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• Some Aspects Of Non-Relativistic Conformal Field Theory

(NRCFT)

The simplest NRCFT is the free schrodinger field:

(i∂t +
1

2m
∇2)ψ(t,−→x ) = 0 S =

∫
dtd−→x ψ†(t,−→x )

(
i∂t +

1

2m
∇2

)
ψ(t,−→x )

The symmetry group of schrodinger equation is:

♠ Galilean group ,

♠ Scale transformation,

♠ Special conformal transformation,

translations, rotations, boosts, ,

x′ = λx , t′ = λ2t ,

x′ = x
1+αt

, t′ = t
1+αt

This group (Schrodinger group) is the maximall symmetry group
of Schrodinger equation.

NRCFT is a field theory which is invariant under Schrodinger
group.
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The schrodinger algebra is:

[Mij, Pk] = −i(δikPj − δjkPi), [Mij,Kk] = −i(δikKj − δjkKi),

[Mij,Mkl] = −iδikMjl + perms, [Pi,Kj] = −iNδij
[D,Pi] = −iPi, [D,Ki] = iKi, [D,H] = −2iH,

[C,Pi] = iKi, [C,D] = −2iC, [C,H] = −iD.

It can be shown by using Ward identities that the form of two
point function in any NRCFT is:

〈 ψM(t, x)ψ̄−M(0,0) 〉 = Ct−∆e−iMx2/2t
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• Relation between Schrodinger group and Conformal group

Massless Klein-Gordon equation in (d+1)D is invariant under Conformal
Group of (d+ 1)D ,SO(2, d) :

S =
∫
dd+1x∂µφ†∂µφ

By writing action in Light-Cone coordinate:

t = x0 + xd+1 ξ = x0 − xd+1

action becomes:

S =
∫
dtdξdd−1x (∂tφ∂ξφ+ ∂iφ∂iφ)

By getting ξ direction periodic and imposing the condition that the field
has definite momentum in ξ direction:

φ(t, ξ, xi) = eiMξφ(t, xi)

we receive to Schrodinger action:

S =

∫
dtd−→x φ†(t,−→x )

(
i∂t +

1

2m
∇2

)
φ(t,−→x )
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So schrodinger group can be viewed as a subgroup of Conformal
group in one higher dimension that consists of operators which
do not mix modes in ξ direction,or in the other words :

[A, Pξ] = 0 ⇔ A ∈ Schrodinger Algebra

Conformal Group in (d+1)D⇒ Schrodinger Group in [(d-1)+1] D



• Gravity description

Since NRCFT can be derived from CFT in one higher dimension,and
gravity dual of CFT is AdS Space-time in one higher dimension , we
expect that the gravity dual of NRCT be a space-time with two higher
dimension:

AdSd+2 ⇒ CFTd+1 ⇒ NRCFTd

metric with Schrodinger isometry:

ds2 = −
dt2

z4
+

2dtdξ+ d−→x 2 + dz2

z2

Isometry:
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−→
P : −→x → −→x +−→x0, H : t→ t+ t0,
−→
K : −→x → −→x −−→v t , ξ → ξ −−→v .−→x
N : ξ → ξ+ ξ0

D : −→x → λ−→x , t→ λ2t, z → λz ξ → ξ,

C : −→x → (1− αt)−→x , t→ (1− αt)t , z → (1− αt)z , ξ → ξ −
α

2
(−→x 2 + z2).

By using the AdS/CFT correspondence:

ZAdS[φ0] =

∫
φ0

Dφ exp(−I[φ]) = ZCFT [φ0] =

〈
exp

(∫
ddx ψ φ0

)〉

〈
ψ(x, t)ψ(0,0)

〉
∝ t−∆eiM

x2

2t



• Fermion field

Two point function of fermionic field:

Field theory side:

As Schrodinger equation can be derived from massless Klein-Gordon
equation in one higher dimension ,Non-Relativistic equation for half spin
particles (Levy-Leblond equation ) can be derived from massless Dirac
equation in one higher dimension:

S =
∫
d5x ψ̄iγµ∂µψ.

t =
1√
2
(x0 + x4), ξ =

1√
2
(x0 − x4).

S =
i√
2

∫
d3xdξdt ψ†

(
γξγt∂ξ + γtγξ∂t − (γξ + γt)γi∂i

)
ψ.
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Consider a single mode with definite momentum in the null direction ξ. such

that ψ(t, ξ, x) = eiMξψM(t, x).

S =
i√
2

∫
d3xdt ψ

†
−M

(
iMγξγt + γtγξ∂t − (γξ + γt)γi∂i

)
ψM .

(
2E −i

√
2σiki

i
√

2σiki 2M

)(
φ
χ

)
= 0,

〈 ψM(t, x)ψ̄−M(0,0) 〉 =
i√
2M

(
iMγt + γξ∂t − γi∂i

)
G(t, x; 0,0),

where

G(t, x; 0,0) =
∫

d3k

(2π)3/2
ei(

k2
2M t+kixi) = c

(
M

t

)3/2
e−

iMx2
2t



Gravity side:

we must solve the dirac equation in the background with
Schrodiger symmetry :(
rΓt̂∂ξ + rΓξ̂∂t + rΓî∂i + rΓr̂∂r +

µ2

2r
Γξ̂∂ξ −

d+ 1

2
Γr̂ −m

)
Ψ(xi, t, ξ, r) = 0,

lim
r→0

ΨM(k, r) ∼ r
d

2
−ν+

Γξ̂vM , lim
r→0

Ψ−M(k, r) ∼ r
d

2
−ν+

u−MΓξ̂,

ZCFT =

〈
exp

[∫
ddx

(
ψ−MΓξvM + u−MΓξψM

)]〉
.

IAdS =

∫
dξdtdd−1x

√
g Ψ(t, x, r, ξ)Ψ(t, x, r, ξ).

[
Ψ

+
−M(k, ε)Ψ+

M(k, ε)+Ψ
−
−M(k, ε)Ψ−

M(k, ε)

]
≈ iµ2Cεd+1−2ν+

k−2ν+

u−M(k)Γξ̂vM(k),

〈ψM(x, t)ψ−M(0,0)〉 = Cε−2ν+

(
iMΓt̂ + Γξ̂∂t + Γî∂i

) (
t−∆e

iMx2

2t

)


