCOmes:

T — eﬁT, A/g]') — e_ﬁA,L(Ll)a

AP P AP



Choosing ¢’ = ,/w/n we can map the near
horizon solution to the ‘checked solution’:

2
- r
dsyring = - dr2 + dr? + r2dQ3
5 2/ nw
r Y
T = 1,
SN
47
_ 5 1

T he ‘checked’ solutions have the same entropy
as the original solution.



Under another transformation

the tree level effective action gets multiplied
by K.

This leaves the equations of motion unchanged.



Choosing K = 1/y/nw we can map the checked
solution to the ‘hatted solution’:
2

0 2ring —% dr2 + dr? + r2d53
5= 2
To= 1,
Y = 2
D =

The hatted solution has K times the entropy
of the ‘checked’ solution.

Note that this solution is completely universal,
independent of any external parameter.



The modification of the hatted solution for
r ~ 1 by higher derivative terms will be com-
pletely universal, independent of any external
parameter.

. i) o for) oo oo
dsstmng = TR dr +f3(7“) (dr< 4 r<d25)
S = fa(r),
T = fa(r),
B = f5(r),
A2 = fe(r).

f;(r): universal functions

The entropy computed from this modified so-
lution is also going to be a purely numerical
constant a.

Naively,

_ Ahom’zon .

T . 2
4G =5 Im (= f2(r).



We can now make inverse transformations to
go back to the checked and then to the original
solution.

The original solution:

2 _ hl) o for) o | oo
dSgtring = e dr +f3(r) (dr< 4+ r<d25)
S = +nw fa(r),
T o= 2 a0,
F?“(7:'L) — \/ng(T)a
(2)

o fe(r).



It is also easy to calculate the entropies asso-
Ciated with the checked and the original solu-
tions in terms of a.

The entropy associated with the checked so-
lution

= J/nwXx the entropy associated with the hat-
ted solution

— a\/nw

The entropy Sppy associated with the original
solution

— entropy associated with the checked solution

— a\y/nNw



Spyg = av/nw

On the other hand

SStCLt — |ﬂ dnw ~ 47'(-\/ nw

for large nw.

Thus we see that Sy and Sgqr has same de-
pendence on n, w, g and R. (AS)

Q. Can we compute a?



A brief history of subsequent developments

1. Strominger and Vafa computed the statis-
tical entropy Sstqr Of BPS black holes in five di-
mensions carrying three different types of charges
by describing them as configurations of D-branes.

T he corresponding black hole solutions have fi-
nite area event horizon and hence finite Bekenstein-
Hawking entropy Spy.

In the limit of large charge
SBH = Sstat

2. This result was generalized to many other
examples including black holes in four dimen-
sional heterotic string theories carrying both
electric and magnetic charges, in the limit where
all charges are large.



3. For a special class of these four dimension-
al black holes, Maldacena, Strominger, Witten
computed the subleading (in 1/charges) cor-
rections to Sgiat.

4. For these black holes, subleading correc-
tions to Spy were computed by Cardoso, de
Wit, Mohaupt 4+ Kapelli by taking into account
a special class of higher derivative terms in the
action.

It was found that including these subleading
corrections we get

SBH = Sstat

In computing the subleading corrections to Sggy
we had to take into account modification of
the Bekenstein-Hawking formula due to Wald.



5. Given the expression for the entropy of the
black hole as a function of electric and mag-
netic charges, we can now set the magnetic
charges to zero to compute entropy of purely
electrically charged black holes.

In the leading approximation the answer van-
Ishes.

However the full expression including the sub-
leading corrections do not vanish.

Result for heterotic string wound on S1:
SBH=47T\/TLU) — a = 47

— EXxact agreement with Sgtqt. Dabholkar



Instead of reviewing the detailed analysis we
shall now give a brief outline of the steps which
are involved in the computation of a.

(Lopes Cardoso, de Wit, Kappeli, Mohaupt;
Dabholkar; AS; Hubeny, Maloney, Rangamani)

Tree level heterotic string effective action con-
tains a term

1 4
— [ d*\/[—detg S Ryuvpo R

Supersymmetrization of this term gives many
other terms.

T hese constitute a special class of higher deriva-
tive terms which are ‘holomorphic’.

The analysis leading to the computation of a
takes into account only these higher derivative
corrections to the effective action.



Given this modified action we proceed as fol-
lows in order to determine the modified solu-
tion describing the heterotic string configura-
tion carrying charges (n,w).

1. First we note that the modified solution de-
scribing the heterotic string configuration un-
der study must satisfy the modified field equa-
tions derived from the new action.



2. We can also use the fact that we are trying
to describe a BPS state that in invariant un-
der a certain set of space-time supersymmetry
transformations.

As a result the field configuration describing
this state must also be invariant under these
space-time supersymmetry transformations.

These give constraints on the field configura-
tions.

3. Boundary condition: At large distance where
higher derivative corrections are negligible, the
solution must approach the leading order solu-
tion found earlier.



Now recall the general form of the ‘hatted so-
lution’:

d\sgtring — _;;83 dr? + ;zg:i (d"“2 + TQdQ%)
S = fa(r),
T = fa(r),
B = f5(r),
D = fe(r).

Substitute these into the field equations / BPS
conditions.

This gives constraints on fq,... f6.



Define h(r) = In(f1(r)).

Then the constraints on f1,... fg may be ex-
pressed as:

Ay = M,
far) = 0,
f (T) — )
’ T 1+ a (W)
1
fa(r) = |
‘ J1+4 ()2
fs(r) = S0 (O V14+a0())?).
fo(r) = S0 (V144 ()?).

h satisfies the differential equation:

R (144 (h)?) +rh
7"2 r
— ge_h (144 (h’)2)3/2 - (144()?).



At large r the equation for A admits a solution:

h:InZ
2

f1,... fe calculated from this gives us back the
supergravity results.



For small » the equation for h admits a solu-
tion:

h=2In_
2
Thus fo(r) =e " =4/r2

This gives the naive entropy associated with
the hatted solution:

@ = g lim (r2fo(r)) = 2r

— finite area of the event horizon but wrong
answer!

However due to higher derivative terms in the
action the Bekenstein-Hawking formula itself
gets modified (Wald)

After taking these corrections into account we
get:
a = 4r

in exact agreement with the statistical entropy.



However our analysis is not complete yet.

h(r) satisfies a second order differential equa-
tion.

It admits a solution h = In(r/2) for large r that
gives the correct asymptotic behaviour.

It admits a solution A = 2In(r/2) at small r
that gives the correct entropy.

However a second order differential equation
has two integration constants.

Thus there is no guarantee a priori that a solu-
tion that has the small r behaviour h = 2In(r/2)
will approach the asymptotic form h = In(r/2)
at large r.



Study small fluctuations about the solution h =
In(r/2) at large r.

Result:
T T 2
h ~ In§—|—Acos §+B + O(A“)
A, B: integration constants

Thus for a generic initial condition we expect
the solution to oscillate about A = In(r/2).

Numerical results show that this is exactly what
happens.




Interpretation of these oscillations:

In the presence of higher derivative terms in
the action, typically there are additional solu-
tions of the equations of motion even at the
linearized level.

Example: Take a scalar field i with action:

1
E/d“mbaﬂaﬂ (1-M~20"8,) ¥
The equations of motion for ¢ has solutions:
w — Aezkw
with
k=0 or k%= —M?

Similarly, in the presence of higher derivative
terms, the equations of motion of the string
effective action will also have these additional
oscillatory solutions even at the linearized level.

— responsible for the oscillations seen in our
analysis.



Quantization of these additional solutions will
give rise to additional states in the spectrum
which are not present in the string spectrum.

Solution (Zwiebach):

We must try to remove these higher derivative
terms by field redefinition.

In the scalar field example we take:
~ 1/2
Y= (1- M 25,0") 2y
This gives the standard kinetic term for 12 and
maps 1 = At with k2 = —M? to 0.

T he generalization of this construction to gauge
field, metric etc. will remove the higher deriva-
tive terms from the action at the quadratic lev-
el and map the additional oscillatory solutions
to zero.

These new fields are the correct ones to be
used in describing string theory.



Thus we see that once we use these right field
variables, our solution should approach the cor-
rect asymptotic form at large r.

Presumably when we use the correct field vari-
ables, the second order differential equation for
h will be replaced by an ordinary equation with
unique solution.

Can we explicitly carry out this field redefini-
tion and verify this explicitly?

This requires reformulating the supergravity ac-
tion in terms of a new set of variables.



Generalization to other heterotic string com-
pactifications.

Heterotic on K5 x ST

Ks: any manifold / orbifold, possibly with back-
ground gauge fields etc., that preserves at least
N = 2 supersymmetry.

(N = 2 supersymmetry is needed to get the
BPS states.)

Consider a heterotic string wrapped on S1 with
winding number w and carrying n units of mo-
mentum along S?.



In the limit of large nw, the statistical entropy
associated with this state is still given by:

Sstat = 41/ nw

(This is controlled by the central charge of the
conformal field theory describing the heterotic
string compactification.)

— does not depend on the choice of Ks.



The classical solution describing this heterotic
string involves background fields along Sl and
the non-compact directions.

The tree level effective field theory involving
these fields is independent of the choice of Ky
to all orders in /.

As a result the classical solution describing the
black hole solution does not depend on the
choice of Ks.

— we get the same entropy of the black hole:
Spy = 4mvnw

— T he agreement between Sgr and Spy con-
tinues to hold. AS



The full ten dimensional space factorizes as:

K5><./\/l5

with dilaton and other fields depending on the
coordinates of Ms.

T hus the conformal field theory describing string
propagation in this background is a direct sum
of two conformal field theories:

1. The one associated with Kg, and

2. The one associated with M.

Note: The CFT associated with Mg is a uni-
versal CFT without any parameters.

A detailed analysis of this CFT is likely to gen-
erate new insight into the black holes that they
describe.



Finite charge corrections:

One of the advantages of working with the
elementary string states is that we know their
degeneracy very precisely.

The degeneracy dn, of BPS states carrying
charge quantum numbers (n,w) is determined
from the formula

 dy_1¢ =16 J[] (1 —4¢")"™
N=0 n=1

For large nw this gives:
dfn/w ~Y eXD(47T\/ nw)

However we can calculate the corrections to
this formula.

Sotat = N(dn) = dm/mw — —-In(y/nw) + O(1)

Question: Can we reproduce these corrections

by keeping track of non-leading contribution to

SpH?



Note: The field S is of order /nw near the
horizon.

— string coupling ~ S~1/2 ~ (nw)~1/4 near the
horizon.

— in the limit of large nw we can ignore the
string loop corrections to the effective action
and focus on the tree level contribution.

However this is no longer the case if we wan-
t to study the non-leading corrections to the
entropy (in inverse powers of nw).

We need to take into account quantum correc-
tions to the string effective action, and then
repeat the whole analysis.



The procedure is difficult due to the presence
of ‘holomorphic anomaly’, but the answer was
guessed by Cardoso, de Wit, Mohaupt.

Up to non-perturbative corrections involving
powers of e” "V Spris given by:

SBH:WZ—w+4ﬂ'S0—12|n[QS’Q]
o)

where Sg is the solution of the equation:

12
—7'('—2 +4r——=0

From this for large nw, we get

Spy = 4mv/nw — 121Inv/nw + O(1)



Spy = 4nv/nw — 12Iny/nw + O(1)
Compare with
27
Sstar = 4dmvVnw — > In(v/nw) + O(1)

The two expressions do not seem to agree.

However, while considering finite ‘size’ correc-
tions, the definition of the statistical entropy
depends crucially on the choice of the ensem-
ble.

Even if the relation between Sp and Sggr €x-
tends beyond the leading order, it can only
hold for some particular choice of ensemble.
(Ooguri, Strominger, Vafa; Dabholkar)



For example consider the following alternative
definition of statistical entropy. AS

First define a ‘free energy’ through a kind of
‘grand canonical’ ensemble:

o0
eF (1) — Z dN_le—u(N—l)
N=0
then define a statistical entropy through the
relation:

~

Sstat = }_(/JJ) + pnw

where u solves the equation:
OF
— = —nhw
op

In the limit of large nw the entropy Ssiqr =

INn dnw CcOMputed fronj the microcanonical en-

semble agrees with Sgq¢+ computed from this
‘grand canonical’ ensemble.

But non-leading corrections to Sgqr and Sgrqt
differ.



It is not a priori clear which statistical entropy
is to be compared with Sg, but we shall go
ahead and compare Sgp With Sg:.

@)
e~ F () — S dy_q1e PN-1)
N=0
©.@)
= 16¢e" ] (1—6_”’“)_24
n=1

For small © we get
472 _4n?
—F () ———|—12 In——l—ln(16)—|—(9( M >
v

Taking a Legendre transform of F(u) we get
Setat = 4w /nw — 121Inv/nw + O(1)
Compare with

Spy = 47 v/nw — 12Inv/nw + O(1)



One can in fact do better and show that up

to an additive constant of In(16) and non-
perturbative correction involving powers of e‘”m,
Sp and Sgq: agree exactly.

This is done by comparing the equations de-
termining §Smt and Spy up to exponentially
suppressed terms.



Sstat = _f(,UJ) +,unw

4
= L + 12 In— —I— U naw
7 2T
with © determined from the equation:
OF 4
—=nw — —i —|— —|— nw = 0
op p? p

Compare this with the equation determining
SBH:

SBH:wZ—w—I—47rSO— 121n [2 Sg]
0
where Sg is the solution of the equation:
12
—n— F+ 4 — — =20
7TSQ + 4r 5o

These two sets of equations are identical up
to an additive constant of In(16) in S, if we
identify:

p=m/So



Is this a coincidence?

One way to check this would be to repeat the
analysis for various other compactifications of
the heterotic string theory on manifolds of type
Ks x S and check if Sgq agrees with Sy in
all cases.



Other Open problems:

1) Generalization to elementary string states
in dimension > 4.

The generalization of the scaling argument ex-
ists (Peet)

2) Role of other higher derivative corrections

This analysis takes care of only part of the
higher derivative corrections which come from
supersymmetrizing the curvature square terms.

T hese terms are somewhat special in the sense
that they come from holomorphic corrections
to the generalized prepotential.

However since at » ~ 1 the curvature is of order
1, other higher derivative terms will also be
important.

Is there some kind of non-renormalization the-
orem that tells us that only the holomorphic
corrections affect the value of a?



3) Generalization to type II compactification

The scaling argument can be generalized to
type II theory on T° x S1

— the black hole entropy for fundamental string
wrapped on S! with winding number w and n
units of momentum has

Sp = d vnw

a’ is some universal constant

On the other hand, counting of degeneracy of
elementary string states give

Setat = 2V 2 7 /nw

Q. Can we calculate o/ by the same method as
in the case of heterotic string?



Unfortunately tree level type II theories have no
curvature? corrections to the effective action.

Thus a computation similar to the one for het-
erotic string gives

a =0

Thus here if we want to reproduce the statis-
tical entropy we must take into account other
higher derivative corrections.



Q. What is the basic difference between het-
erotic and type II7

Most likely this method of computing black
hole entropy gives some sort of In(index) rather
than In(degeneracy).

This is not surprising in view of the fact that
in our analysis we have taken into account on-
ly a very special class of terms (holomorphic)
terms.

For heterotic string index may be of order de-
generacy whereas for type Il the index may van-
ish.

What exactly is the index that is being com-
puted by our method?



