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Planck project

Part I
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Space based : 

1: COBE  

2: Planck  

3: MAP  

Balloon Borne : 

1: FIRS  

2: ARGO  

3: MAX  

4: BEAST  

5: MSAM  

6: BAM  

9: ACE  

10: QMAP  

11: Boomerang  

12: MAXIMA  

13: Top Hat 

Ground Based: 

1:  Tenerife 

2:  South Pole 

3:  Saskatoon 

4: CAT 

5:  ATCA  

6:  Python 

7: OVRO 

8: SuZIE 

9:  Jodrell Bank 

10:  IAC Bartol 

11:  White Dish 

12: Viper 

13: COBRA 

14: MAT 

15:  DASI 

16: VSA 

17: CBI 

18: POLAR Brown/Wisc 

polarization 

• PIXIE (NASA/GSFC)

• EPIC (NASA/JPL)

• LiteBIRD (KEK)

• CoRE (ESA)

Future CMB Satellite
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Planck’s schedules: 
1) Proposed in 1995
2) Lunched on May 2009
3) First public scientific results on January 2011
4) 21 March 2013 (All about Temperature fluctuations)
5) Polarization results will be published in 2014   

Planck’s properties: 
1) 1950 Kg
2) 4.2m height and diameter of 4.2m
3) A telescope 1.5m
4) LFI 30, 44 and 70 GHz
5) HFI 100, 143, 217, 353, 545 and 857 GHz 
6) High sensitivity (X10) and high resolution (X3) 
7) 600 scientists have collaborated 
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The oldest light in 

universe 

2009 Planck 

Discovered the remnant 

afterglow from the Big Bang. 
!! 2.7 K  

Blackbody radiation, 

Discovered the patterns 
(anisotropy) in the afterglow. 

!! angular scale ~ 7° at a 
level  !T/T  of 10-5 

(Wilkinson Microwave 

Anisotropy Probe): 

! angular scale ~ 15’ 

! angular scale ~ 5’,           

!T/T ~ 2x10-6, 30~867 Hz    

By: G. F. Smoot
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Planck
 vs. 

WMAP

C. Burigana  et al., 
JENAM 2004 – The many scales in the Universe
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K-Band Map (23 GHz) 
Ka-Band Map (33 GHz) Q-Band Map (41 GHz) 

V-Band Map (61 GHz) W-Band Map ( 94 GHz) 
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Major goal of PLANCK

1) Test of LCDM model to high precision
 
2) Identify the area of tension

The Focus of the current results of 
PLANCK from cosmology point of view 
is to constraint from temperature 
fluctuations
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Planck 2013 results (29 papers)

Overview of 
products and results I

LFI processing II
LFI systematic III

LFI Beams IV
LFI Calibration V

HFI processing VI
HFI Beams VII

HFI Calibration VIII
HFI Spectral IX

HFI particle effects X

Consistency of DATA 
XI, XII, XIII, XIV, XV

Cosmological 
and  

astrophysical 
results

XVI till XXIX 
( 14 papers)
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CMB maps by Planck

Foreground-cleaned CMB maps

SMICA works in harmonic space; it uses a 3% processing mask to prevent foreground leakage 

from low to high Galactic latitudes, hence the smooth appearance in the Galactic plane 

C-R NILC

SEVEM SMICA

!300 300µK

• Explicit parameterization and fitting of foreground 
in the real-space (Commander-Ruler: C-R)

• Spectral matching- Harmonic domain (SMICA)

• Internal linear combination-wavelet domain (NILC)

• Internal Templet fitting (SEVEM)
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Planck collaboration: CMB power spectra & likelihood
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Figure 30. The variation of cosmological and foreground para-
meters estimated for the four CMB maps as function of !max =
1000, 1500, 2000, 2500, compared to those obtained with the
CamSpec and Plik likelihoods. Parameters are consistent to 1"
for !max ! 2000

the high-! likelihoods. The results are consistent to 1" or better
for !max = 1500 and !max = 2000. Despite adopting a simple
two-parameter model for the extragalactic foregrounds, the like-
lihood using a CMB map as input data works reasonably well,
and may be further exploited with analysis of simulations, im-
proved extragalactic foreground modeling, and the development
of an error model.

7.6. Consistency with high-! polarisation

Our final consistency test is illustrated in Fig. 31, showing the
polarisation power spectra derived from the Planck data. Both
the TE and EE cross-spectra are shown, in bins of width of
!! = 40. These spectra are computed by performing a uniformly
weighted average of all detector sets combinations at 70 " 100,
100 " 143, 100 " 217, and 143 " 217 GHz. We use the tem-
perature beam window functions for beam deconvolution. For

the analysis, we applied CL39 to the temperature maps, and dis-
carded 60 % of the polarisation data (i.e., fsky = 0.4). Other than
masking, no e"orts have been made to subtract foreground con-
tributions or take into account instrumental e"ects such as leak-
age. Despite the substantial masking applied, we see evidence
for residual contributions of non-cosmological origin. Besides
demonstrating the potential of Planck to deliver high quality po-
larisation maps and spectra (with the limitations explained in
Planck Collaboration VI 2013), the figure demonstrates the high
level of consistency of these polarisation spectra between them-
selves, and with the prediction from the model fit using just the
temperature spectrum shown in Fig. 15.

As discussed in Planck Collaboration VI (2013) and
Planck Collaboration II (2013), at present, the HFI and LFI po-
larisation spectra at low multipoles are a"ected by systematic er-
rors that cause biases which will need to be accurately modeled
or removed for the next Planck release. However, these system-
atics rapidly become unimportant at higher multipoles. While
not yet fit for cosmological parameter analysis, the consistency
at the level of a few µK of these Planck polarisation spectra adds
to our confidence in the analysis of temperature data. It shows
that within the #CDM framework, the cosmological parameters
estimated from Planck temperature data are not strongly a"ected
by the uncertainties in the modelling of unresolved foregrounds.

8. Low-! likelihood

At low multipoles (! ! 50), the distribution of the estim-
ated C!s is not well approximated by a Gaussian due to
the limited degrees of freedom per ! (e.g., Efstathiou 2004).
However, both the CMB signal, s, and instrumental noise, n,
are individually nearly Gaussian distributed at the map level,
provided that foreground emission and instrumental systemat-
ics e"ects are negligible (e.g., Planck Collaboration XXIII 2013;
Planck Collaboration XXIV 2013), and the actually observed
map, m = s + n, is therefore also nearly Gaussian distributed.
Under this assumption, the CMB power spectrum likelihood is
given by

L(C!) = P(m|C!) =
1

2#n/2|M|1/2 exp
!
#1

2
mt M#1m

"
, (21)

where n is the number of observed pixels, M(C!) = C(C!)+N is
the data covariance matrix, and C and N are the CMB and noise
covariance matrices, respectively.

In the general case, the data vector m includes both
temperature (T ) and linear polarisation (Q, U) Stokes
parameter maps. Pixels exhibiting high foreground con-
tamination are removed by masking, such that the
data vector is restricted to the subset of valid pixels,
m = (Ti1 ,Ti2 , ...,TnT ,Qj1 ,Qj2 , ...QnP ,U j1 ,U j2 , ...UnP ). The
corresponding rows and columns are removed from M, e"ect-
ively corresponding to marginalizing over the masked region of
the sky. Note that in general, nT ! nP, and the sets of indexes
of temperature and polarisation measurements will be di"erent.
We assume the same number of pixels in Q and U, although this
is not a requirement.

The signal covariance matrix can be written symbolically as

C =

#
$$$$$$$%
$TT %(nT"nT ) $T Q%(nT"nP) $TU%(nP"nP)
$QT %(nP"nT ) $QQ%(nP"nP) $QU%(nP"nP)
$UT %(nP"nT ) $UQ%(nP"nP) $UU%(nP"nP)

&
'''''''( , (22)
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Planck collaboration: CMB power spectra & likelihood
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Figure 30. The variation of cosmological and foreground para-
meters estimated for the four CMB maps as function of !max =
1000, 1500, 2000, 2500, compared to those obtained with the
CamSpec and Plik likelihoods. Parameters are consistent to 1"
for !max ! 2000

the high-! likelihoods. The results are consistent to 1" or better
for !max = 1500 and !max = 2000. Despite adopting a simple
two-parameter model for the extragalactic foregrounds, the like-
lihood using a CMB map as input data works reasonably well,
and may be further exploited with analysis of simulations, im-
proved extragalactic foreground modeling, and the development
of an error model.

7.6. Consistency with high-! polarisation

Our final consistency test is illustrated in Fig. 31, showing the
polarisation power spectra derived from the Planck data. Both
the TE and EE cross-spectra are shown, in bins of width of
!! = 40. These spectra are computed by performing a uniformly
weighted average of all detector sets combinations at 70 " 100,
100 " 143, 100 " 217, and 143 " 217 GHz. We use the tem-
perature beam window functions for beam deconvolution. For

the analysis, we applied CL39 to the temperature maps, and dis-
carded 60 % of the polarisation data (i.e., fsky = 0.4). Other than
masking, no e"orts have been made to subtract foreground con-
tributions or take into account instrumental e"ects such as leak-
age. Despite the substantial masking applied, we see evidence
for residual contributions of non-cosmological origin. Besides
demonstrating the potential of Planck to deliver high quality po-
larisation maps and spectra (with the limitations explained in
Planck Collaboration VI 2013), the figure demonstrates the high
level of consistency of these polarisation spectra between them-
selves, and with the prediction from the model fit using just the
temperature spectrum shown in Fig. 15.

As discussed in Planck Collaboration VI (2013) and
Planck Collaboration II (2013), at present, the HFI and LFI po-
larisation spectra at low multipoles are a"ected by systematic er-
rors that cause biases which will need to be accurately modeled
or removed for the next Planck release. However, these system-
atics rapidly become unimportant at higher multipoles. While
not yet fit for cosmological parameter analysis, the consistency
at the level of a few µK of these Planck polarisation spectra adds
to our confidence in the analysis of temperature data. It shows
that within the #CDM framework, the cosmological parameters
estimated from Planck temperature data are not strongly a"ected
by the uncertainties in the modelling of unresolved foregrounds.

8. Low-! likelihood

At low multipoles (! ! 50), the distribution of the estim-
ated C!s is not well approximated by a Gaussian due to
the limited degrees of freedom per ! (e.g., Efstathiou 2004).
However, both the CMB signal, s, and instrumental noise, n,
are individually nearly Gaussian distributed at the map level,
provided that foreground emission and instrumental systemat-
ics e"ects are negligible (e.g., Planck Collaboration XXIII 2013;
Planck Collaboration XXIV 2013), and the actually observed
map, m = s + n, is therefore also nearly Gaussian distributed.
Under this assumption, the CMB power spectrum likelihood is
given by

L(C!) = P(m|C!) =
1

2#n/2|M|1/2 exp
!
#1

2
mt M#1m

"
, (21)

where n is the number of observed pixels, M(C!) = C(C!)+N is
the data covariance matrix, and C and N are the CMB and noise
covariance matrices, respectively.

In the general case, the data vector m includes both
temperature (T ) and linear polarisation (Q, U) Stokes
parameter maps. Pixels exhibiting high foreground con-
tamination are removed by masking, such that the
data vector is restricted to the subset of valid pixels,
m = (Ti1 ,Ti2 , ...,TnT ,Qj1 ,Qj2 , ...QnP ,U j1 ,U j2 , ...UnP ). The
corresponding rows and columns are removed from M, e"ect-
ively corresponding to marginalizing over the masked region of
the sky. Note that in general, nT ! nP, and the sets of indexes
of temperature and polarisation measurements will be di"erent.
We assume the same number of pixels in Q and U, although this
is not a requirement.

The signal covariance matrix can be written symbolically as

C =

#
$$$$$$$%
$TT %(nT"nT ) $T Q%(nT"nP) $TU%(nP"nP)
$QT %(nP"nT ) $QQ%(nP"nP) $QU%(nP"nP)
$UT %(nP"nT ) $UQ%(nP"nP) $UU%(nP"nP)

&
'''''''( , (22)
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Planck’s products

• Cosmological products
- Early universe
- late time
- Statistics

• Astrophysical products
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Theoretical approach

Part II
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Road map

ObservationTheoretical Model

Measures

Data analysis

Likelihood

Simulation
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طرحواره ای Lه ارتباط بین مشاهدات و 
مدل را نشان می دهد

20 Some Observations
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LCDM model

• Kinematics (Friedmann Robertson Walker 
metric)

• Dynamics

ds2 = (cdt)2 − a(t)2 f (χ)dχ 2 + χ 2 (dθ 2 + sin2 (θ)dϕ 2 )⎡⎣ ⎤⎦

f (χ) = 1
1− kχ 2 → f (χ)dχ 2 ≡ dr2

k = 0→ χ = r→ R = a(t)χ → R = a(t)r
k > 0→ χ = sin(r)
k < 0→ χ = sinh(r)

 

Gµν = Rµν −
1
2
Rgµν + Λgµν = 8πGTµν

a
a

⎛
⎝⎜

⎞
⎠⎟
2

=
8πG
3

ρ −
k
a2

a
a
= −

4πG
3
(ρ + 3P)

ρ + 3
a
a
(ρ + P) = 0 P = wρ
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مهمترین Lمیتهای رصدی
First set: This part corresponds to the background 
evolution.  About 10  parameters

Second set: Describes deviation from exact 
homogeneity and isotropy. About 6 parameters 

Ωm ,Ων ,Ωb ,ΩK ,Ωλ ,w,t0 ,H0 ,q0 ,TCMB

σ 8 ,As ,At ,ns ,nt ,dn / d ln k
Thursday, May 2, 2013



Some observable quantities
Geometrical quantities
1) Comoving distance
2) Angular diameter distance - Alcock-Paczynski test
3) Comoving Volume element
4) Age 

Background evolution
1) Supernova type Ia
2) CMB Shift parameter
3) Baryonic acoustic oscillation
4) Gas mass fraction of cluster of galaxies   

Perturbation -  Structure formation, Lensing 

Thursday, May 2, 2013



• Physical length

• Comoving length

• Angular diameter distance

• Luminosity distance

• Comoving volume element

• Cosmic age

R(t) = a(t)χ

ds2 = c2dt 2 − a(t)2 dχ 2 + S(χ) dΩ2⎡⎣ ⎤⎦
ds2 = 0
dΩ2 =

⎧
⎨
⎪

⎩⎪
→ dχ =

cdt
a(t)

→ χ = c
d ′t
a( ′t )t

t0∫ = c
dz
H (z)0

z

∫
ds2 = 0
dχ 2 = 0

⎧
⎨
⎪

⎩⎪
→ a(t)S(χ)θ = Δl→ dA ≡ a(t)S(χ)

dl ≡ (1+ z)S(χ) = dA (1+ z)
2

f ≡
dV
dΩdz

=
S(χ)2

H (z)
→

dN
dz

= n(z) dV
dz

= 4πn(z) S(χ)
2

H (z)

ΔNL>Lmin
=

dN
dzdl

dlΔz
Lmin

∞

∫
t0 = dt

0

t0∫ =
dz

(1+ z)H (z)0

∞

∫
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Metric 

Neutrinos 

Dark 

Matter 

Protons Electrons 

Photons 

Compton 
scattering

Coulomb scattering 

بخشهایی Lه در تولید افت 
وخیزهای تابش زمینه Lیهانی 

نقش دارند
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CMB Anisotropy

• Primary 
1) Sachs-Wolfe effect
2) Doppler effect
3) Intrinsic temperature variations

• Secondary
1) Integrated Sachs-Wolfe (ISW) effect
2) Sunyaev- Zel’dovich (SZ) effect
3) Lensing
.
.

 

ΘSW (n̂) =
1
3
Φ(n̂)

LSS

n̂iv
Θin

ΘISW (n̂) = 2 ′Φ (t, n̂)
tlss

t0∫
ΘSZ (n̂)  −2kB

Te
mec

2

gµν =
−(1+ 2Ψ) 0
0 a(t)2δ ij (1+ 2Φ)

⎛

⎝⎜
⎞

⎠⎟
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Temperature fluctuations
CMB
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Einstein-Boltzmann hierarchy equations

Boltzmann equation

(1,2) Photon equations

(3,4) Dark matter

(5,6) Baryon

(7) Neutrino

(8,9) Einstein perturbed 
equations

gµν =
−(1+ 2Ψ) 0
0 a(t)2δ ij (1+ 2Φ)
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تقریب رژیم خطی
 با در نظر نگرفنت برخی عوامل در انتقال به سرخ پایین و  صرف نظر 

Lردن نواقص توپولوژیک می توان افت و خیزها را در رژیم خطی در نظر 
گرفت

1 Introduction
According to our current understanding of the Universe, the morphology of the cosmic
microwave background (CMB) temperature field, as well as all cosmological structures
that are now visible, like galaxies, clusters of galaxies and the whole web of large-scale
structure, are probably the descendants of quantum process that took place some 10!35

seconds after the Big Bang. In the standard lore, the machinery responsible for these
processes is termed cosmic inflation and, in general terms, what it means is that micro-
scopic quantum fluctuations pervading the primordial Universe are stretched to what
correspond, today, to cosmological scales (see [1, 2, 3] for comprehensive introductions
to inflation.) These primordial perturbations serve as initial conditions for the process
of structure formation, which enhance these initial perturbations through gravitational
instability. The subsequent (classical) evolution of these instabilities preserves the main
statistical features of these fluctuations that were inherited from their inflationary origin
– provided, of course, that we restrain ourselves to linear perturbation theory.

However, given that matter has a natural tendency to cluster, and this inevitably
leads to non-linearities (not to mention the sorts of complications that come with bary-
onic physics), the structures which are visible today are far from ideal probes of those
statistical properties. CMB photons, on the other hand, to an excellent approximation
experience free streaming since the time of decoupling (z ! 1100), and are therefore
exempt from these non-linearities (except, of course, for secondary anisotropies such
as the Rees-Sciama e!ect or the Sunyaev-Zel’dovich e!ect), which implies that they
constitute an ideal window to the physics of the early Universe – see, e.g., [4, 5, 6]. In
fact, we can determine the primary CMB anisotropies as well as most of the secondary
anisotropies on large scales, such as the Integrated Sachs-Wolfe e!ect, completely in
terms of the initial conditions by means of a linear kernel:

!(n̂) " "T (n̂; !0)

T (!0)
=

ˆ

d3x"
ˆ !0

0

d!"
!

i

Ki("x
", !"; n̂)S i("x ", !") , (1)

where !" is conformal time, and S i denote the initial conditions of all matter and metric
fields (as well as their time derivatives, if the initial conditions are non-adiabatic.) Here
Ki is a linear kernel, or a retarded Green’s function, that propagates the radiation field
to the time and place of its detection, here on Earth. Since that kernel is insensitive
to the statistical nature of the initial conditions (which can be thought of as constants
which multiply the source terms), those properties are precisely transferred to the CMB
temperature field !.

The statistical properties of the primordial fluctuations are, to lowest order in per-
turbation theory, quite simple: because the quantum fluctuations that get stretched
and enhanced by inflation are basically harmonic oscillators in their ground state, the
distribution of those fluctuations is Gaussian, with each mode an independent random
variable. The Fourier modes of these fluctuations are characterized by random phases
(corresponding to the random initial values of the oscillators), with zero mean, and vari-
ances which are given simply by the field mass and the mode’s wavenumber k = 2#/$.
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of the sources with the anisotropies must be calculated from either a set of Einstein-
Boltzmann equations or, equivalently, from the line-of-sight integral equations coupled
with the Einstein, continuity and Euler equations [6].

Assuming for simplicity that recombination was instantaneous, at a time !R, the
linear kernels of Eq. (1) reduce to Ki("x !, !!; n̂) ! #i$(!! " !R)$("x ! " n̂R), where
R = !0 " !R and #i are constant coe!cients. The photon distribution that we measure
on Earth would therefore be given by:

!(n̂) #
!

i

#iS
i("x ! = n̂R, !! = !R) . (4)

We can also express this result in terms of the Fourier spectrum of the sources:

!(n̂) #
!

i

#i

ˆ

d3k

(2%)3
ei
!k·n̂RSi("k, !R) . (5)

Now we can use what is usually referred to as “Rayleigh’s expansion” (though Watson,
in his classic book on Bessel functions, attributes this to Bauer, J. f. Math. LVI, 1859):

ei
!k·!x = 4%

!

"m

i" j"(kx)Y
"
"m(k̂)Y"m(x̂) , (6)

where j"(z) are the spherical Bessel functions. Substituting Eq. (6) into Eq. (5) we
obtain that:

a"m =

ˆ

d2n̂ Y "
"m(n̂)!(n̂) #

ˆ

d3k

(2%)3
!("k) $ 4% i" j"(kR)Y "

"m(k̂) , (7)

where we have loosely collected the sources into the term !("k) %
"

i #iSi("k, !R). This
expression conveys well the simple relation between the Fourier modes and the spherical
harmonic modes. Therefore, up to coe!cients which are known given some background
cosmology, the statistical properties of the harmonic coe!cients a"m are inherited from
those of the Fourier modes !("k) of the underlying matter and metric fields. Notice
that the properties of the a"m’s under rotations, on the other hand, have nothing to do
with the statistical properties of the fluctuations: they come directly from the spherical
harmonic functions Y"m.

2.2 Statistics in Fourier space
The characterization of the statistics of random variables is most commonly expressed
in terms of the correlation functions. The two-point correlation function is the ensemble
expectation value:

C("k,"k!) % &!("k)!("k!)' . (8)

In the absence of any symmetries, this would be a generic function of the arguments "k
and "k!, with only two constraints: first, because !("x) is a real function, !"("k) = !(""k),
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Statistical properties

• Gaussianity nature of PDF

• Statistical Isotropy which is related to 
nature of correlation function 

1 Introduction
According to our current understanding of the Universe, the morphology of the cosmic
microwave background (CMB) temperature field, as well as all cosmological structures
that are now visible, like galaxies, clusters of galaxies and the whole web of large-scale
structure, are probably the descendants of quantum process that took place some 10!35

seconds after the Big Bang. In the standard lore, the machinery responsible for these
processes is termed cosmic inflation and, in general terms, what it means is that micro-
scopic quantum fluctuations pervading the primordial Universe are stretched to what
correspond, today, to cosmological scales (see [1, 2, 3] for comprehensive introductions
to inflation.) These primordial perturbations serve as initial conditions for the process
of structure formation, which enhance these initial perturbations through gravitational
instability. The subsequent (classical) evolution of these instabilities preserves the main
statistical features of these fluctuations that were inherited from their inflationary origin
– provided, of course, that we restrain ourselves to linear perturbation theory.

However, given that matter has a natural tendency to cluster, and this inevitably
leads to non-linearities (not to mention the sorts of complications that come with bary-
onic physics), the structures which are visible today are far from ideal probes of those
statistical properties. CMB photons, on the other hand, to an excellent approximation
experience free streaming since the time of decoupling (z ! 1100), and are therefore
exempt from these non-linearities (except, of course, for secondary anisotropies such
as the Rees-Sciama e!ect or the Sunyaev-Zel’dovich e!ect), which implies that they
constitute an ideal window to the physics of the early Universe – see, e.g., [4, 5, 6]. In
fact, we can determine the primary CMB anisotropies as well as most of the secondary
anisotropies on large scales, such as the Integrated Sachs-Wolfe e!ect, completely in
terms of the initial conditions by means of a linear kernel:

!(n̂) " "T (n̂; !0)

T (!0)
=

ˆ

d3x"
ˆ !0

0

d!"
!

i

Ki("x
", !"; n̂)S i("x ", !") , (1)

where !" is conformal time, and S i denote the initial conditions of all matter and metric
fields (as well as their time derivatives, if the initial conditions are non-adiabatic.) Here
Ki is a linear kernel, or a retarded Green’s function, that propagates the radiation field
to the time and place of its detection, here on Earth. Since that kernel is insensitive
to the statistical nature of the initial conditions (which can be thought of as constants
which multiply the source terms), those properties are precisely transferred to the CMB
temperature field !.

The statistical properties of the primordial fluctuations are, to lowest order in per-
turbation theory, quite simple: because the quantum fluctuations that get stretched
and enhanced by inflation are basically harmonic oscillators in their ground state, the
distribution of those fluctuations is Gaussian, with each mode an independent random
variable. The Fourier modes of these fluctuations are characterized by random phases
(corresponding to the random initial values of the oscillators), with zero mean, and vari-
ances which are given simply by the field mass and the mode’s wavenumber k = 2#/$.
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hence in our definition C!(!k,!k") = C(!!k,!!k"); and second, due to the associative
nature of the expectation value, C(!k,!k") = C(!k",!k). It is obvious how to generalize this
definition to 3, 4 or an arbitrary number of fields at di!erent !k’s (or “points”.)

Let us first discuss the issue of gaussianity. If we say that the variables !(!k) are
Gaussian random numbers, then all the information that characterizes their distribution
is contained in their two-point function C(!k,!k"). The probability distribution function
(pdf) is then formally given by:

P [!(!k),!(!k")] " exp

!
!!(!k)!(!k")

2C(!k,!k")

"
.

In this case, all higher-order correlation functions are either zero (for odd numbers of
points) or they are simply connected to the two-point function by means of Wick’s
Theorem:

#!(!k1)!(!k2) . . .!(!k2N)$G =
#

i,j

N$

!=1

B!
i,j#!(!ki)!(!kj)$ , (9)

where the sum runs over all permutations of the pairs of wave vectors and Bi,j are
weights.

Second, let’s consider the issue of homogeneity. A field is homogeneous if its ex-
pectation values (or averages) do not dependent on the spatial points where they are
evaluated. In terms of the N -point functions in real space, we should have that:

#!(!x1)!(!x2) . . .!(!xN)$
Homog.% CN(!x1 ! !x2, ..., !xN#1 ! !xN) . (10)

Writing this expression in terms of the Fourier modes, we get that:

#!(!x1)!(!x2) . . .!(!xN)$ =

ˆ

d3k1 d3k1 . . . d3kN
(2")3N

e#i"k1·"x1e#i"k2·"x2 . . . e#i"kN ·"xN

& #!(!k1)!(!k2) . . .!(!kN)$ . (11)

Homogeneity demands that the expression in Eq. (11) is a function of the distances
between spatial points only, not of the points themselves. Hence, the expectation
value in Fourier space on the right-hand-side of this expression must be proportional
to #(!k1 + !k2 + . . .+ !kN). In other words, the hypothesis of homogeneity constrains the
N -point function in Fourier space to be of the form:

#!(!k1)!(!k2) . . .!(!kN)$H = (2")3Ñ(!k1,!k2, . . . ,!kN) #(!k1 + !k2 + . . .+ !kN) . (12)

Notice that the “(N ! 1)-spectrum” in Fourier space, Ñ , can still be a function of the
directions of the wavenumbers !ki (it will be, in fact, a function of N ! 1 such vectors,
due to the global momentum conservation expressed by the #-function.) Models which
realize the general idea of Eq. (12) correspond to homogeneous but anisotropic universes
[37, 38, 39, 40].
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There is a useful diagrammatic illustration for the N -point functions in Fourier
space that enforce homogeneity. Notice that we could use the !-function in Eq. (12)
to integrate out any one of the momenta "ki in Eq. (11). Let us instead rewrite the
!-functions in terms of triangles, so for the 4-point function we have:

!("k1 + "k2 + "k3 + "k4) =

ˆ

d3q !("k1 + "k2 ! "q) !("k3 + "k4 + "q) , (13)

whereas for the 5-point function we have:

!("k1+"k2+"k3+"k4+"k5) =

ˆ

d3q d3q! !("k1+"k2! "q) !("q+"k3! "q !) !("q !+"k4+"k5) , (14)

and so on, so that the N -point !-function is reduced to N ! 2 triangles with N ! 3
“internal momenta” (the idea is nicely illustrated in Fig. 1.) Substituting the expression
for the N -point !-function into Eq. (11) and integrating out all external momenta but
the first ("k1) and last ("kN), the result is that:

"!("x1)!("x2) . . .!("xN)# =
1

(2#)3N

ˆ

d3k1 d
3q1 . . . d

3qN"3 d
3kN

$ ei
!k1·(!x1"!x2)ei!q1·(!x2"!x3) . . . ei!qN!3·(!xN!2"!xN!1)ei

!kN ·(!xN!1"!xN )

$ "!("k1)!("q1 ! "k1) . . .!("kN)# . (15)

This expressions shows explicitly that the real-space N -point function above does not
depend on any particular spatial point, only on the intervals between points.

!!
!"

!# !$ !%

!"

!!

!!!"

!# !!

!"

!#

!$

" "!"

Figure 1: Diagrammatic representation of the 2, 3, 4 and 5-point correlation functions
in Fourier space. The dashed lines represent internal momenta.

Finally, what are the constraints imposed on the N -point functions that come from
isotropy alone? Clearly, no dependence on the directions defined by the points, "xi!"xj,
can arise in the final expression for the N -point functions in real space, so from Eq. (11)
we see that the N -point function in Fourier space should depend only on the moduli of
the wavenumbers – up to some momentum-conservation !-functions, which naturally
carry vector degrees of freedom.

In this review we will mostly be concerned with tests of isotropy given homogeneity
(but not necessarily Gaussianity), so in our case we will usually assume that the N -point
function in Fourier space assumes the form given in Eq. (12).
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field first and the local gravitational potential next, is reported in Section 3. Section 4
deals with the zero–lag limit of the three–point function: the skewness, for which we provide
a universal inflationary expression, which we then specialize to some of the most popular
inflaton potentials: exponential (Lucchin & Matarrese (1985)), quartic and quadratic (Linde
1983, 1985) as well as a simple potential for hybrid inflation (Linde 1993). Section 5 contains
some general conclusions.

2 The CMB three–point correlation function

Our aim here is to compute the CMB temperature three–point correlation function implied
by possible departures from a Gaussian behaviour of the primordial peculiar gravitational
potential. As a first step we will define the connected two– and three–point correlation
functions of the CMB temperature as measured by a given observer, i.e. on a single microwave
sky. Let us then define the temperature fluctuation field !T

T (!x; "̂) ! (T (!x; "̂)"T0(!x))/T0(!x),
where !x specifies the position of the observer, the unit vector "̂ points in a given direction
from !x and T0(!x) !

! d"!̂

4! T (!x; "̂) represents the mean temperature of the CMB measured by
that observer (i.e. the monopole term).

The angular two–point correlation function C2(!x; #) measured by an observer placed in !x
is the average product of temperature fluctuations in two directions "̂1 and "̂2 whose angular
separation is #; this can be written as

C2(!x; #) =
" d!"̂1

4$

" d!"̂2

2$
%("̂1 · "̂2 " cos#)

"T

T
(!x; "̂1)

"T

T
(!x; "̂2) . (1)

As well known, in the limit # # 0 one recovers the CMB variance C2(!x) =
! d"!̂

4! [!T
T (!x; "̂)]2.

Expanding the temperature fluctuation in spherical harmonics

"T

T
(!x; "̂) =

!
#

#=1

#
#

m="#

am
# (!x)W#Y

m
# ("̂), (2)

and writing the Dirac delta function as a completeness relation for Legendre polynomials P#,
we easily arrive at the expression

C2(!x; #) =
1

4$

#

#

P#(cos#)Q2
#(!x)W2

# , (3)

where Q2
# =

$#
m="# |am

# |2. In the previous expressions W# represents the window function of
the specific experiment. Setting W0 = W1 = 0 automatically accounts for both monopole
and dipole subtraction; for & $ 2 one can take W# % exp

%

"1
2&(& + 1)'2

&

, where ' is the
dispersion of the antenna–beam profile, which measures the angular response of the detector
(e.g. Wright et al. 1992). In some cases the quadrupole term is also subtracted from the
maps (e.g. Smoot et al. 1992); in this case we also set W2 = 0.

The analogous expression for the angular three–point correlation function is obtained by
taking the average product of temperature fluctuations in three directions "̂1, "̂2 and "̂3 with
fixed angular separations # (between "̂1 and "̂2), ( (between "̂2 and "̂3) and " (between "̂1
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2-point correlation function for an isotropic field

    

   

The smaller the angular scales (! bigger), the larger the number of independent patches
that the CMB sky can be divided into. Therefore, in this limit we should have:

lim
!!"

!C! = C! .

On the other hand, for large angular scales (small !’s), the number of independent
patches of our Universe becomes smaller, and (27) becomes a weak estimation of the
C!’s. This means that any statistical analysis of the Universe on large scales will be
plagued by this intrinsic cosmic sample variance. Notice that this is an unavoidable
limit as long as we have only one observable Universe.

Finally, it is important to keep in mind the clear distinction between the angular
power spectrum C! and its estimator (27). The former is a theoretical variable which
can be calculated from first principles, as we have shown in §2.1. The latter, being a
function of the data, is itself a random variable. In fact, if the a!m’s are Gaussian, then
we can rewrite expression (27) as:

(2!+ 1)

C!

!C! = X! , X! =
!"

m=#!

|a!m|2

C!
,

where X! is a chi-square random variable with 2!+1 degrees of freedom. According to
the central limit theorem, when ! ! ", X! approaches a standard normal variable2,
which implies that !C! will itself follow a Gaussian distribution. Its mean can be easily
calculated using (18) and (27), and is of course given by:

# !C!$ = C! ,

which shows that the !C!’s are unbiased estimators of the C!’s. It is also straightforward
to calculate its variance (valid for any !):

#( !C! % C!)( !C!! % C!!)$ =
2

2!+ 1
C2

! "!!! .

Because this estimator does not couple di!erent cosmological scales, it has the minimum
cosmic variance we can expect from an estimator due to the finiteness of our sample –
so it is optimal in that sense. !C! is therefore the best estimator we can build to measure
the statistical properties of the multipolar coe"cients a!m when both statistical isotropy
and gaussianity hold.

In later Sections we will explore angular or harmonic N -point functions for which
the assumption of isotropy does not hold. However, it is important to remember at all
times that we have only one map, which means one set of a!m’s. The estimator for the
angular power spectrum, !C!, takes into account all the a!m’s by dividing them into the
di!erent !’s and summing over all m & (%!, !). Clearly, it will inherit a sample variance

2A standard normal variable is a Gaussian variable X with zero mean and unit variance. Any other
Gaussian variable Y with mean µ and variance ! can be obtained from X through Y = !X + µ.
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of the sources with the anisotropies must be calculated from either a set of Einstein-
Boltzmann equations or, equivalently, from the line-of-sight integral equations coupled
with the Einstein, continuity and Euler equations [6].

Assuming for simplicity that recombination was instantaneous, at a time !R, the
linear kernels of Eq. (1) reduce to Ki("x !, !!; n̂) ! #i$(!! " !R)$("x ! " n̂R), where
R = !0 " !R and #i are constant coe!cients. The photon distribution that we measure
on Earth would therefore be given by:

!(n̂) #
!

i

#iS
i("x ! = n̂R, !! = !R) . (4)

We can also express this result in terms of the Fourier spectrum of the sources:

!(n̂) #
!

i

#i

ˆ

d3k

(2%)3
ei
!k·n̂RSi("k, !R) . (5)

Now we can use what is usually referred to as “Rayleigh’s expansion” (though Watson,
in his classic book on Bessel functions, attributes this to Bauer, J. f. Math. LVI, 1859):

ei
!k·!x = 4%

!

"m

i" j"(kx)Y
"
"m(k̂)Y"m(x̂) , (6)

where j"(z) are the spherical Bessel functions. Substituting Eq. (6) into Eq. (5) we
obtain that:

a"m =

ˆ

d2n̂ Y "
"m(n̂)!(n̂) #

ˆ

d3k

(2%)3
!("k) $ 4% i" j"(kR)Y "

"m(k̂) , (7)

where we have loosely collected the sources into the term !("k) %
"

i #iSi("k, !R). This
expression conveys well the simple relation between the Fourier modes and the spherical
harmonic modes. Therefore, up to coe!cients which are known given some background
cosmology, the statistical properties of the harmonic coe!cients a"m are inherited from
those of the Fourier modes !("k) of the underlying matter and metric fields. Notice
that the properties of the a"m’s under rotations, on the other hand, have nothing to do
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In harmonic spacecould equally well have used the basis of total angular momentum (L,M ; !1, !2) and
decomposed that expression as:

C(n̂1, n̂2) =
!

L,M

!

!1,!2

ALM
!1!2Y

LM
!1!2 (n̂1, n̂2) (25)

where YLM
!1!2 are known as the bipolar spherical harmonics, defined by [41]:

YLM
!1!2 (n̂1, n̂2) = [Y!1(n̂1)! Y!2(n̂2)]LM ,

where L and M = m1 + m2 are the eigenvalues of the total and azimuthal angular
momentum operators, respectively. This decomposition is completely equivalent to Eq.
(20), and we can exchange from one decomposition to another by using the relation:

ALM
!1!2 =

!

m1m2

"a!1m1a!2m2#($1)M+!1!!2
%
2L+ 1

"
!1 !2 L
m1 m2 $M

#
, (26)

where the 3 & 2 matrices above are the well-known 3-j coe!cients. At this point, it
is only a matter of mathematical convenience whether we choose to decompose the
correlation function as in (20) or as in (25). Although the bipolar harmonics behave
similarly to the usual spherical harmonics in many aspects, the modulations of the
correlation function as described in this basis have a peculiar interpretation. We will
not go further into detail about this decomposition here, as it is discussed at length in
another review article in this volume.

2.4 Estimators and cosmic variance
Returning to the covariance matrix (18), we see that, if we assume gaussianity of the
a!m’s, then the angular power spectrum su!ces to describe statistically how much the
temperature fluctuates in any given angular scale; all we have to do is to calculate
the average (18). This can be a problem, though, since we have only one Universe to
measure, and therefore only one set of a!m’s. In other words, the average in (18) is
poorly determined.

At this point, the hypothesis that our Universe is spatially homogeneous and isotropic
at cosmological scales comes not only as simplifying assumption about the spacetime
symmetries, but also as a remedy to this unavoidable smallness of the working cos-
mologist’s sample space. If isotropy holds, di"erent cosmological scales are statistically
independent, which means that we can take advantage of the ergodic hypothesis and
trade averaging over an ensemble for averaging over space. In other words, for a given
! we can consider each of the 2! + 1 real numbers in a!m as statistically independent
Gaussian random variables, and define a statistical estimator for their variances as the
average:

$C! '
1

2!+ 1

!!

m=!!

|a!m|2 . (27)

13

A. Gangui et. al., astro-ph/9312033

could equally well have used the basis of total angular momentum (L,M ; !1, !2) and
decomposed that expression as:

C(n̂1, n̂2) =
!

L,M

!

!1,!2

ALM
!1!2Y

LM
!1!2 (n̂1, n̂2) (25)

where YLM
!1!2 are known as the bipolar spherical harmonics, defined by [41]:

YLM
!1!2 (n̂1, n̂2) = [Y!1(n̂1)! Y!2(n̂2)]LM ,

where L and M = m1 + m2 are the eigenvalues of the total and azimuthal angular
momentum operators, respectively. This decomposition is completely equivalent to Eq.
(20), and we can exchange from one decomposition to another by using the relation:

ALM
!1!2 =

!

m1m2

"a!1m1a!2m2#($1)M+!1!!2
%
2L+ 1

"
!1 !2 L
m1 m2 $M

#
, (26)

where the 3 & 2 matrices above are the well-known 3-j coe!cients. At this point, it
is only a matter of mathematical convenience whether we choose to decompose the
correlation function as in (20) or as in (25). Although the bipolar harmonics behave
similarly to the usual spherical harmonics in many aspects, the modulations of the
correlation function as described in this basis have a peculiar interpretation. We will
not go further into detail about this decomposition here, as it is discussed at length in
another review article in this volume.

2.4 Estimators and cosmic variance
Returning to the covariance matrix (18), we see that, if we assume gaussianity of the
a!m’s, then the angular power spectrum su!ces to describe statistically how much the
temperature fluctuates in any given angular scale; all we have to do is to calculate
the average (18). This can be a problem, though, since we have only one Universe to
measure, and therefore only one set of a!m’s. In other words, the average in (18) is
poorly determined.

At this point, the hypothesis that our Universe is spatially homogeneous and isotropic
at cosmological scales comes not only as simplifying assumption about the spacetime
symmetries, but also as a remedy to this unavoidable smallness of the working cos-
mologist’s sample space. If isotropy holds, di"erent cosmological scales are statistically
independent, which means that we can take advantage of the ergodic hypothesis and
trade averaging over an ensemble for averaging over space. In other words, for a given
! we can consider each of the 2! + 1 real numbers in a!m as statistically independent
Gaussian random variables, and define a statistical estimator for their variances as the
average:

$C! '
1

2!+ 1

!!

m=!!

|a!m|2 . (27)

13

could equally well have used the basis of total angular momentum (L,M ; !1, !2) and
decomposed that expression as:

C(n̂1, n̂2) =
!

L,M

!

!1,!2

ALM
!1!2Y

LM
!1!2 (n̂1, n̂2) (25)

where YLM
!1!2 are known as the bipolar spherical harmonics, defined by [41]:

YLM
!1!2 (n̂1, n̂2) = [Y!1(n̂1)! Y!2(n̂2)]LM ,

where L and M = m1 + m2 are the eigenvalues of the total and azimuthal angular
momentum operators, respectively. This decomposition is completely equivalent to Eq.
(20), and we can exchange from one decomposition to another by using the relation:

ALM
!1!2 =

!

m1m2

"a!1m1a!2m2#($1)M+!1!!2
%
2L+ 1

"
!1 !2 L
m1 m2 $M

#
, (26)

where the 3 & 2 matrices above are the well-known 3-j coe!cients. At this point, it
is only a matter of mathematical convenience whether we choose to decompose the
correlation function as in (20) or as in (25). Although the bipolar harmonics behave
similarly to the usual spherical harmonics in many aspects, the modulations of the
correlation function as described in this basis have a peculiar interpretation. We will
not go further into detail about this decomposition here, as it is discussed at length in
another review article in this volume.

2.4 Estimators and cosmic variance
Returning to the covariance matrix (18), we see that, if we assume gaussianity of the
a!m’s, then the angular power spectrum su!ces to describe statistically how much the
temperature fluctuates in any given angular scale; all we have to do is to calculate
the average (18). This can be a problem, though, since we have only one Universe to
measure, and therefore only one set of a!m’s. In other words, the average in (18) is
poorly determined.

At this point, the hypothesis that our Universe is spatially homogeneous and isotropic
at cosmological scales comes not only as simplifying assumption about the spacetime
symmetries, but also as a remedy to this unavoidable smallness of the working cos-
mologist’s sample space. If isotropy holds, di"erent cosmological scales are statistically
independent, which means that we can take advantage of the ergodic hypothesis and
trade averaging over an ensemble for averaging over space. In other words, for a given
! we can consider each of the 2! + 1 real numbers in a!m as statistically independent
Gaussian random variables, and define a statistical estimator for their variances as the
average:

$C! '
1

2!+ 1

!!

m=!!

|a!m|2 . (27)

13

Thursday, May 2, 2013



A. Gangui et. al., astro-ph/9312033

3-point correlation function for an isotropic fieldand !̂3); these angles have to satisfy the obvious inequalities |"! !| " # " " + !. One then
has
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T
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T
($x; !̂2)

"T

T
($x; !̂3), (4)

where cos '#$ $ !̂# · !̂$ and &12 is the azimuthal angle of !̂2 on the plane orthogonal to !̂1.
The above relation can be rewritten in a form analogous to Eq.(1), namely

C3($x; ", #, !) = N(", #, !)
! d!!̂1
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T
($x; !̂3) , (5)

where N(", #, !) $
%

1 !cos2" !cos2# !cos2! +2cos"cos#cos!.1 Setting " = # = ! = 0
in these general expressions one obtains the CMB skewness C3($x) =

" d!!̂

4" ["T
T ($x; !̂)]3. Also

useful are the equilateral three–point correlation function (e.g. Falk et al. 1993) and the
collapsed one (e.g. Hinshaw et al. 1993 and references therein), corresponding to the choices
" = # = !, and " = !, # = 0, respectively. Alternative statistical estimators, more suited to
discriminate bumpy non–Gaussian signatures in noisy data, have been recently introduced
by Graham et al. (1993). In all the above formulas, full–sky coverage was assumed, for
simplicity. The e#ects of partial sky coverage on some of the statistical quantities considered
here are discussed in detail by Scott, Srednicki & White (1993).

Following the procedure used above for C2($x; "), we can rewrite the three–point function
in the form
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%3 (!̂), which can be easily ex-
pressed in terms of Clebsch–Gordan coe$cients (e.g. Messiah 1976), are only non–zero if
the indices )i, mi (i = 1, 2, 3,) fulfill the relations: |)j !)k| " )i " |)j +)k|, )1 +)2 +)3 = even
and m1 = m2 +m3. The collapsed three–point function measured by the observer in $x reads
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which, for " = 0, gives a useful expression for the skewness.
So far our expressions have been kept completely general, they would apply to whatever

source of temperature fluctuations in the sky, through suitable (usually statistical) relations
for the product of three multipole coe$cients am

% appearing in Eqs.(6) and (7), and to
whatever angular scale, through the specific choice of window functions W%. However, in

1 To show that the latter expression is correctly normalized one can expand the delta functions in Legendre
polynomials and use the relation

$

!(2! + 1)P!(x)P!(y)P!(z) = 2

" (1 ! x2 ! y2 ! z2 + 2xyz)!1/2.
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which, for " = 0, gives a useful expression for the skewness.
So far our expressions have been kept completely general, they would apply to whatever

source of temperature fluctuations in the sky, through suitable (usually statistical) relations
for the product of three multipole coe$cients am
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1 To show that the latter expression is correctly normalized one can expand the delta functions in Legendre
polynomials and use the relation

$

!(2! + 1)P!(x)P!(y)P!(z) = 2

" (1 ! x2 ! y2 ! z2 + 2xyz)!1/2.

5

and !̂3); these angles have to satisfy the obvious inequalities |"! !| " # " " + !. One then
has

C3($x; ", #, !) =
! d!!̂1

4%

! 2"

0

d&12

2%

! 1

!1
d cos'12((cos'12 ! cos")

! 1

!1
d cos'23

#((cos'23 ! cos #)
! 1

!1
d cos'13((cos'13 ! cos !)

"T

T
($x; !̂1)

"T

T
($x; !̂2)

"T

T
($x; !̂3), (4)
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Why power spectrum?

• CMB fluctuation is represented as a stochastic 
process.

• Since the Boltzmann equation that governs 
anisotropy formation  is diagonal in the Fourier 
(multipole) domain, not in real space, there is a 
one-to-one correspondence between visible 
features in the power spectrum and the physical 
processes one is studying.
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T (θ,ϕ ) = almYlm (θ,ϕ )
lm
∑

alm = dΩ∫ T (θ,ϕ )Ylm (θ,ϕ )

alma ′l ′m = dΩ∫ d ′Ω Ylm (θ,ϕ )Y ′l ′m ( ′θ , ′ϕ )∫ T (θ,ϕ )T ( ′θ , ′ϕ )

C(n̂, ˆ′n ) ≡ T (θ,ϕ )T ( ′θ , ′ϕ ) C( n̂ • ˆ′n ) ≡ C(n̂, ˆ′n )
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Data modeling and 
Likelihood analysis

Part III
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Constraints by CMB

CMB Data Model

CMB’s  
Observables

Model’s 
Observables

Likelihood 
analysis
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مراحل مدل Lردن داده ها
( Measurment ) (مستقیم یا شبیه سازی ) ۱) اندازه گیری
۲) برآورد خطا و ارزیابی انتشار خطا بر روی Lمیت های ثانویه 

(Error estimation and error propagation)
۳) تدوین مدل با توجه به تابع مناسب 

( model selection) Merit function
۴) انتخاب بینش تعیین مقادیر آزاد مدل

 (Bayesian or Frequentist)
۵) استفاده از روشهای تعیین مقادیر Lمیت های آزاد مدل و البته 

حوزه اعتبار آنها
(Parameter estimation and confidence interval)

Goodness of fit ۶) تعیین خوبی مدل
42
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منطق قیاسی
Deductive logic: 

Frequentist

منطق استقرایی
Inductive logic: 

Bayesian

مقادیر مم;ن برای مشاهدات
پارامترهای مدل

مقدار ثابت 
برای مدل مشاهدات

43
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x
بر اساس نگرش 

frequentist برای مثال 
۹۰ درصد مشاهدات به 
مقدار ثابت x منجر شده 

است

بر اساس نگرش 
Bayesian با احتمال ۹۰ 
درصد مقدار دقیق Lمیت 
x44 دراین بازه می باشد
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D : {xi , yi} i = 1,...,N

Θ : {θ j} j = 1,...,M → Y (x,Θ) = θ j f j (x)
j=1

M

∑

p(Θ | D)

p(D |Θ)

p(Θ)

رهیافت بایاس

مدل
مشاهدات: داده ها

احتمال یافنت مدل به شرطی Lه داده ها به دست آمده باشند. با چه احتمالی مشاهدات به 
Posterior مدل منجر میشود

احتمال به دست آمدن مشاهدات به شرطی Lه مدل مشخص باشد. مدل مشخص با چه 
Likelihood .احتمالی مشاهدات را به دست می دهد

Prior .میتهای  مدل  در این تابع توزیع وجود داردL هر گونه اطالعات اولیه در مورد مقادیر
45
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p(Θ | D) = p(Θ,D)
p(D)

=
p(D,Θ)
p(D)

=
p(D |Θ)p(Θ)

p(D)

p(D) = dΘ p(D,Θ) =∫ dΘ p(D |Θ)p(Θ)∫

p(Θ | D) = p(D |Θ)p(Θ)
dΘ p(D |Θ)p(Θ)∫

در حالتی Lه اطالعات اولیه ای برای Lمیت های مدل نداشته باشیم 
Posterior=Likelihood

46
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اLنون به دنبال این هستیم Lه 
Posterior
را بیشینه Lنیم

این رهیافت دقیقاً معادل یافنت 
Best value for free 

parameters
47
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یافنت مقادیر Lمیت ها به صورت عددی
1) Grid search Methods
   - Deterministic approach
    - Markov chain Monte Carlo MCMC   
    - Hamiltonian Monte Carlo HMC 
2) Gradient Method
3) Expansion Method
.
.
.

48
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Determination of free 
parameters

• Full MCMC

• Fisher matrix information

49

Γ(D |Θ) = det[α ]
(2π )M

exp −
δΘT • α[ ]•δΘ

2
⎛
⎝⎜

⎞
⎠⎟

Θ : {θk} k = 1,...,M δΘ ≡ Θ −ΘBest χmin
2 = χ 2 (Θ = ΘBest )

δΘT • α[ ]•δΘ = α kl
l=1

M

∑ δθkδθl
k=1

M

∑

Fkl = −
∂2 log(Γ(D |Θ))

∂θk∂θl
= α kl

σθi
2 = Fii

−1 = α ii
−1

σθiθ j
2 = Fij

−1 = α ij
−1
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50

3

Here the angle brackets indicate the expectation value which, for an arbitrary function g(x), is defined to
be !g(X)" #

!!
"! g(x)fX (x)dx with fX (x) the probability distribution function of the random variable x,

which here is the noise on the data, assumed to be Gaussian of mean zero.
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FIG. 1: The link between model curves, data and error ellipses. Parameter values inside the ellipse are
a good fit to the data, such as the blue dot-dashed curve (left) corresponding to the open blue circle (right). The
horizontal line dA!dA,!CDM = 0 corresponds to the fiducial model on the right (w0 = 1, wa = 0). A parameter value
outside the ellipse is not a good fit to the data however, as illustrated by the orange dashed line (left) and orange
cross (right). The ellipse and simulated error bars in the two panels both correspond to a nominal survey measuring
the angular diameter distance, dA(z), with 6% error in ten bins between 0.1 < z < 3, with !CDM assumed to be the
correct model in both cases.

The likelihood for a given observable X is expressed in terms of the theoretical value of the observable
Xi evaluated at the redshifts zi and data for that specific observable di as L $ exp(%!TC"1!/2) where
! # X% d, generalising the usual chi-squared statistic relating the theory by allowing for a general data
covariance matrix C. Substituting the above expression into Eq. (2) converts the equation from derivatives
of the likelihood itself into a sum over derivatives of the observable X with respect to the parameter !A:

FAB =
"X

"!A

T

C"1 "X

"!B
+

1
2

Tr
"
C"1 "C

"!A
C"1 "C

"!B

#
(3)

=
$

i

1
#2
i

"X

"!A
(zi)

"X

"!B
(zi)

where "C/"!A is the derivative of the data covariance matrix with respect to the parameter !A which is
assumed to vanish in the second equality implying that the data errors are independent of cosmological
parameters. This is often the case, e.g. the errors on measurements of Type Ia supernova (SNIa) flux are
independent of the dark energy parameters w0, wa (of the Chevallier-Polarski-Linder (CPL) parameterisation
[3, 4], described in Section III) to good accuracy4. The second equality also requires that the data are
uncorrelated, in which case C is diagonal with entries #2

i , with the #i the 1 % # error on the i-th data point.
In the case where we have multiple independent measurements of di  erent observables X! (e.g. H(z) and

dA(z)), the total Fisher Matrix is just the sum of the individual Fisher matrices indexed by $. Similarly, if we
have independent prior information, this is encoded in a prior matrix between the cosmological parameters.
In this paper we will refer to the prior on a single parameter !A as Prior(!A) = (!!A)"2, where !!A is
the uncertainty on the parameter as measured from prior surveys, see e.g. Figure (12). In the case where
the di  erent measurements are not independent, they must be combined with the suitable data covariance

4 In cases where the mean is zero (such as CMB analyses), however, the dependence of the covariance on the parameters can
no longer be ignored, see for example [2].

Bruce A. Bassett,et al., arxiv:0906.0993

δΘT • F[ ]•δΘ = β
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n, n , Q, T/ST

!, !  , ", #, hb 

Pixel 1     Pixel 2     $T 

6422347     6443428   -454.841 
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  ...         ...        ...
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FIG. 1. Power spectrum estimation as an intermediate data-compression step in converting the raw data from a future
megapixel experiment to measurements of cosmological parameters. If all three data compression steps are lossless, then this
data analysis pipeline will measure the parameters with just as small error bars as a (computationally unfeasible) likelihood
analysis measuring the parameters directly from the time-ordered data.
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Max Tegmark, astro-ph/
9611174
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How can calculate    ? (CamSpec and PLik)Cl

could equally well have used the basis of total angular momentum (L,M ; !1, !2) and
decomposed that expression as:

C(n̂1, n̂2) =
!

L,M

!

!1,!2

ALM
!1!2Y

LM
!1!2 (n̂1, n̂2) (25)

where YLM
!1!2 are known as the bipolar spherical harmonics, defined by [41]:

YLM
!1!2 (n̂1, n̂2) = [Y!1(n̂1)! Y!2(n̂2)]LM ,

where L and M = m1 + m2 are the eigenvalues of the total and azimuthal angular
momentum operators, respectively. This decomposition is completely equivalent to Eq.
(20), and we can exchange from one decomposition to another by using the relation:

ALM
!1!2 =

!

m1m2

"a!1m1a!2m2#($1)M+!1!!2
%
2L+ 1

"
!1 !2 L
m1 m2 $M

#
, (26)

where the 3 & 2 matrices above are the well-known 3-j coe!cients. At this point, it
is only a matter of mathematical convenience whether we choose to decompose the
correlation function as in (20) or as in (25). Although the bipolar harmonics behave
similarly to the usual spherical harmonics in many aspects, the modulations of the
correlation function as described in this basis have a peculiar interpretation. We will
not go further into detail about this decomposition here, as it is discussed at length in
another review article in this volume.

2.4 Estimators and cosmic variance
Returning to the covariance matrix (18), we see that, if we assume gaussianity of the
a!m’s, then the angular power spectrum su!ces to describe statistically how much the
temperature fluctuates in any given angular scale; all we have to do is to calculate
the average (18). This can be a problem, though, since we have only one Universe to
measure, and therefore only one set of a!m’s. In other words, the average in (18) is
poorly determined.

At this point, the hypothesis that our Universe is spatially homogeneous and isotropic
at cosmological scales comes not only as simplifying assumption about the spacetime
symmetries, but also as a remedy to this unavoidable smallness of the working cos-
mologist’s sample space. If isotropy holds, di"erent cosmological scales are statistically
independent, which means that we can take advantage of the ergodic hypothesis and
trade averaging over an ensemble for averaging over space. In other words, for a given
! we can consider each of the 2! + 1 real numbers in a!m as statistically independent
Gaussian random variables, and define a statistical estimator for their variances as the
average:

$C! '
1

2!+ 1

!!

m=!!

|a!m|2 . (27)
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Estimator from observations

The smaller the angular scales (! bigger), the larger the number of independent patches
that the CMB sky can be divided into. Therefore, in this limit we should have:

lim
!!"

!C! = C! .

On the other hand, for large angular scales (small !’s), the number of independent
patches of our Universe becomes smaller, and (27) becomes a weak estimation of the
C!’s. This means that any statistical analysis of the Universe on large scales will be
plagued by this intrinsic cosmic sample variance. Notice that this is an unavoidable
limit as long as we have only one observable Universe.

Finally, it is important to keep in mind the clear distinction between the angular
power spectrum C! and its estimator (27). The former is a theoretical variable which
can be calculated from first principles, as we have shown in §2.1. The latter, being a
function of the data, is itself a random variable. In fact, if the a!m’s are Gaussian, then
we can rewrite expression (27) as:

(2!+ 1)

C!

!C! = X! , X! =
!"

m=#!

|a!m|2

C!
,

where X! is a chi-square random variable with 2!+1 degrees of freedom. According to
the central limit theorem, when ! ! ", X! approaches a standard normal variable2,
which implies that !C! will itself follow a Gaussian distribution. Its mean can be easily
calculated using (18) and (27), and is of course given by:

# !C!$ = C! ,

which shows that the !C!’s are unbiased estimators of the C!’s. It is also straightforward
to calculate its variance (valid for any !):

#( !C! % C!)( !C!! % C!!)$ =
2

2!+ 1
C2

! "!!! .

Because this estimator does not couple di!erent cosmological scales, it has the minimum
cosmic variance we can expect from an estimator due to the finiteness of our sample –
so it is optimal in that sense. !C! is therefore the best estimator we can build to measure
the statistical properties of the multipolar coe"cients a!m when both statistical isotropy
and gaussianity hold.

In later Sections we will explore angular or harmonic N -point functions for which
the assumption of isotropy does not hold. However, it is important to remember at all
times that we have only one map, which means one set of a!m’s. The estimator for the
angular power spectrum, !C!, takes into account all the a!m’s by dividing them into the
di!erent !’s and summing over all m & (%!, !). Clearly, it will inherit a sample variance

2A standard normal variable is a Gaussian variable X with zero mean and unit variance. Any other
Gaussian variable Y with mean µ and variance ! can be obtained from X through Y = !X + µ.
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Estimator from theory

T (θ,ϕ ) = almYlm (θ,ϕ )
lm
∑

alma ′l ′m = δ l ′l δm ′m Cl

of the sources with the anisotropies must be calculated from either a set of Einstein-
Boltzmann equations or, equivalently, from the line-of-sight integral equations coupled
with the Einstein, continuity and Euler equations [6].

Assuming for simplicity that recombination was instantaneous, at a time !R, the
linear kernels of Eq. (1) reduce to Ki("x !, !!; n̂) ! #i$(!! " !R)$("x ! " n̂R), where
R = !0 " !R and #i are constant coe!cients. The photon distribution that we measure
on Earth would therefore be given by:

!(n̂) #
!

i

#iS
i("x ! = n̂R, !! = !R) . (4)

We can also express this result in terms of the Fourier spectrum of the sources:

!(n̂) #
!

i

#i

ˆ

d3k

(2%)3
ei
!k·n̂RSi("k, !R) . (5)

Now we can use what is usually referred to as “Rayleigh’s expansion” (though Watson,
in his classic book on Bessel functions, attributes this to Bauer, J. f. Math. LVI, 1859):

ei
!k·!x = 4%

!

"m

i" j"(kx)Y
"
"m(k̂)Y"m(x̂) , (6)

where j"(z) are the spherical Bessel functions. Substituting Eq. (6) into Eq. (5) we
obtain that:

a"m =

ˆ

d2n̂ Y "
"m(n̂)!(n̂) #

ˆ

d3k

(2%)3
!("k) $ 4% i" j"(kR)Y "

"m(k̂) , (7)

where we have loosely collected the sources into the term !("k) %
"

i #iSi("k, !R). This
expression conveys well the simple relation between the Fourier modes and the spherical
harmonic modes. Therefore, up to coe!cients which are known given some background
cosmology, the statistical properties of the harmonic coe!cients a"m are inherited from
those of the Fourier modes !("k) of the underlying matter and metric fields. Notice
that the properties of the a"m’s under rotations, on the other hand, have nothing to do
with the statistical properties of the fluctuations: they come directly from the spherical
harmonic functions Y"m.

2.2 Statistics in Fourier space
The characterization of the statistics of random variables is most commonly expressed
in terms of the correlation functions. The two-point correlation function is the ensemble
expectation value:

C("k,"k!) % &!("k)!("k!)' . (8)

In the absence of any symmetries, this would be a generic function of the arguments "k
and "k!, with only two constraints: first, because !("x) is a real function, !"("k) = !(""k),
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of the sources with the anisotropies must be calculated from either a set of Einstein-
Boltzmann equations or, equivalently, from the line-of-sight integral equations coupled
with the Einstein, continuity and Euler equations [6].
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"

i #iSi("k, !R). This
expression conveys well the simple relation between the Fourier modes and the spherical
harmonic modes. Therefore, up to coe!cients which are known given some background
cosmology, the statistical properties of the harmonic coe!cients a"m are inherited from
those of the Fourier modes !("k) of the underlying matter and metric fields. Notice
that the properties of the a"m’s under rotations, on the other hand, have nothing to do
with the statistical properties of the fluctuations: they come directly from the spherical
harmonic functions Y"m.

2.2 Statistics in Fourier space
The characterization of the statistics of random variables is most commonly expressed
in terms of the correlation functions. The two-point correlation function is the ensemble
expectation value:

C("k,"k!) % &!("k)!("k!)' . (8)

In the absence of any symmetries, this would be a generic function of the arguments "k
and "k!, with only two constraints: first, because !("x) is a real function, !"("k) = !(""k),

8

with

M!1!2 =
2!2 + 1

4"

!

!3

(2!3 + 1)W!3

"
!1 !2 !3

0 0 0

#2

. (A31)

The Wigner symbols can be numerically computed from (A25) or from any equivalent recurrence relations. The
equation (A30) expresses the ensemble averaged angular power spectrum measured with an arbitrary window on
the sky for the statistically homogeneous and isotropic fluctuations described by an arbitrary ensemble averaged
power spectrum over the full sky.

If the input power spectrum is constant, !C!" = N , corresponding to the white noise distributed over the
sky, Eq. (A30) can be simplified using the orthogonality relation (A23), and the measured windowed power
spectrum is also a constant

! $C!" = Nfskyw2. (A32)

B. Appendix: transfer function for parallel scans

In the case of Boomerang, or of any scanning survey, a crude estimate of the transfer function corresponding
to the high-pass filtering of the TOD, F (0) (see the Eq. 19), can be obtained by assuming that to first order
the scans are parallel and performed at uniform angular speed. In such a case the filtering of the TOD will
alter the sky signal structures parallel to scan direction, but leave unchanged the structures orthogonal to the
scan direction. If the surveyed area is small enough (# 20 deg in each direction) the tangent plane approach is
su!cient to model the survey. Hence, the map can be decomposed in plane waves

"T (x, y) =

%
a(kx, ky)ei(kxx+kyy) (B1)

with kx = k cos # and ky = k sin #. The a(k) are zero-mean Gaussian variables with a variance

!a(k)a(k!)"" = !P (k)"$(k $ k!), (B2)

and the map power spectrum is given by

P (k) =
1

2"

%
d# a(k)a(k)". (B3)

If the scan is performed along the x-axis the map obtained from the filtered TOD is

"Tfilt(x, y) =

%
a(kx, ky)f(kx)ei(kxx+kyy), (B4)

and its power spectrum is

Pfilt(k) =
1

2"

%
d#a(k)a(k)"f(kx)2. (B5)

The ensemble averaged filtered power spectrum is

!Pfilt(k)" = !P (k)" 1

2"

%
d#f(k cos #)2. (B6)

Hence, the e#ect of the TOD filtering on the power spectrum of the map amounts to a simple transfer function
given by (! # k)

F (0)
! =

1

2"

%
d#f(k cos #)2. (B7)

If the scan is performed at an azimutal speed vaz at an elevation #el, and the high pass filter applied to the
data has a Gaussian form

f(%) = 1 $ e#("/"c)
2/2 (B8)

then

F (0)
! = 2/"

% #/2

0
d#

&
1 $ e#(! cos $/!c)

2/2
'2

, (B9)

where we introduced the Wigner 3-j symbol (or Clebsch-Gordan coe!cient)

!
!1 !2 !3

m1 m2 m3

"
. Several prop-

erties of the 3-j symbol will prove useful. This scalar object describes the coupling of 3 angular momentum
vectors (whose squared moduli are !i(!i + 1), and projections on the same axis are mi, for i = 1, 2, 3) such that

the total angular momentum vanishes.

!
!1 !2 !3

m1 m2 m3

"
is non zero only if the triangle relation

|!1 ! !2| " !3 " !1 + !2 (A21)

is satisfied, and
m1 + m2 + m3 = 0. (A22)

The orthogonality relations of the Wigner symbols read

#

!3m3

(2!3 + 1)

!
!1 !2 !3

m1 m2 m3

"!
!1 !2 !3

m!
1 m!

2 m3

"
= "m1m!

1
"m2m!

2
, (A23)

#

m1m2

!
!1 !2 !3

m1 m2 m3

"!
!1 !2 !!3
m1 m2 m!

3

"
= "!3!!

3
"m3m!

3
"(!1, !2, !3)

1

2!3 + 1
, (A24)

where "(!1, !2, !3) = 1 when the triangular relation (A21) is satisfied, and "(!1, !2, !3) = 0 otherwise. Finally,
several recursive or closed form relations can be used to compute the 3 ! j symbols. A useful example of the
latter is

!
!1 !2 !3

0 0 0

"
= (!1)L/2

$
(L ! 2!1)!(L ! 2!2)!(L ! 2!3)!

(L + 1)!

%1/2 (L/2)!

(L/2 ! !1)!(L/2 ! !2)!(L/2 ! !3)!
(A25)

for even L # !1 + !2 + !3 (or equal to 0 for odd L), with the asymptotic behaviour for L $ 1

!
!1 !2 !3

0 0 0

"2

!% 2

#

&
2!2

1!
2
2 + 2!2

1!
2
3 + 2!2

2!
2
3 ! !4

1 ! !4
2 ! !4

3

'"1/2
. (A26)

See Edmonds (1957) for further details on Wigner symbols.

The ensemble averaged power spectrum of the random scalar field "T (n) on the sphere computed with an
arbitrary weighting function W (n) can be represented as follows

& (C!1' # 1

2!1 + 1

!1#

m1="!1

&ã!1m1
ã#

!1m1
', (A27)

=
1

2!1 + 1

!1#

m1="!1

#

!2m2

#

!3m3

&a!2m2
a#

!3m3
'K!1m1!2m2

[W ]K#
!1m1!3m3

[W ]

=
1

2!1 + 1

!1#

m1="!1

#

!2

&C!2'
!2#

m2="!2

|K!1m1!2m2
[W ]|2 . (A28)

Upon substituting the kernel expansion in terms of Wigner symbols (A20), and reordering the sums, this
expression expands to

& (C!1' =
#

!2

&C!2'
2!2 + 1

4#

#

!3m3

#

!4m4

w!3m3
w#

!4m4
((2!3 + 1)(2!4 + 1))1/2

(
!

!1 !2 !3

0 0 0

"!
!1 !2 !4

0 0 0

" #

m1m2

!
!1 !2 !3

m1 !m2 m3

"!
!1 !2 !4

m1 !m2 m4

"
, (A29)

which can be remarkably simplified with the aid of both the orthogonality relation of the Wigner symbols (A24),
and the definition (Eq. 10)of the power spectrum of the window function, W!. The final expression reads

& (C!1' =
#

!2

M!1!2&C!2', (A30)

No. of operations just 
for one realization: 

 

(1000)2 ×102 × (max = 2500)
2 = 1014

1014 /109 = 105 sec ~ 27hElapsed time

 

NPix = (12 × 2048
2 )(max = 2500)

2 = 1014

1014 /109 = 105 sec ~ 27hElapsed time

No. of operations just 
for one realization: 

Thursday, May 2, 2013



Comparison of  
theory and observation

Planck Collaboration: Cosmological parameters

ground model appropriate to the data spectrum. We expect
!2 to be approximately Gaussian distributed with a mean of
N" = "max ! "min + 1 and dispersion

"
2N". Results are sum-

marized in Table 6 for the Planck+WP+highL best-fit parame-
ters of Table 5. (The !2 values for the Planck+WP fit are almost
identical.) Each of the spectra gives an acceptable global fit to
the model, quantifying the high degree of consistency of these
spectra described in Planck Collaboration XV (2013). (Note that
Planck Collaboration XV 2013 presents an alternative way of in-
vestigating consistency between these spectra via power spec-
trum di!erences.)

Figures 8 and 9 show the fits and residuals with respect to
the best-fit Planck+WP+highL model of Table 5, for each of the
SPT and ACT spectra. The SPT and ACT spectra are reported
as band-powers, with associated window functions [WSPT

b (")/"]
and WACT

b ("). The definitions of these window functions di!er
between the two experiments.

For SPT, the contribution of the CMB and foreground spectra
in each band is

Db =
!

"

[WSPT
b (")/"]

"(" + 1/2)
2#

"
CCMB
" +Cfg

"

#
. (34)

(Note that this di!ers from the equations give in R12 and S12.)
For ACT, the window functions operate on the power spec-

tra:

Cb =
!

"

WACT
b (")

"
CCMB
" +Cfg

"

#
. (35)

In Fig. 9. we plotDb = "b("b + 1)Cb/(2#), where "b is the e!ec-
tive multipole for band b.

The upper panels of each of the sub-plots in Figs. 8
and 9 show the spectra of the best-fit CMB, and the total
CMB+foreground, as well as the individual contributions of the
foreground components using the same colour codings as in
Fig. 7. The lower panel in each sub-plot shows the residuals
with respect to the best-fit cosmology+foreground model. For
each spectrum, we list the value of !2, neglecting correlations
between the (broad) ACT and SPT bands, together with the num-
ber of data points. The quality of the fits is generally very good.
For SPT, the residuals are very similar to those inferred from
Fig. 3 of R12. The SPT 150 # 220 spectrum has the largest !2

(approximately a 1.8$ excess). This spectrum shows systematic
positive residuals of a few µK2 over the entire multipole range.
For ACT, the residuals and !2 values are close to those plotted
in Fig. 4 of Dunkley et al. (2013). All of the ACT spectra plot-
ted in Fig. 9 are well fit by the model (except for some residuals
at multipoles " <$ 2000, which are also seen by Dunkley et al.
2013).

Having determined a solution for the best-fit foreground and
other “nuisance” parameters, we can correct the four spectra
used in the Planck likelihood and combine them to reconstruct a
“best-fit” primary CMB spectrum and covariance matrix as de-
scribed in Planck Collaboration XV (2013). This best-fit Planck
CMB spectrum is plotted in the upper panels of Figs. 1 and 10
for Planck+WP+highL foreground parameters. The spectrum in
Fig. 10 has been band-averaged in bins of width "" $ 31 using
a window function Wb(l):

D̂b =
!

"

Wb(")D̂", (36a)

Wb(") =

$%%%&
%%%'

(M̂D"")!1/
("bmax

"="bmin
(M̂D"")!1, "bmin % " < "bmax,

0, otherwise.
(36b)

Here, "bmin and "bmax denote the minimum and maximum mul-
tipole ranges of band b, and M̂D""& is the covariance ma-
trix of the best-fit spectrum D̂", computed as described
in Planck Collaboration XV (2013), and to which we have added
corrections for beam and foreground errors (using the curvature
matrix of the foreground model parameters from the MCMC
chains). The solid lines in the upper panels of Figs. 1 and 10
show the spectrum for the best-fit #CDM cosmology. The resid-
uals with respect to this cosmology are plotted in the lower
panel. To assess the goodness-of-fit, we compute !2:

!2 =
!

""&
(Ĉdata
" !CCMB

" )M̂!1
""& (Ĉ

data
"& !CCMB

"& ), (37)

using the covariance matrix for the best-fit data spectrum (in-
cluding foreground and beam errors15). The results are given in
the last line of Table 6 labelled “All.” The lower panel of Fig. 10
shows the residuals with respect to the best-fit cosmology (on
an expanded scale compared to Fig. 1). There are some visually
striking residuals in this plot, particularly in the regions " $ 800
and " $ 1300–1500 (where we see “oscillatory” behaviour).
As discussed in detail in Planck Collaboration XV (2013), these
residuals are reproducible to high accuracy across Planck de-
tectors and across Planck frequencies; see also Fig. 7. There is
therefore strong evidence that the residuals at these multipoles,
which are in the largely signal dominated region of the spec-
trum, are real features of the primordial CMB sky. These fea-
tures are compatible with statistical fluctuations of a Gaussian
#CDM model, and are described accurately by the covariance
matrix used in the Planck likelihood. As judged by the !2 statis-
tic listed in Table 6, the best fit reconstructed Planck spectrum is
compatible with the base #CDM cosmology to within 1.6$16.

To the extremely high accuracy a!orded by the Planck data,
the power spectrum at high multipoles is compatible with the
predictions of the base six parameter #CDM cosmology. This is
the main result of this paper. Fig. 1 does, however, suggest that
the power spectrum of the best-fit base #CDM cosmology has
a higher amplitude than the observed power spectrum at multi-
poles " <$ 30. We will return to this point in Sect. 7.

Finally, Fig. 11 shows examples of Planck T E and EE spec-
tra. These are computed by performing a straight average of the
(scalar) beam-corrected 143 # 143, 143 # 217, and 217 # 217
cross-spectra (ignoring auto-spectra). There are 32 T E and ET
cross-spectra contributing to the mean T E spectrum plotted in
Fig. 11, and six EE spectra contributing to the mean EE spec-
trum. Planck polarization data, including LFI and 353 GHz data
not shown here, will be analysed in detail, and incorporated
into a Planck likelihood, following this data release. The pur-
pose of presenting these figures here is twofold: first, to demon-
strate the potential of Planck to deliver high quality polariza-
tion maps and spectra, as described in the Planck “blue-book”
(Planck Collaboration 2005); and, second, to show the consis-
tency of these polarization spectra with the temperature spec-
trum shown in Fig. 10. As discussed in Planck Collaboration VI
(2013) and Planck Collaboration XV (2013), at present, the HFI
polarization spectra at low multipoles (" <$ 200) are a!ected by

15Though the !2 value is similar if foreground and beam errors are
not included in the covariance matrix.

16Planck Collaboration XXII (2013) describes a specific statistical
test designed to find features in the primordial power spectrum. This test
responds to the extended “dip” in the Planck power spectrum centred at
about " $ 1800, tentatively suggesting 2.4–3.1$ evidence for a feature.
A more extensive analysis is required to assess whether the statistical
significance assigned to this result is accurate.
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Γ(D |Θ) = exp −
χ 2 (Θ) − χmin
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Figure 21. Correlation matrix between all the cosmological (top block), foreground (middle block), and derived (bottom block)
parameters, estimated using the Plik likelihood.

calibration and beam errors has a small impact on all cosmolo-
gical parameters, including YP. On the other hand, it has a some-
what larger impact on some of the foreground parameters (see
Appendix D.1).

We then investigate the impact of two subdominant e!ects:
the “sub-pixel e!ect” and the possible presence of a correlation
in the noise between detectors or detector sets. The sub-pixel
e!ect has a convolutive e!ect on the power spectra that is sim-
ilar to gravitational lensing of the CMB, but is purely a result
of the Planck scanning strategy and the map-making proced-
ure (Planck Collaboration VII 2013). The scanning strategy on
rings with very low nutation levels results in the centroid of the
samples being slightly shifted from the pixel centres; however,
the map-making algorithm assigns the mean value of samples
in the pixel to the position at the centre of the pixel. This has
a non-diagonal e!ect on the power spectra, but the correction
can be computed given the estimated power spectra for a given

data selection, and recast into an additive, fixed component of
the model covariance matrix.

The possible noise correlation between detectors may appear
due to factors such as common residual thermal fluctuations,
electronic chain noise, or cosmic ray showers. To build a model
of this correlated component, we compute the cross-power spec-
tra between detectors of di!erence maps that are free of sig-
nal. This procedure should capture all correlations on times-
cales shorter than half a ring’s observation. These estimates are
noisy, so we compute an average amplitude of the correlation for
! ! 1000.

We find that the impact on parameters of both these e!ects
is negligible, with less then a 0.1" e!ect.
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Some softwares

CMBFast  http://lambda.gsfc.nasa.gov

CAMB          http://camb.info/

HEAlPix     http://healpix.jpl.nasa.gov

CMBEASY http://www.thphys.uni-heidelberg.de/~robbers/cmbeasy/

CosmoMC     http://cosmologist.info/cosmomc/
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Public codes for CMB 
analysis

• Recfast code

• CAMB code (camb.f90, cmbmain.f90, 
equations.f90, power_tilt.f90, 
reionization.f90, halofit.f90,lensing.f90,)

• CosmoMC code
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Planck Collaboration: Cosmological parameters

Table 1. Cosmological parameters used in our analysis. For each, we give the symbol, prior range, value taken in the base !CDM
cosmology (where appropriate), and summary definition (see text for details). The top block contains parameters with uniform
priors that are varied in the MCMC chains. The ranges of these priors are listed in square brackets. The lower blocks define various
derived parameters.

Parameter Prior range Baseline Definition

!b ! "bh2 . . . . . . . [0.005, 0.1] . . . Baryon density today
!c ! "ch2 . . . . . . . [0.001, 0.99] . . . Cold dark matter density today
100"MC . . . . . . . . . [0.5, 10.0] . . . 100" approximation to r#/DA (CosmoMC)
# . . . . . . . . . . . . . . [0.01, 0.8] . . . Thomson scattering optical depth due to reionization
"K . . . . . . . . . . . . [$0.3, 0.3] 0 Curvature parameter today with "tot = 1 $"K!

m$ . . . . . . . . . . . [0, 5] 0.06 The sum of neutrino masses in eV
me#
$, sterile . . . . . . . . . [0, 3] 0 E#ective mass of sterile neutrino in eV

w0 . . . . . . . . . . . . . [$3.0,$0.3] $1 Dark energy equation of statea, w(a) = w0 + (1 $ a)wa
wa . . . . . . . . . . . . . [$2, 2] 0 As above (perturbations modelled using PPF)
Ne# . . . . . . . . . . . . [0.05, 10.0] 3.046 E#ective number of neutrino-like relativistic degrees of freedom (see text)
YP . . . . . . . . . . . . . [0.1, 0.5] BBN Fraction of baryonic mass in helium
AL . . . . . . . . . . . . . [0, 10] 1 Amplitude of the lensing power relative to the physical value
ns . . . . . . . . . . . . . [0.9, 1.1] . . . Scalar spectrum power-law index (k0 = 0.05Mpc$1)
nt . . . . . . . . . . . . . nt = $r0.05/8 Inflation Tensor spectrum power-law index (k0 = 0.05Mpc$1)
dns/d ln k . . . . . . . . [$1, 1] 0 Running of the spectral index
ln(1010As) . . . . . . . [2.7, 4.0] . . . Log power of the primordial curvature perturbations (k0 = 0.05 Mpc$1)
r0.05 . . . . . . . . . . . . [0, 2] 0 Ratio of tensor primordial power to curvature power at k0 = 0.05 Mpc$1

"! . . . . . . . . . . . . . . . Dark energy density divided by the critical density today
t0 . . . . . . . . . . . . . . . . Age of the Universe today (in Gyr)
"m . . . . . . . . . . . . . . . Matter density (inc. massive neutrinos) today divided by the critical density
%8 . . . . . . . . . . . . . . . . RMS matter fluctuations today in linear theory
zre . . . . . . . . . . . . . . . . Redshift at which Universe is half reionized
H0 . . . . . . . . . . . . [20,100] . . . Current expansion rate in km s$1Mpc$1

r0.002 . . . . . . . . . . . 0 Ratio of tensor primordial power to curvature power at k0 = 0.002 Mpc$1

109As . . . . . . . . . . . . . 109 " dimensionless curvature power spectrum at k0 = 0.05 Mpc$1

!m ! "mh2 . . . . . . . . . Total matter density today (inc. massive neutrinos)

z# . . . . . . . . . . . . . . . . Redshift for which the optical depth equals unity (see text)
r# = rs(z#) . . . . . . . . . . Comoving size of the sound horizon at z = z#
100"# . . . . . . . . . . . . . 100" angular size of sound horizon at z = z# (r#/DA)
zdrag . . . . . . . . . . . . . . . Redshift at which baryon-drag optical depth equals unity (see text)
rdrag = rs(zdrag) . . . . . . . Comoving size of the sound horizon at z = zdrag

kD . . . . . . . . . . . . . . . . Characteristic damping comoving wavenumber (Mpc$1)
100"D . . . . . . . . . . . . . 100" angular extent of photon di#usion at last scattering (see text)
zeq . . . . . . . . . . . . . . . . Redshift of matter-radiation equality (massless neutrinos)
100"eq . . . . . . . . . . . . . 100" angular size of the comoving horizon at matter-radiation equality
rdrag/DV(0.57) . . . . . . . BAO distance ratio at z = 0.57 (see Sect. 5.2)

a For dynamical dark energy models with constant equation of state, we denote the equation of state by w and adopt the same prior as for w0.

The photon temperature today is well measured to be T0 =
2.7255 ± 0.0006 K (Fixsen 2009); we adopt T0 = 2.7255 K as
our fiducial value. We assume full thermal equilibrium prior to
neutrino decoupling. The decoupling of the neutrinos is nearly,
but not entirely, complete by the time of electron-positron anni-
hilation. This leads to a slight heating of the neutrinos in addition
to that expected for the photons and hence to a small departure
from the thermal equilibrium prediction T& = (11/4)1/3T$ be-
tween the photon temperature T& and the neutrino temperature
T$. We account for the additional energy density in neutrinos by
assuming that they have a thermal distribution with an e#ective
energy density

'$ = Ne#
7
8

"
4

11

#4/3
'&, (1)

with Ne# = 3.046 in the baseline model (Mangano et al. 2002,
2005). This density is divided equally between three neutrino
species while they remain relativistic.

In our baseline model we assume a minimal-mass normal
hierarchy for the neutrino masses, accurately approximated for

current cosmological data as a single massive eigenstate with
m$ = 0.06 eV ("$h2 % !m$/93.04 eV % 0.0006; corrections
and uncertainties at the meV level are well below the accuracy
required here). This is consistent with global fits to recent os-
cillation and other data (Forero et al. 2012), but is not the only
possibility. We discuss more general neutrino mass constraints
in Sect. 6.3.

We shall also consider the possibility of extra radiation,
beyond that included in the Standard Model. We model this
as additional massless neutrinos contributing to the total Ne#
determining the radiation density as in Eq. (1). We keep the
mass model and heating consistent with the baseline model at
Ne# = 3.046, so there is one massive neutrino with N(massive)

e# =

3.046/3 % 1.015, and massless neutrinos with N(massless)
e# =

Ne# $ 1.015. In the case where Ne# < 1.015 we use one mas-
sive eigenstate with reduced temperature.
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Fig. 1. Planck foreground-subtracted temperature power spectrum (with foreground and other “nuisance” parameters fixed to their
best-fit values for the base !CDM model). The power spectrum at low multipoles (! = 2–49, plotted on a logarithmic multi-
pole scale) is determined by the Commander algorithm applied to the Planck maps in the frequency range 30–353 GHz over
91% of the sky. This is used to construct a low-multipole temperature likelihood using a Blackwell-Rao estimator, as described
in Planck Collaboration XV (2013). The asymmetric error bars show 68% confidence limits and include the contribution from un-
certainties in foreground subtraction. At multipoles 50 ! ! ! 2500 (plotted on a linear multipole scale) we show the best-fit CMB
spectrum computed from the CamSpec likelihood (see Planck Collaboration XV 2013) after removal of unresolved foreground com-
ponents. The light grey points show the power spectrum multipole-by-multipole. The blue points show averages in bands of width
"! " 31 together with 1" errors computed from the diagonal components of the band-averaged covariance matrix (which includes
contributions from beam and foreground uncertainties). The red line shows the temperature spectrum for the best-fit base !CDM
cosmology. The lower panel shows the power spectrum residuals with respect to this theoretical model. The green lines show the
±1" errors on the individual power spectrum estimates at high multipoles computed from the CamSpec covariance matrix. Note the
change in vertical scale in the lower panel at ! = 50.
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ground model appropriate to the data spectrum. We expect
!2 to be approximately Gaussian distributed with a mean of
N" = "max ! "min + 1 and dispersion

"
2N". Results are sum-

marized in Table 6 for the Planck+WP+highL best-fit parame-
ters of Table 5. (The !2 values for the Planck+WP fit are almost
identical.) Each of the spectra gives an acceptable global fit to
the model, quantifying the high degree of consistency of these
spectra described in Planck Collaboration XV (2013). (Note that
Planck Collaboration XV 2013 presents an alternative way of in-
vestigating consistency between these spectra via power spec-
trum di!erences.)

Figures 8 and 9 show the fits and residuals with respect to
the best-fit Planck+WP+highL model of Table 5, for each of the
SPT and ACT spectra. The SPT and ACT spectra are reported
as band-powers, with associated window functions [WSPT

b (")/"]
and WACT

b ("). The definitions of these window functions di!er
between the two experiments.

For SPT, the contribution of the CMB and foreground spectra
in each band is

Db =
!

"

[WSPT
b (")/"]

"(" + 1/2)
2#

"
CCMB
" +Cfg

"

#
. (34)

(Note that this di!ers from the equations give in R12 and S12.)
For ACT, the window functions operate on the power spec-

tra:

Cb =
!

"

WACT
b (")

"
CCMB
" +Cfg

"

#
. (35)

In Fig. 9. we plotDb = "b("b + 1)Cb/(2#), where "b is the e!ec-
tive multipole for band b.

The upper panels of each of the sub-plots in Figs. 8
and 9 show the spectra of the best-fit CMB, and the total
CMB+foreground, as well as the individual contributions of the
foreground components using the same colour codings as in
Fig. 7. The lower panel in each sub-plot shows the residuals
with respect to the best-fit cosmology+foreground model. For
each spectrum, we list the value of !2, neglecting correlations
between the (broad) ACT and SPT bands, together with the num-
ber of data points. The quality of the fits is generally very good.
For SPT, the residuals are very similar to those inferred from
Fig. 3 of R12. The SPT 150 # 220 spectrum has the largest !2

(approximately a 1.8$ excess). This spectrum shows systematic
positive residuals of a few µK2 over the entire multipole range.
For ACT, the residuals and !2 values are close to those plotted
in Fig. 4 of Dunkley et al. (2013). All of the ACT spectra plot-
ted in Fig. 9 are well fit by the model (except for some residuals
at multipoles " <$ 2000, which are also seen by Dunkley et al.
2013).

Having determined a solution for the best-fit foreground and
other “nuisance” parameters, we can correct the four spectra
used in the Planck likelihood and combine them to reconstruct a
“best-fit” primary CMB spectrum and covariance matrix as de-
scribed in Planck Collaboration XV (2013). This best-fit Planck
CMB spectrum is plotted in the upper panels of Figs. 1 and 10
for Planck+WP+highL foreground parameters. The spectrum in
Fig. 10 has been band-averaged in bins of width "" $ 31 using
a window function Wb(l):

D̂b =
!

"

Wb(")D̂", (36a)

Wb(") =

$%%%&
%%%'

(M̂D"")!1/
("bmax

"="bmin
(M̂D"")!1, "bmin % " < "bmax,

0, otherwise.
(36b)

Here, "bmin and "bmax denote the minimum and maximum mul-
tipole ranges of band b, and M̂D""& is the covariance ma-
trix of the best-fit spectrum D̂", computed as described
in Planck Collaboration XV (2013), and to which we have added
corrections for beam and foreground errors (using the curvature
matrix of the foreground model parameters from the MCMC
chains). The solid lines in the upper panels of Figs. 1 and 10
show the spectrum for the best-fit #CDM cosmology. The resid-
uals with respect to this cosmology are plotted in the lower
panel. To assess the goodness-of-fit, we compute !2:

!2 =
!

""&
(Ĉdata
" !CCMB

" )M̂!1
""& (Ĉ

data
"& !CCMB

"& ), (37)

using the covariance matrix for the best-fit data spectrum (in-
cluding foreground and beam errors15). The results are given in
the last line of Table 6 labelled “All.” The lower panel of Fig. 10
shows the residuals with respect to the best-fit cosmology (on
an expanded scale compared to Fig. 1). There are some visually
striking residuals in this plot, particularly in the regions " $ 800
and " $ 1300–1500 (where we see “oscillatory” behaviour).
As discussed in detail in Planck Collaboration XV (2013), these
residuals are reproducible to high accuracy across Planck de-
tectors and across Planck frequencies; see also Fig. 7. There is
therefore strong evidence that the residuals at these multipoles,
which are in the largely signal dominated region of the spec-
trum, are real features of the primordial CMB sky. These fea-
tures are compatible with statistical fluctuations of a Gaussian
#CDM model, and are described accurately by the covariance
matrix used in the Planck likelihood. As judged by the !2 statis-
tic listed in Table 6, the best fit reconstructed Planck spectrum is
compatible with the base #CDM cosmology to within 1.6$16.

To the extremely high accuracy a!orded by the Planck data,
the power spectrum at high multipoles is compatible with the
predictions of the base six parameter #CDM cosmology. This is
the main result of this paper. Fig. 1 does, however, suggest that
the power spectrum of the best-fit base #CDM cosmology has
a higher amplitude than the observed power spectrum at multi-
poles " <$ 30. We will return to this point in Sect. 7.

Finally, Fig. 11 shows examples of Planck T E and EE spec-
tra. These are computed by performing a straight average of the
(scalar) beam-corrected 143 # 143, 143 # 217, and 217 # 217
cross-spectra (ignoring auto-spectra). There are 32 T E and ET
cross-spectra contributing to the mean T E spectrum plotted in
Fig. 11, and six EE spectra contributing to the mean EE spec-
trum. Planck polarization data, including LFI and 353 GHz data
not shown here, will be analysed in detail, and incorporated
into a Planck likelihood, following this data release. The pur-
pose of presenting these figures here is twofold: first, to demon-
strate the potential of Planck to deliver high quality polariza-
tion maps and spectra, as described in the Planck “blue-book”
(Planck Collaboration 2005); and, second, to show the consis-
tency of these polarization spectra with the temperature spec-
trum shown in Fig. 10. As discussed in Planck Collaboration VI
(2013) and Planck Collaboration XV (2013), at present, the HFI
polarization spectra at low multipoles (" <$ 200) are a!ected by

15Though the !2 value is similar if foreground and beam errors are
not included in the covariance matrix.

16Planck Collaboration XXII (2013) describes a specific statistical
test designed to find features in the primordial power spectrum. This test
responds to the extended “dip” in the Planck power spectrum centred at
about " $ 1800, tentatively suggesting 2.4–3.1$ evidence for a feature.
A more extensive analysis is required to assess whether the statistical
significance assigned to this result is accurate.
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Fig. 10. Planck TT power spectrum. The points in the upper panel show the maximum-likelihood estimates of the primary CMB
spectrum computed as described in the text for the best-fit foreground and nuisance parameters of the Planck+WP+highL fit listed
in Table 5. The red line shows the best-fit base !CDM spectrum. The lower panel shows the residuals with respect to the theoretical
model. The error bars are computed from the full covariance matrix, appropriately weighted across each band (see Eqs. 36a and
36b), and include beam uncertainties and uncertainties in the foreground model parameters.

Fig. 11. Planck T E (left) and EE spectra (right) computed as described in the text. The red lines show the polarization spectra from
the base !CDM Planck+WP+highL model, which is fitted to the TT data only.

24

Thursday, May 2, 2013



BAO

Planck Collaboration: Cosmological parameters

Table 8. Approximate constraints with 68% errors on !m and
H0 (in units of km s!1 Mpc!1) from BAO, with !m and !b fixed
to the best-fit Planck+WP+highL values for the base "CDM
cosmology.

Sample !m H0

6dF . . . . . . . . . . . . . . . . . . . . . . . . . 0.305+0.032
!0.026 68.3+3.2

!3.2
SDSS . . . . . . . . . . . . . . . . . . . . . . . 0.295+0.019

!0.017 69.5+2.2
!2.1

SDSS(R) . . . . . . . . . . . . . . . . . . . . . 0.293+0.015
!0.013 69.6+1.7

!1.5
WiggleZ . . . . . . . . . . . . . . . . . . . . . 0.309+0.041

!0.035 67.8+4.1
!2.8

BOSS . . . . . . . . . . . . . . . . . . . . . . . 0.315+0.015
!0.015 67.2+1.6

!1.5
6dF+SDSS+BOSS+WiggleZ . . . . . . 0.307+0.010

!0.011 68.1+1.1
!1.1

6dF+SDSS(R)+BOSS . . . . . . . . . . . 0.305+0.009
!0.010 68.4+1.0

!1.0
6dF+SDSS(R)+BOSS+WiggleZ . . . . 0.305+0.009

!0.008 68.4+1.0
!1.0

surements constrain parameters in the base "CDM model, we
form "2,

"2
BAO = (x ! x"CDM)T C!1

BAO(x ! x"CDM), (50)

where x is the data vector, x"CDM denotes the theoretical pre-
diction for the "CDM model and C!1

BAO is the inverse covari-
ance matrix for the data vector x. The data vector is as fol-
lows: DV(0.106) = (457 ± 27) Mpc (6dF); rs/DV(0.20) =
0.1905 ± 0.0061, rs/DV(0.35) = 0.1097 ± 0.0036 (SDSS);
A(0.44) = 0.474 ± 0.034, A(0.60) = 0.442 ± 0.020, A(0.73) =
0.424±0.021 (WiggleZ); DV(0.35)/rs = 8.88±0.17 (SDSS(R));
and DV(0.57)/rs = 13.67±0.22, (BOSS). The o#-diagonal com-
ponents of C!1

BAO for the SDSS and WiggleZ results are given
in Percival et al. (2010) and Blake et al. (2011). We ignore any
covariances between surveys. Since the SDSS and SDSS(R) re-
sults are based on the same survey, we include either one set of
results or the other in the analysis described below, but not both
together.

The Eisenstein-Hu values of rs for the Planck and WMAP-9
base "CDM parameters di#er by only 0.9%, significantly
smaller than the errors in the BAO measurements. We can obtain
an approximate idea of the complementary information provided
by BAO measurements by minimizing Eq. (50) with respect to
either !m or H0, fixing !m and !b to the CMB best-fit parame-
ters. (We use the Planck+WP+highL parameters from Table 5.)
The results are listed in Table 819.

As can be seen, the results are very stable from survey to
survey and are in excellent agreement with the base "CDM
parameters listed in Tables 2 and 5. The values of "2

BAO are
also reasonable. For example, for the six data points of the
6dF+SDSS(R)+BOSS+WiggleZ combination, we find "2

BAO =
4.3, evaluated for the Planck+WP+highL best-fit"CDM param-
eters.

The high value of !m is consistent with the parameter anal-
ysis described by Blake et al. (2011) and with the “tension” dis-
cussed by Anderson et al. (2013) between BAO distance mea-
surements and direct determinations of H0 (Riess et al. 2011;
Freedman et al. 2012). Furthermore, if the errors on the BAO
measurements are accurate, the constraints on !m and H0 (for
fixed !m and !b) are of comparable accuracy to those from
Planck.

19As an indication of the accuracy of Table 8, the full likelihood
results for the Planck+WP+6dF+SDSS(R)+BOSS BAO data sets give
!m = 0.308 ± 0.010 and H0 = 67.8 ± 0.8 km s!1 Mpc!1, for the base
"CDM model.

Fig. 16. Comparison of H0 measurements, with estimates of
±1# errors, from a number of techniques (see text for details).
These are compared with the spatially-flat "CDM model con-
straints from Planck and WMAP-9.

The results of this section show that BAO measurements are
an extremely valuable complementary data set to Planck. The
measurements are basically geometrical and free from complex
systematic e#ects that plague many other types of astrophysical
measurements. The results are consistent from survey to survey
and are of comparable precision to Planck. In addition, BAO
measurements can be used to break parameter degeneracies that
limit analyses based purely on CMB data. For example, from
the excellent agreement with the base "CDM model evident in
Fig. 15, we can infer that the combination of Planck and BAO
measurements will lead to tight constraints favouring !K = 0
(Sect. 6.2) and a dark energy equation-of-state parameter, w =
!1 (Sect. 6.5).

Finally, we note that we choose to use the
6dF+SDSS(R)+BOSS data combination in the likelihood
analysis of Sect. 6. This choice includes the two most accu-
rate BAO measurements and, since the e#ective redshifts of
these samples are widely separated, it should be a very good
approximation to neglect correlations between the surveys.

5.3. The Hubble constant

A striking result from the fits of the base"CDM model to Planck
power spectra is the low value of the Hubble constant, which is
tightly constrained by CMB data alone in this model. From the
Planck+WP+highL analysis we find

H0 = (67.3±1.2) km s!1 Mpc!1 (68%; Planck+WP+highL).(51)

A low value of H0 has been found in other CMB experi-
ments, most notably from the recent WMAP-9 analysis. Fitting
the base "CDM model, Hinshaw et al. (2012) find

H0 = (70.0 ± 2.2) km s!1 Mpc!1 (68%; WMAP-9), (52)

consistent with Eq. (51) to within 1#. We emphasize here that
the CMB estimates are highly model dependent. It is important
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from excess residuals at the µK2 level in the high-! spectra rela-
tive to the best-fit AL = 1 !CDM+foregrounds model on scales
where extragalactic foreground modelling is critical.

5.2. Baryon acoustic oscillations

Baryon acoustic oscillations (BAO) in the matter power spec-
trum were first detected in analyses of the 2dF Galaxy
Redshift Survey (Cole et al. 2005) and the SDSS redshift sur-
vey (Eisenstein et al. 2005). Since then, accurate BAO measure-
ments have been made using a number of di"erent galaxy red-
shift surveys, providing constraints on the distance luminosity
relation spanning the redshift range 0.1 <! z <! 0.718. Here we use
the results from four redshift surveys: the SDSS DR7 BAO mea-
surements at e"ective redshifts ze" = 0.2 and ze" = 0.35, anal-
ysed by Percival et al. (2010); the z = 0.35 SDSS DR7 measure-
ment at ze" = 0.35 reanalyzed by Padmanabhan et al. (2012); the
WiggleZ measurements at ze" = 0.44, 0.60 and 0.73 analysed by
Blake et al. (2011); the BOSS DR9 measurement at ze" = 0.57
analyzed by Anderson et al. (2013); and the 6dF Galaxy Survey
measurement at z = 0.1 discussed by Beutler et al. (2011).

BAO surveys measure the distance ratio

dz =
rs(zdrag)
DV(z)

, (45)

where rs(zdrag) is the comoving sound horizon at the baryon drag
epoch (when baryons became dynamically decoupled from the
photons) and DV(z) is a combination of the angular-diameter dis-
tance, DA(z), and the Hubble parameter, H(z), appropriate for the
analysis of spherically-averaged two-point statistics:

DV(z) =
!
(1 + z)2D2

A(z)
cz

H(z)

"1/3
. (46)

In the !CDM cosmology, the angular diameter distance to red-
shift z is

DA(z) =
c

H0
D̂A.

=
c

H0

1
|#K |1/2(1 + z)

sinK
#
|#K |1/2x(z,#m,#!)

$
, (47)

where

x(z,#m,#!) =
% z

0

dz"

[#m(1 + z")3 +#K(1 + z")2 +#!]1/2 , (48)

and sinK = sinh for #K > 0 and sinK = sin for #K < 0. Note
that the luminosity distance, DL, relevant for the analysis of Type
Ia supernovae (see Sect. 5.4) is related to the angular diameter
distance via DL = (c/H0)D̂L = DA(1 + z)2.

Di"erent groups fit and characterize BAO features in di"er-
ent ways. For example, the WiggleZ team encode some shape
information on the power spectrum to measure the acoustic pa-
rameter A(z), introduced by Eisenstein et al. (2005),

A(z) =
DV(z)

&
#mH2

0

cz
, (49)

18Detections of a BAO feature have recently been reported in the
three-dimensional correlation function of the Ly" forest in large sam-
ples of quasars at a mean redshift of z # 2.3 (Busca et al. 2012;
Slosar et al. 2013). These remarkable results, probing cosmology well
into the matter-dominated regime, are based on new techniques that are
less mature than galaxy BAO measurements. For this reason, we do not
include Ly" BAO measurements as supplementary data to Planck. For
the models considered here and in Sect. 6, the galaxy BAO results give
significantly tighter constraints than the Ly" results.

Fig. 15. Acoustic-scale distance ratio rs/DV(z) divided by the
distance ratio of the Planck base !CDM model. The points are
colour-coded as follows: green star (6dF); purple squares (SDSS
DR7 as analyzed by Percival et al. 2010); black star (SDSS DR7
as analyzed by Padmanabhan et al. 2012); blue cross (BOSS
DR9); and blue circles (WiggleZ). The grey band shows the ap-
proximate ±1# range allowed by Planck (computed from the
CosmoMC chains).

which is almost independent of $m. To simplify the presenta-
tion, Fig. 15 shows estimates of rs/DV(z) and 1# errors, as
quoted by each of the experimental groups, divided by the ex-
pected relation for the Planck base !CDM parameters. Note
that the experimental groups use the approximate formulae of
Eisenstein & Hu (1998) to compute zdrag and rs(zdrag), though
they fit power spectra computed with Boltzmann codes, such
as camb, generated for a set of fiducial-model parameters. The
measurements have now become so precise that the small di"er-
ence between the Eisenstein & Hu (1998) approximations and
the accurate values of zdrag and rdrag = rs(zdrag) returned by camb
need to be taken into account. In CosmoMC we multiply the ac-
curate numerical value of rs(zdrag) by a constant factor of 1.0275
to match the Eisenstein-Hu approximation in the fiducial model.
This correction is su$ciently accurate over the range of $m and
$b allowed by the CMB in the base !CDM cosmology (see e.g.
Mehta et al. 2012) and also for the extended !CDM models dis-
cussed in Sect. 6.

The Padmanabhan et al. (2012) result plotted in Fig. 15 is
a reanalysis of the ze" = 0.35 SDSS DR7 sample discussed
by Percival et al. (2010). Padmanabhan et al. (2012) achieve a
higher precision than Percival et al. (2010) by employing a re-
construction technique (Eisenstein et al. 2007) to correct (par-
tially) the baryon oscillations for the smearing caused by galaxy
peculiar velocities. The Padmanabhan et al. (2012) results are
therefore strongly correlated with those of Percival et al. (2010).
We refer to the Padmanabhan et al. (2012) “reconstruction-
corrected” results as SDSS(R). A similar reconstruction tech-
nique was applied to the BOSS survey by Anderson et al. (2013)
to achieve 1.6% precision in DV(z = 0.57)/rs, the most precise
determination of the acoustic oscillation scale to date.

All of the BAO measurements are compatible with the base
!CDM parameters from Planck. The grey band in Fig. 15
shows the ±1# range in the acoustic-scale distance ratio com-
puted from the Planck+WP+highL CosmoMC chains for the base
!CDM model. To get a qualitative feel for how the BAO mea-
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menter bias) is discrepant at about 2.5! with the Planck value
in Eq. (51). We note here a number of other direct measurements
of H0 (Sandage et al. 2006; Oguri 2007; Jones et al. 2005) that
give lower values than the measurements summarized in Fig. 16.

The tension between the CMB-based estimates and the astro-
physical measurements of H0 is intriguing and merits further dis-
cussion. In the base !CDM model, the sound horizon depends
primarily on "mh2 (with a weaker dependence on "bh2). This is
illustrated by the left-hand panel of Fig. 17, which shows sam-
ples from the Planck+WP+highL MCMC chains in the r!–"mh2

plane colour coded according to"bh2. The acoustic scale param-
eter "! is tightly constrained by the CMB power spectrum, and so
a change in r! must be matched by a corresponding shift in the
angular diameter distance to the last scattering surface DA(z!).
In the base !CDM model, DA depends on H0 and "mh2, as
shown in the right-hand panel of Fig. 17. The 2.7 km s"1 Mpc"1

shift in H0 between Planck and WMAP-9 is primarily a con-
sequence of the slightly higher matter density determined by
Planck ("mh2 = 0.143 ± 0.003) compared to WMAP-9 ("mh2 =
0.136 ± 0.004). A shift of around 7 km s"1 Mpc"1, necessary to
match the astrophysical measurements of H0 would require an
even larger change in "mh2, which is disfavoured by the Planck
data. The tension between Planck and the direct measurements
of H0 cannot be easily resolved by varying the parameters of
the base !CDM model. Section 6 will explore whether there are
any extensions to the base !CDM model that can relieve this
tension. In that section, results labelled “H0” include a Gaussian
prior on H0 based on the Riess et al. (2011) measurement given
in Eq. (53).

5.4. Type Ia supernovae

In this subsection, we analyse two SNe Ia samples: the sample of
473 SNe as reprocessed by Conley et al. (2011), which we will
refer to as the “SNLS” compilation; and the updated Union2.1
compilation of 580 SNe described by Suzuki et al. (2012).

5.4.1. The SNLS compilation

The SNLS “combined” compilation consists of 123 SNe Ia
at low redshifts, 242 SNe Ia from the three-year Supernova
Legacy Survey (SNLS; see Regnault et al. 2009; Guy et al.
2010; Conley et al. 2011), 93 intermediate redshift SNe Ia from
the Sloan Digital Sky Survey (SDSS; Holtzman et al. 2008;
Kessler et al. 2009) and 14 objects at high redshift observed with
the Hubble Space Telescope (HST; Riess et al. 2007).

The “combined” sample of Conley et al. (2011) combines
the results of two light-curve fitting codes, SiFTO (Conley et al.
2008) and SALT2 (Guy et al. 2007), to produce a peak appar-
ent B-band magnitude, mB, stretch parameter s and colour C for
each supernova. To explore the impact of light-curve fitting, we
also analyse separately the SiFTO and SALT2 parameters. The
SiFTO and SALT2 samples di#er by a few SNe from the com-
bined sample because of colour and stretch constraints imposed
on the samples. We also use ancillary data, such as estimates of
the stellar masses of the host galaxies and associated covariance
matrices, as reported by Conley et al. (2011)21.

21https://tspace.library.utoronto.ca/handle/1807/
25390. We use the CosmoMC module downloadable from this site.

In this section, we focus exclusively on the base !CDM
model (i.e., w = "1 and "K = 0). For a flat Universe, the ex-
pected apparent magnitudes are then given by

m!CDM
B = 5log10D̂L(zhel, zCMB,"m) " #(s " 1) + $C +MB, (55)

where D̂L is the dimensionless luminosity distance22 and MB
absorbs the Hubble constant. As in Sullivan et al. (2011), we ex-
press values of the parameter(s)MB in terms of an e#ective ab-
solute magnitude

MB =MB " 5log10

!
c

H0

"
" 25, (56)

for a value of H0 = 70 km s"1 Mpc"1.
The likelihood for this sample is then constructed as in

Conley et al. (2011) and Sullivan et al. (2011):

%2
SNe = (MB " M!CDM

B )T C"1
SNe(MB " M!CDM

B ), (57)

where MB is the vector of e#ective absolute magnitudes and
CSNe is the sum of the non-sparse covariance matrices of
Conley et al. (2011) quantifying statistical and systematic er-
rors. As in Sullivan et al. (2011), we divide the sample accord-
ing to the estimated stellar mass of the host galaxy and solve for
two parameters, M1

B for Mhost < 1010M# and M2
B for Mhost $

1010M#. We adopt the estimates of the “intrinsic” scatter in mB
for each SNe sample given in Table 4 of Conley et al. (2011).

Fits to the SNLS combined sample are shown in the left-
hand panel of Fig. 18. The best-fit parameters for the combined,
SiFTO and SALT2 samples are given in Table 9. In the base
!CDM model, the SNe data provide a constraint on "m, inde-
pendent of the CMB. As can be seen from Table 9 (and also
in the analyses of Conley et al. 2011 and Sullivan et al. 2011),
the SNLS combined compilation favours a lower value of "m
than we find from the CMB. The key question, of course, is
whether the SNe data are statistically compatible with the Planck
data. The last three rows of Table 9 give the best-fit SNe param-
eters constraining "m to the Planck+WP+highL best-fit value
"m = 0.317. The grey bands in Fig. 18 show the magnitude
residuals expected for a ±2! variation in the value of "m al-
lowed by the CMB data. The CMB band lies systematically low
by about 0.1 magnitude over most of the redshift range shown in
Fig. 18a.

Table 9 also lists the %2 values for the "m = 0.317 fits23. The
likelihood ratio for the SiFTO fits is
LSNe

LSNe+CMB "m

= exp
!

1
2

(%2
SNe " %2

SNe+CMB "m
)
"
% 0.074. (58)

This is almost a 2! discrepancy. (The discrepancy would appear
to be much more significant if only the diagonal statistical errors
were included in the covariance matrix in Eq. 57). The likeli-
hood ratio for the combined sample is slightly larger (0.095) and
is larger still for the SALT2 sample (0.33). In summary, there
is some tension between the SNLS compilations and the base
!CDM value of "m derived from Planck. The degree of tension
depends on the light-curve fitter and is stronger for the SiFTO
and combined SNLS compilations.

22Note that the luminosity distance depends on both the heliocentric,
zhel, and CMB frame, zCMB, redshifts of the SNe. This distinction is
important for low-redshift objects.

23We caution the reader that, generally, the %2
SNe obtained from

Eq. (57) will di#er from that quoted in the online parameter tables in
cases where the SNLS data is importance sampled. For importance sam-
pling, we modified the SNLS likelihood to marginalize analytically over
the # and $ parameters.
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Fig. 18. Magnitude residuals relative to the base !CDM model that best fits the SNLS combined sample (left) and the Union2.1
sample (right). The error bars show the 1! (diagonal) errors on mB. The filled grey regions show the residuals between the expected
magnitudes and the best-fit to the SNe sample as "m varies across the ±2! range allowed by Planck+WP+highL in the base
!CDM cosmology. The colour coding of the SNLS samples are as follows: low redshift (blue points); SDSS (green points); SNLS
three-year sample (orange points); and HST high redshift (red points).

Table 9. Best-fit parameters for the SNLS compilations.

Data set NSNe M1
B M2

B " # "m $2

SNLS combined . . . . . . . . . . . . . . . . 472 !19.16 !19.21 1.425 3.256 0.227 407.8
SNLS SiFTO . . . . . . . . . . . . . . . . . . 468 !19.15 !19.20 1.352 3.375 0.223 414.9
SNLS SALT2 . . . . . . . . . . . . . . . . . 473 !19.15 !19.20 1.698 3.289 0.247 376.7
SNLS combined (CMB "m) . . . . . . . 472 !19.12 !19.18 1.417 3.244 0.317 412.5
SNLS SiFTO (CMB "m) . . . . . . . . . 468 !19.12 !19.18 1.339 3.351 0.317 420.1
SNLS SALT2 (CMB "m) . . . . . . . . . 473 !19.12 !19.18 1.691 3.302 0.317 378.9

5.4.2. The Union2.1 compilation

The Union2.1 compilation (Suzuki et al. 2012) is the latest ap-
plication of a scheme for combining multiple SNe data sets
described by Kowalski et al. (2008). The Union2.1 compilation
contains 19 data sets and includes early high-redshift SNe data
(e.g., Riess et al. 1998; Perlmutter et al. 1999) as well as recent
data from the HST Cluster Supernova Survey (Amanullah et al.
2010; Suzuki et al. 2012). The SNLS and Union2.1 compilations
contain 256 SNe in common and are therefore not independent.

The SALT2 model (Guy et al. 2007) is used to fit the light
curves returning a B-band magnitude at maximum light, a light-
curve shape parameter and a colour correction. As in Eq. (55),
the theoretically-predicted magnitudes include nuisance param-
eters " and # multiplying the shape and colour corrections, and
an additional nuisance parameter % describing the variation of
SNe luminosity with host galaxy mass (see Eq. 3 of Suzuki et al.
2012). The CosmoMC module associated with the Union2.1 sam-
ple24 holds the nuisance parameters fixed (" = 0.1218, # =
2.4657, and % = !0.03634) and computes a $2 via Eq. (57) us-
ing a fixed covariance matrix that includes a model for system-
atic errors. An analysis of the base !CDM model then requires
minimization with respect to only two parameters, "m andMB
(or equivalently, MB). It is a slight concern that the Union2.1
CosmoMCmodule does not allow the nuisance parameters to vary
along with the cosmological parameters. Conley et al. (2011)
show that fixing the SNLS " and # parameters introduces small
biases in cosmological parameters (see Fig. 11 of Conley et al.
2011). However, these biases are small enough that they are un-
likely to a#ect any of our conclusions in any significant way.

24http://supernova.lbl.gov/Union.

Maximizing the Union2.1 likelihood, we find best-fit param-
eters of "m = 0.296 and MB = !19.272 (defined as in Eq. 56 for
a value of H0 = 70 km s!1 Mpc!1) and $2

Union2.1 = 545.11 (580
SNe). The magnitude residuals with respect to this fit are shown
in the right-hand panel of Fig. 18. Notice that the scatter in this
plot is significantly larger than the scatter of the SNLS compi-
lation (left-hand panel) reflecting the more diverse range of data
and the lower precision of some of the earlier SNe data used in
the Union2.1 compilation. Nevertheless, the Union2.1 best-fit is
close to (and clearly compatible with) the Planck base !CDM
value of "m.

5.4.3. SNe: Summary

The results of this subsection are summarized in Fig. 19. This
shows the posterior distributions for "m in the base !CDM cos-
mology, marginalized over nuisance parameters, for each of the
SNe samples. These distributions are broad (with the Union2.1
distribution somewhat broader than the SNLS distributions) and
show substantial overlap. There is no obvious inconsistency be-
tween the SNe samples. The posterior distribution for "m in the
base !CDM model fit to Planck+WP+highL is shown by the
narrow green curve. This is consistent with the Union2.1 and
SNLS SALT2 results, but is in some tension with the distribu-
tions from the SNLS combined and SNLS SiFTO samples. As
we will see in Sect. 6, Planck combined with Planck lensing and
BAO measurements overwhelm SNe data for most of the exten-
sions of the!CDM model considered in this paper. However, the
results presented here suggest that there could be residual sys-
tematic errors in the SNe data that are not properly accounted
for in the covariance matrices. Hints of new physics based on
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Fig. 18. Magnitude residuals relative to the base !CDM model that best fits the SNLS combined sample (left) and the Union2.1
sample (right). The error bars show the 1! (diagonal) errors on mB. The filled grey regions show the residuals between the expected
magnitudes and the best-fit to the SNe sample as "m varies across the ±2! range allowed by Planck+WP+highL in the base
!CDM cosmology. The colour coding of the SNLS samples are as follows: low redshift (blue points); SDSS (green points); SNLS
three-year sample (orange points); and HST high redshift (red points).
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plication of a scheme for combining multiple SNe data sets
described by Kowalski et al. (2008). The Union2.1 compilation
contains 19 data sets and includes early high-redshift SNe data
(e.g., Riess et al. 1998; Perlmutter et al. 1999) as well as recent
data from the HST Cluster Supernova Survey (Amanullah et al.
2010; Suzuki et al. 2012). The SNLS and Union2.1 compilations
contain 256 SNe in common and are therefore not independent.

The SALT2 model (Guy et al. 2007) is used to fit the light
curves returning a B-band magnitude at maximum light, a light-
curve shape parameter and a colour correction. As in Eq. (55),
the theoretically-predicted magnitudes include nuisance param-
eters " and # multiplying the shape and colour corrections, and
an additional nuisance parameter % describing the variation of
SNe luminosity with host galaxy mass (see Eq. 3 of Suzuki et al.
2012). The CosmoMC module associated with the Union2.1 sam-
ple24 holds the nuisance parameters fixed (" = 0.1218, # =
2.4657, and % = !0.03634) and computes a $2 via Eq. (57) us-
ing a fixed covariance matrix that includes a model for system-
atic errors. An analysis of the base !CDM model then requires
minimization with respect to only two parameters, "m andMB
(or equivalently, MB). It is a slight concern that the Union2.1
CosmoMCmodule does not allow the nuisance parameters to vary
along with the cosmological parameters. Conley et al. (2011)
show that fixing the SNLS " and # parameters introduces small
biases in cosmological parameters (see Fig. 11 of Conley et al.
2011). However, these biases are small enough that they are un-
likely to a#ect any of our conclusions in any significant way.
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Maximizing the Union2.1 likelihood, we find best-fit param-
eters of "m = 0.296 and MB = !19.272 (defined as in Eq. 56 for
a value of H0 = 70 km s!1 Mpc!1) and $2

Union2.1 = 545.11 (580
SNe). The magnitude residuals with respect to this fit are shown
in the right-hand panel of Fig. 18. Notice that the scatter in this
plot is significantly larger than the scatter of the SNLS compi-
lation (left-hand panel) reflecting the more diverse range of data
and the lower precision of some of the earlier SNe data used in
the Union2.1 compilation. Nevertheless, the Union2.1 best-fit is
close to (and clearly compatible with) the Planck base !CDM
value of "m.

5.4.3. SNe: Summary

The results of this subsection are summarized in Fig. 19. This
shows the posterior distributions for "m in the base !CDM cos-
mology, marginalized over nuisance parameters, for each of the
SNe samples. These distributions are broad (with the Union2.1
distribution somewhat broader than the SNLS distributions) and
show substantial overlap. There is no obvious inconsistency be-
tween the SNe samples. The posterior distribution for "m in the
base !CDM model fit to Planck+WP+highL is shown by the
narrow green curve. This is consistent with the Union2.1 and
SNLS SALT2 results, but is in some tension with the distribu-
tions from the SNLS combined and SNLS SiFTO samples. As
we will see in Sect. 6, Planck combined with Planck lensing and
BAO measurements overwhelm SNe data for most of the exten-
sions of the!CDM model considered in this paper. However, the
results presented here suggest that there could be residual sys-
tematic errors in the SNe data that are not properly accounted
for in the covariance matrices. Hints of new physics based on
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Planck Planck+lensing Planck+WP

Parameter Best fit 68% limits Best fit 68% limits Best fit 68% limits

!bh2 . . . . . . . . . . 0.022068 0.02207 ± 0.00033 0.022242 0.02217 ± 0.00033 0.022032 0.02205 ± 0.00028

!ch2 . . . . . . . . . . 0.12029 0.1196 ± 0.0031 0.11805 0.1186 ± 0.0031 0.12038 0.1199 ± 0.0027

100!MC . . . . . . . . 1.04122 1.04132 ± 0.00068 1.04150 1.04141 ± 0.00067 1.04119 1.04131 ± 0.00063

" . . . . . . . . . . . . 0.0925 0.097 ± 0.038 0.0949 0.089 ± 0.032 0.0925 0.089+0.012
!0.014

ns . . . . . . . . . . . 0.9624 0.9616 ± 0.0094 0.9675 0.9635 ± 0.0094 0.9619 0.9603 ± 0.0073

ln(1010As) . . . . . . . 3.098 3.103 ± 0.072 3.098 3.085 ± 0.057 3.0980 3.089+0.024
!0.027

!" . . . . . . . . . . . 0.6825 0.686 ± 0.020 0.6964 0.693 ± 0.019 0.6817 0.685+0.018
!0.016

!m . . . . . . . . . . . 0.3175 0.314 ± 0.020 0.3036 0.307 ± 0.019 0.3183 0.315+0.016
!0.018

#8 . . . . . . . . . . . 0.8344 0.834 ± 0.027 0.8285 0.823 ± 0.018 0.8347 0.829 ± 0.012

zre . . . . . . . . . . . 11.35 11.4+4.0
!2.8 11.45 10.8+3.1

!2.5 11.37 11.1 ± 1.1

H0 . . . . . . . . . . . 67.11 67.4 ± 1.4 68.14 67.9 ± 1.5 67.04 67.3 ± 1.2

109As . . . . . . . . . 2.215 2.23 ± 0.16 2.215 2.19+0.12
!0.14 2.215 2.196+0.051

!0.060

!mh2 . . . . . . . . . 0.14300 0.1423 ± 0.0029 0.14094 0.1414 ± 0.0029 0.14305 0.1426 ± 0.0025

!mh3 . . . . . . . . . 0.09597 0.09590 ± 0.00059 0.09603 0.09593 ± 0.00058 0.09591 0.09589 ± 0.00057

YP . . . . . . . . . . . 0.247710 0.24771 ± 0.00014 0.247785 0.24775 ± 0.00014 0.247695 0.24770 ± 0.00012

Age/Gyr . . . . . . . 13.819 13.813 ± 0.058 13.784 13.796 ± 0.058 13.8242 13.817 ± 0.048

z" . . . . . . . . . . . 1090.43 1090.37 ± 0.65 1090.01 1090.16 ± 0.65 1090.48 1090.43 ± 0.54

r" . . . . . . . . . . . 144.58 144.75 ± 0.66 145.02 144.96 ± 0.66 144.58 144.71 ± 0.60

100!" . . . . . . . . . 1.04139 1.04148 ± 0.00066 1.04164 1.04156 ± 0.00066 1.04136 1.04147 ± 0.00062

zdrag . . . . . . . . . . 1059.32 1059.29 ± 0.65 1059.59 1059.43 ± 0.64 1059.25 1059.25 ± 0.58

rdrag . . . . . . . . . . 147.34 147.53 ± 0.64 147.74 147.70 ± 0.63 147.36 147.49 ± 0.59

kD . . . . . . . . . . . 0.14026 0.14007 ± 0.00064 0.13998 0.13996 ± 0.00062 0.14022 0.14009 ± 0.00063

100!D . . . . . . . . . 0.161332 0.16137 ± 0.00037 0.161196 0.16129 ± 0.00036 0.161375 0.16140 ± 0.00034

zeq . . . . . . . . . . . 3402 3386 ± 69 3352 3362 ± 69 3403 3391 ± 60

100!eq . . . . . . . . . 0.8128 0.816 ± 0.013 0.8224 0.821 ± 0.013 0.8125 0.815 ± 0.011

rdrag/DV(0.57) . . . . 0.07130 0.0716 ± 0.0011 0.07207 0.0719 ± 0.0011 0.07126 0.07147 ± 0.00091

Table 2. Cosmological parameter values for the six-parameter base "CDM model. Columns 2 and 3 give results for the Planck
temperature power spectrum data alone. Columns 4 and 5 combine the Planck temperature data with Planck lensing, and columns
6 and 7 include WMAP polarization at low multipoles. We give best fit parameters as well as 68% confidence limits for constrained
parameters. The first six parameters have flat priors. The remainder are derived parameters as discussed in Sect. 2. Beam, calibration
parameters, and foreground parameters (see Sect. 4) are not listed for brevity. Constraints on foreground parameters for Planck+WP
are given later in Table 5.

3.2. Hubble parameter and dark energy density

The Hubble constant, H0, and matter density parameter, !m,
are only tightly constrained in the combination !mh3 discussed
above, but the extent of the degeneracy is limited by the e#ect
of !mh2 on the relative heights of the acoustic peaks. The pro-
jection of the constraint ellipse shown in Fig. 3 onto the axes
therefore yields useful marginalized constraints on H0 and !m
(or equivalently !") separately. We find the 2% constraint on
H0:

H0 = (67.4 ± 1.4) km s!1 Mpc!1 (68%; Planck). (13)

The corresponding constraint on the dark energy density param-
eter is

!" = 0.686 ± 0.020 (68%; Planck), (14)

and for the physical matter density we find

!mh2 = 0.1423 ± 0.0029 (68%; Planck). (15)

Note that these indirect constraints are highly model depen-
dent. The data only measure accurately the acoustic scale, and

the relation to underlying expansion parameters (e.g., via the
angular-diameter distance) depends on the assumed cosmology,
including the shape of the primordial fluctuation spectrum. Even
small changes in model assumptions can change H0 noticeably;
for example, if we neglect the 0.06 eV neutrino mass expected
in the minimal hierarchy, and instead take

!
m$ = 0, the Hubble

parameter constraint shifts to

H0 = (68.0 ± 1.4) km s!1 Mpc!1 (68%; Planck,
!

m$ = 0). (16)

3.3. Matter densities

Planck can measure the matter densities in baryons and dark
matter from the relative heights of the acoustic peaks. However,
as discussed above, there is a partial degeneracy with the spec-
tral index and other parameters that limits the precision of the
determination. With Planck there are now enough well measured
peaks that the extent of the degeneracy is limited, giving!bh2 to
an accuracy of 1.5% without any additional data:

!bh2 = 0.02207 ± 0.00033 (68%; Planck). (17)
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Table 8. Approximate constraints with 68% errors on !m and
H0 (in units of km s!1 Mpc!1) from BAO, with !m and !b fixed
to the best-fit Planck+WP+highL values for the base "CDM
cosmology.

Sample !m H0

6dF . . . . . . . . . . . . . . . . . . . . . . . . . 0.305+0.032
!0.026 68.3+3.2

!3.2
SDSS . . . . . . . . . . . . . . . . . . . . . . . 0.295+0.019

!0.017 69.5+2.2
!2.1

SDSS(R) . . . . . . . . . . . . . . . . . . . . . 0.293+0.015
!0.013 69.6+1.7

!1.5
WiggleZ . . . . . . . . . . . . . . . . . . . . . 0.309+0.041

!0.035 67.8+4.1
!2.8

BOSS . . . . . . . . . . . . . . . . . . . . . . . 0.315+0.015
!0.015 67.2+1.6

!1.5
6dF+SDSS+BOSS+WiggleZ . . . . . . 0.307+0.010

!0.011 68.1+1.1
!1.1

6dF+SDSS(R)+BOSS . . . . . . . . . . . 0.305+0.009
!0.010 68.4+1.0

!1.0
6dF+SDSS(R)+BOSS+WiggleZ . . . . 0.305+0.009

!0.008 68.4+1.0
!1.0

surements constrain parameters in the base "CDM model, we
form "2,

"2
BAO = (x ! x"CDM)T C!1

BAO(x ! x"CDM), (50)

where x is the data vector, x"CDM denotes the theoretical pre-
diction for the "CDM model and C!1

BAO is the inverse covari-
ance matrix for the data vector x. The data vector is as fol-
lows: DV(0.106) = (457 ± 27) Mpc (6dF); rs/DV(0.20) =
0.1905 ± 0.0061, rs/DV(0.35) = 0.1097 ± 0.0036 (SDSS);
A(0.44) = 0.474 ± 0.034, A(0.60) = 0.442 ± 0.020, A(0.73) =
0.424±0.021 (WiggleZ); DV(0.35)/rs = 8.88±0.17 (SDSS(R));
and DV(0.57)/rs = 13.67±0.22, (BOSS). The o#-diagonal com-
ponents of C!1

BAO for the SDSS and WiggleZ results are given
in Percival et al. (2010) and Blake et al. (2011). We ignore any
covariances between surveys. Since the SDSS and SDSS(R) re-
sults are based on the same survey, we include either one set of
results or the other in the analysis described below, but not both
together.

The Eisenstein-Hu values of rs for the Planck and WMAP-9
base "CDM parameters di#er by only 0.9%, significantly
smaller than the errors in the BAO measurements. We can obtain
an approximate idea of the complementary information provided
by BAO measurements by minimizing Eq. (50) with respect to
either !m or H0, fixing !m and !b to the CMB best-fit parame-
ters. (We use the Planck+WP+highL parameters from Table 5.)
The results are listed in Table 819.

As can be seen, the results are very stable from survey to
survey and are in excellent agreement with the base "CDM
parameters listed in Tables 2 and 5. The values of "2

BAO are
also reasonable. For example, for the six data points of the
6dF+SDSS(R)+BOSS+WiggleZ combination, we find "2

BAO =
4.3, evaluated for the Planck+WP+highL best-fit"CDM param-
eters.

The high value of !m is consistent with the parameter anal-
ysis described by Blake et al. (2011) and with the “tension” dis-
cussed by Anderson et al. (2013) between BAO distance mea-
surements and direct determinations of H0 (Riess et al. 2011;
Freedman et al. 2012). Furthermore, if the errors on the BAO
measurements are accurate, the constraints on !m and H0 (for
fixed !m and !b) are of comparable accuracy to those from
Planck.

19As an indication of the accuracy of Table 8, the full likelihood
results for the Planck+WP+6dF+SDSS(R)+BOSS BAO data sets give
!m = 0.308 ± 0.010 and H0 = 67.8 ± 0.8 km s!1 Mpc!1, for the base
"CDM model.

Fig. 16. Comparison of H0 measurements, with estimates of
±1# errors, from a number of techniques (see text for details).
These are compared with the spatially-flat "CDM model con-
straints from Planck and WMAP-9.

The results of this section show that BAO measurements are
an extremely valuable complementary data set to Planck. The
measurements are basically geometrical and free from complex
systematic e#ects that plague many other types of astrophysical
measurements. The results are consistent from survey to survey
and are of comparable precision to Planck. In addition, BAO
measurements can be used to break parameter degeneracies that
limit analyses based purely on CMB data. For example, from
the excellent agreement with the base "CDM model evident in
Fig. 15, we can infer that the combination of Planck and BAO
measurements will lead to tight constraints favouring !K = 0
(Sect. 6.2) and a dark energy equation-of-state parameter, w =
!1 (Sect. 6.5).

Finally, we note that we choose to use the
6dF+SDSS(R)+BOSS data combination in the likelihood
analysis of Sect. 6. This choice includes the two most accu-
rate BAO measurements and, since the e#ective redshifts of
these samples are widely separated, it should be a very good
approximation to neglect correlations between the surveys.

5.3. The Hubble constant

A striking result from the fits of the base"CDM model to Planck
power spectra is the low value of the Hubble constant, which is
tightly constrained by CMB data alone in this model. From the
Planck+WP+highL analysis we find

H0 = (67.3±1.2) km s!1 Mpc!1 (68%; Planck+WP+highL).(51)

A low value of H0 has been found in other CMB experi-
ments, most notably from the recent WMAP-9 analysis. Fitting
the base "CDM model, Hinshaw et al. (2012) find

H0 = (70.0 ± 2.2) km s!1 Mpc!1 (68%; WMAP-9), (52)

consistent with Eq. (51) to within 1#. We emphasize here that
the CMB estimates are highly model dependent. It is important
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Fig. 36. 2D marginalized posterior distributions for w0 and
wa, for the data combinations Planck+WP+BAO (grey),
Planck+WP+Union2.1 (red) and Planck+WP+SNLS (blue).
The contours are 68% and 95%, and dashed grey lines show the
cosmological constant solution.

energy abundance (for a flat Universe). Note that the model of
Eq. (95) has dark energy present over a large range of redshifts;
the bounds on !e can be substantially weaker if dark energy is
only present over a limited range of redshifts (Pettorino et al.
2013). The presence or absence of dark energy at the epoch of
last scattering is the dominant e"ect on the CMB anisotropies
and hence the constraints are insensitive to the addition of low
redshift supplementary data such as BAO.

The most precise bounds on EDE arise from the analysis
of CMB anisotropies (Doran et al. 2001; Caldwell et al. 2003;
Calabrese et al. 2011; Reichardt et al. 2012; Sievers et al.
2013; Hou et al. 2012; Pettorino et al. 2013). Using
Planck+WP+highL, we find

!e < 0.009 (95%; Planck+WP+highL). (96)

(The limit for Planck+WP is very similar: !e < 0.010.) These
bounds are consistent with and improve the recent ones of
Hou et al. (2012), who give !e < 0.013 at 95% CL, and
Sievers et al. (2013), who find !e < 0.025 at 95% CL.

In summary, the results on dynamical dark energy (except for
those on early dark energy discussed above) are dependent on
exactly what supplementary data are used in conjunction with
the CMB data. (Planck lensing does not significantly improve
the constraints on the models discussed here.) Using the direct
measurement of H0, or the SNLS SNe sample, together with
Planck we see preferences for dynamical dark energy at about
the 2! level reflecting the tensions between these data sets and
Planck in the#CDM model. In contrast, the BAO measurements
together with Planck give tight constraints which are consistent
with a cosmological constant. Our inclination is to give greater
weight to the BAO measurements and to conclude that there is
no strong evidence that the dark energy is anything other than a
cosmological constant.

6.6. Dark matter annihilation

Energy injection from dark matter (DM) annihilation can
change the recombination history and a"ect the shape of
the angular CMB spectra (Chen & Kamionkowski 2004;

Padmanabhan & Finkbeiner 2005; Zhang et al. 2006;
Mapelli et al. 2006). As recently shown in several papers
(see e.g., Galli et al. 2009, 2011; Giesen et al. 2012; Hutsi et al.
2011; Natarajan 2012) CMB anisotropies o"er an opportunity
to constrain DM annihilation models.

High-energy particles injected in the high-redshift thermal
gas by DM annihilation are typically cooled down to the keV
scale by high energy processes; once the shower has reached
this energy scale, the secondary particles produced can ion-
ize, excite or heat the thermal gas (Shull & van Steenberg 1985;
Valdes et al. 2010); the first two processes modify the evolution
of the free electron fraction xe, while the third a"ects the tem-
perature of the baryons.

The rate of energy release, dE/dt, per unit volume by a relic
annihilating DM particle is given by

dE
dt

(z) = 2 g "2
cc2!2

c(1 + z)6 pann(z), (97)

where pann is, in principle, a function of redshift z, defined as

pann(z) ! f (z)
"!v#
m#
, (98)

where "!v# is the thermally averaged annihilation cross-section,
m# is the mass of the DM particle, "c is the critical density of
the Universe today, g is a degeneracy factor equal to 1/2 for
Majorana particles and 1/4 for Dirac particles (in the following,
constraints will refer to Majorana particles), and the parameter
f (z) indicates the fraction of energy which is absorbed overall
by the gas at redshift z. We note that the presence of the brackets
in "!v# denote a thermal average over the velocity distribution
of particles.

In Eq. (98), the factor f (z) depends on the details of the
annihilation process, such as the mass of the DM particle and
the annihilation channel (see e.g., Slatyer et al. 2009). The func-
tional shape of f (z) can be taken into account using gen-
eralized parameterizations (Finkbeiner et al. 2012; Hutsi et al.
2011). However, as shown in Galli et al. (2011), Giesen et al.
(2012), and Finkbeiner et al. (2012) it is possible to neglect the
redshift dependence of f (z) to first approximation, since current
data shows very little sensitivity to variations of this function.
The e"ects of DM annihilation can therefore be well parameter-
ized by a single constant parameter, pann, that encodes the de-
pendence on the properties of the DM particles.

We compute here the theoretical angular power in the pres-
ence of DM annihilations, by modifying the RECFAST routine
in the camb code as in Galli et al. (2011) and by making use
of the package CosmoMC for Monte Carlo parameter estimation.
We checked that we obtain the same results by using the CLASS
Boltzmann code (Lesgourgues 2011a) and the Monte Python
package (Audren et al. 2012), with DM annihilation e"ects cal-
culated either by RECFAST or HyRec (Ali-Haimoud & Hirata
2011), as detailed in Giesen et al. (2012). Besides pann, we sam-
ple the parameters of the base #CDM model and the fore-
ground/nuisance parameters described in Sect. 4.

From Planck+WP we find

pann < 5.4 $ 10%6 m3 s%1 kg%1 (95; Planck+WP). (99)

This constraint is weaker than that found from the full
WMAP9 temperature and polarization likelihood, pann < 1.2 $
10%6 m3s%1kg%1 because the Planck likelihood does not yet in-
clude polarization information at intermediate and high multi-
poles. In fact, the damping e"ect of DM annihilation on the
CMB temperature power spectrum is highly degenerate with
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Fig. 19. Posterior distributions for !m (assuming a flat cosmol-
ogy) for the SNe compilations described in the text. The poste-
rior distribution for !m from the Planck+WP+highL fits to the
base "CDM model is shown by the solid green line.

combining CMB and SNe data should therefore be treated with
caution.

5.5. Additional data

In this subsection we review a number of other astrophysical data
sets that have sometimes been combined with CMB data. These
data sets are not used with Planck in this paper, either because
they are statistically less powerful than the data reviewed in pre-
vious subsections and/or they involve complex physics (such as
the intra-cluster gas in rich clusters of galaxies) which is not yet
well understood.

5.5.1. Shape information on the galaxy/matter power
spectrum

Reid et al. (2010) present an estimate of the dark matter
halo power spectrum, Phalo(k), derived from 110,756 lumi-
nous red galaxies (LRGs) from the SDSS 7th data release
(Abazajian et al. 2009). The sample extends to redshifts z ! 0.5,
and is processed to identify LRGs occupying the same dark
matter halo, reducing the impact of redshift-space distortions
and recovering an approximation to the halo density field. The
power spectrum Phalo(k) is reported in 45 bands, covering the
wavenumber range 0.02 h Mpc"1 < k < 0.2 h Mpc"1. The win-
dow functions, covariance matrix and CosmoMC likelihood mod-
ule are available on the NASA LAMBDA web site25.

The halo power spectrum is plotted in Fig. 20. The blue line
shows the predicted halo power spectrum from our best-fit base
"CDM parameters convolved with the Reid et al. (2010) win-
dow functions. Here we show the predicted halo power spec-
trum for the best-fit values of the “nuisance” parameters b0
(halo bias), a1, and a2 (defined in equation 15 of Reid et al.
2010) which relate the halo power spectrum to the dark mat-
ter power spectrum (computed using camb). The Planck model
gives !2

LRG = 46.9 for 42 degrees of freedom and is an ac-
ceptable, though marginally worse, fit than the best-fit model

25http://lambda.gsfc.nasa.gov/toolbox/lrgdr.

Fig. 20. Band-power estimates of the halo power spectrum,
Phalo(k), from Reid et al. (2010) together with 1" errors. (Note
that these data points are strongly correlated.) The line shows
the predicted spectrum for the best-fit Planck+WP+highL base
"CDM parameters.

of Reid et al. (2010), which has !2
LRG = 40.0. Interestingly, the

main di#erences between the two models are at wavenumbers
k ># 0.1 h Mpc"1, where the nonlinear corrections to the matter
power spectrum become important.

Figure 20 shows that the Planck parameters provide a good
match to the shape of the halo power spectrum. However, we do
not use these data (in this form) in conjunction with Planck. The
BAO scale derived from these and other data is used with Planck,
as summarized in Sect. 5.2. As discussed by Reid et al. (2010,
see their figure 5) there is very little additional information on
cosmology once the BAO features are filtered from the spec-
trum, and hence little to be gained by adding this information to
Planck. The corrections for nonlinear evolution, though small in
the wavenumber range 0.1–0.2 h Mpc"1, add to the complexity
of using shape information from the halo power spectrum.

5.5.2. Cosmic shear

Another key cosmological observable is the distortion of distant
galaxy images by the gravitational lensing of large-scale struc-
ture, often called cosmic shear. The shear probes the (nonlinear)
matter density projected along the line of sight with a broad ker-
nel. It is thus sensitive to the geometry of the Universe and the
growth of large-scale structure, with a strong sensitivity to the
amplitude of the matter power spectrum.

The most recent, and largest, cosmic shear data sets are
provided by the CFHTLenS survey (Heymans et al. 2012;
Erben et al. 2012), which covers26 154 deg2 in five optical
bands with accurate shear measurements and photometric
redshifts. The CFHTLenS team has released several cosmic
shear results which are relevant to this paper. Benjamin et al.
(2012) present results from a two-bin tomographic analysis,
Heymans et al. (2013) from a finely binned tomographic anal-
ysis, and Kitching et al. (2013) from a 3D analysis.

Heymans et al. (2013) estimate shear correlation func-
tions associated with six redshift bins. Assuming a flat,
"CDM model, from the weak lensing data alone they find
"8 (!m/0.27)0.46±0.02 = 0.774 ± 0.04 (68% errors) which is con-

26Approximately 61% of the survey is fit for cosmic shear science.
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Fig. 19. Posterior distributions for !m (assuming a flat cosmol-
ogy) for the SNe compilations described in the text. The poste-
rior distribution for !m from the Planck+WP+highL fits to the
base "CDM model is shown by the solid green line.

combining CMB and SNe data should therefore be treated with
caution.

5.5. Additional data

In this subsection we review a number of other astrophysical data
sets that have sometimes been combined with CMB data. These
data sets are not used with Planck in this paper, either because
they are statistically less powerful than the data reviewed in pre-
vious subsections and/or they involve complex physics (such as
the intra-cluster gas in rich clusters of galaxies) which is not yet
well understood.

5.5.1. Shape information on the galaxy/matter power
spectrum

Reid et al. (2010) present an estimate of the dark matter
halo power spectrum, Phalo(k), derived from 110,756 lumi-
nous red galaxies (LRGs) from the SDSS 7th data release
(Abazajian et al. 2009). The sample extends to redshifts z ! 0.5,
and is processed to identify LRGs occupying the same dark
matter halo, reducing the impact of redshift-space distortions
and recovering an approximation to the halo density field. The
power spectrum Phalo(k) is reported in 45 bands, covering the
wavenumber range 0.02 h Mpc"1 < k < 0.2 h Mpc"1. The win-
dow functions, covariance matrix and CosmoMC likelihood mod-
ule are available on the NASA LAMBDA web site25.

The halo power spectrum is plotted in Fig. 20. The blue line
shows the predicted halo power spectrum from our best-fit base
"CDM parameters convolved with the Reid et al. (2010) win-
dow functions. Here we show the predicted halo power spec-
trum for the best-fit values of the “nuisance” parameters b0
(halo bias), a1, and a2 (defined in equation 15 of Reid et al.
2010) which relate the halo power spectrum to the dark mat-
ter power spectrum (computed using camb). The Planck model
gives !2

LRG = 46.9 for 42 degrees of freedom and is an ac-
ceptable, though marginally worse, fit than the best-fit model

25http://lambda.gsfc.nasa.gov/toolbox/lrgdr.

Fig. 20. Band-power estimates of the halo power spectrum,
Phalo(k), from Reid et al. (2010) together with 1" errors. (Note
that these data points are strongly correlated.) The line shows
the predicted spectrum for the best-fit Planck+WP+highL base
"CDM parameters.

of Reid et al. (2010), which has !2
LRG = 40.0. Interestingly, the

main di#erences between the two models are at wavenumbers
k ># 0.1 h Mpc"1, where the nonlinear corrections to the matter
power spectrum become important.

Figure 20 shows that the Planck parameters provide a good
match to the shape of the halo power spectrum. However, we do
not use these data (in this form) in conjunction with Planck. The
BAO scale derived from these and other data is used with Planck,
as summarized in Sect. 5.2. As discussed by Reid et al. (2010,
see their figure 5) there is very little additional information on
cosmology once the BAO features are filtered from the spec-
trum, and hence little to be gained by adding this information to
Planck. The corrections for nonlinear evolution, though small in
the wavenumber range 0.1–0.2 h Mpc"1, add to the complexity
of using shape information from the halo power spectrum.

5.5.2. Cosmic shear

Another key cosmological observable is the distortion of distant
galaxy images by the gravitational lensing of large-scale struc-
ture, often called cosmic shear. The shear probes the (nonlinear)
matter density projected along the line of sight with a broad ker-
nel. It is thus sensitive to the geometry of the Universe and the
growth of large-scale structure, with a strong sensitivity to the
amplitude of the matter power spectrum.

The most recent, and largest, cosmic shear data sets are
provided by the CFHTLenS survey (Heymans et al. 2012;
Erben et al. 2012), which covers26 154 deg2 in five optical
bands with accurate shear measurements and photometric
redshifts. The CFHTLenS team has released several cosmic
shear results which are relevant to this paper. Benjamin et al.
(2012) present results from a two-bin tomographic analysis,
Heymans et al. (2013) from a finely binned tomographic anal-
ysis, and Kitching et al. (2013) from a 3D analysis.

Heymans et al. (2013) estimate shear correlation func-
tions associated with six redshift bins. Assuming a flat,
"CDM model, from the weak lensing data alone they find
"8 (!m/0.27)0.46±0.02 = 0.774 ± 0.04 (68% errors) which is con-

26Approximately 61% of the survey is fit for cosmic shear science.
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Fig. 21. 68% and 95% confidence regions on one-parameter extensions of the base !CDM model for Planck+WP (red) and
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show the mean posterior value in the base model for Planck+WP.
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Summary and conclusion

• Part I: Planck mission

• Part II: Theoretical approach for determining 
cosmological parameters

• CMB’s observable quantities

• Part III: Data modeling and Likelihood analysis

• Part IV: Planck 2013 results  

Thursday, May 2, 2013



Thank you

Thursday, May 2, 2013


