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Introduction

There are three maximal Poincaré supersymmetry algebras in six
dimensions (Strathdee 1987) :

the (2,2)-, the (3,1)-, and the (4,0)-algebras,

which have all 32 supersymmetries and reduce to the N = 8
Poincaré supersymmetry algebra in 4 dimensions.

The (2,2)-algebra is the most familiar one because it is the one
that occurs in the dimensional reduction of eleven-dimensional
supergravity to six dimensions.

The R-symmetry is usp(4)⊕usp(4).

The supersymmetry charges transform as

Q 1
2
∼ (2,1;4,1)⊕ (1,2;1,4)

(where the little group (algebra) is su(2)⊕ su(2)).
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Introduction

The graviton supermultiplet is given in the bosonic sector by the
representations

(3,3;1,1)⊕ (1,3;5,1)⊕ (3,1;1,5)⊕ (1,1;5,5)⊕ (2,2;4,4)

(symmetric tensor, non-chiral two-forms, scalars, vectors - 128
physical degrees of freedom).

The (4,0)- and (3,1)-superalgebras are chiral.

We shall consider here only the (4,0)-superalgebra, which has
been argued by Hull (2000) to be related to the strong limit of
maximal supergravity in five dimensions.

The R-symmetry is in this case usp(8).
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The (4,0)-theory is extremely intriguing and interesting.

The (bosonic) field content involves “strange beasts" and is given
by

(5,1;1)⊕ (3,1;27)⊕ (1,1;42)

(chiral tensor of mixed Young symmetry , chiral two-forms,

scalars - 128 physical degrees of freedom).

The theory is expected to have E6,6-symmetry (like maximal
supergravity in 5 dimensions), the chiral 2-forms being in the 27
and the scalars parametrizing the coset E6,6/USp(8), which has
dimension 78−36 = 42.

However, only the equations of motion of that theory are known,
and only in the free case. Furthermore, there is no known
Lagrangian, even in the absence of interactions.
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The purpose of this talk is to :

Explain further this theory ;
Review the work on chiral 2-forms ;

Explain why a chiral tensor of mixed -symmetry contains

gravity ;
and explain the construction of an explicit Lagrangian
(Work in collaboration with Victor Lekeu and Amaury Leonard).
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Chiral 2-form in 6 dimensions - A quick review

A chiral 2-form in 6 dimensions is described covariantly by a
two-form Aµν, the field strength F = dA of which is self-dual,
F =∗F .

These equations imply the “Maxwell equations" d∗F = 0.

They can be derived from a (first-order) quadratic
Lagrangian,which has the unusual feature of not being
manifestly covariant (MH -Teitelboim 1988).

The action reads
∫

dx0d5x (BijȦij −BijBij)

where Bij = (1/6)εijmnpFmnp is the magnetic field.

(Quite generally, there seems to be a clash between manifest
covariance and manifest duality.)

We will see that the equations of motion for a chiral (2,2)-tensor
can also be derived from a similar variational principle.

There are, however, subtleties with respect to the 2-form case.
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Chiral 2-form in 6 dimensions - Reduction to 5
dimensions

A general 2-form in six dimensions reduces to a 2-form and a
vector in 5 dimensions.

→ ⊕ .

In 5 dimensions, a 2-form is dual to a vector.

This gives thus two vectors.

However, the chirality condition in 6 dimensions

implies that the two vectors obtained in 5 dimensions are equal.

Thus, a chiral 2-form in six dimensions gives a single vector in 5
dimensions.
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Non-chiral (2,2) gauge field

The gauge symmetries for a -field (“(2,2)-field") are

δTα1α2β1β2 =P(2,2)
(
∂α1ηβ1β2α2

)
where ηβ1β2α2 is an arbitrary

(2,1)-tensor. Here, P(2,2) is the projector on the (2,2) symmetry.

The gauge invariant curvature, or “Riemann tensor", is a tensor
of type (2,2,2), R ∼ containing second derivatives of the gauge

field T .

The equations of motion for a general (2,2)-tensor express that
the corresponding (2,2) “Ricci tensor", i.e., the trace
Rα1α2β1β2 ≡ Rα1α2α3β1β2β3η

α3β3 of the Riemann tensor, vanishes,

Rα1α2β1β2 = 0.
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Self-duality conditions in six dimensions

In 6 spacetime dimensions, the dual ∗R of the Riemann tensor
on, say, the first three indices,

∗Rα1α2α3β1β2β3 =
1

3!
εα1α2α3λ1λ2λ3 Rλ1λ2λ3

β1β2β3

has the same number of indices as R.

It is traceless because of the cyclic identity, i.e.,

∗Rα1α2β1β2 = 0.
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Self-duality conditions in six dimensions

This implies that a (2,2)-tensor field T with a self-dual or
anti-self-dual Riemann tensor,

R = ∗R

(self-duality) or
R =−∗R

(anti-self-duality)
is automatically a solution of the equations of motion.
It also follows that ∗R is a (2,2,2) tensor.
The (anti-) self-duality condition is consistent because (∗)2 = 1 in
this case.
The question addressed here is to derive the (anti-) self-duality
condition from a variational principle.
Note that there is a mismatch between the number of self-duality
conditions, namely 175, and the number of components of the
(2,2)-tensor field, namely 105.
But the self-duality conditions are not all independent.
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The (anti-) self-duality condition is consistent because (∗)2 = 1 in
this case.
The question addressed here is to derive the (anti-) self-duality
condition from a variational principle.
Note that there is a mismatch between the number of self-duality
conditions, namely 175, and the number of components of the
(2,2)-tensor field, namely 105.
But the self-duality conditions are not all independent.
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Electric and magnetic fields

One can derive a smaller, complete subset, from a variational
principle
where the independent variables are “prepotentials" for the 50
spatial components of T .
To that end, we introduce the electric and magnetic fields.
The electric field contains the components of the curvature
tensor with the maximum number of indices equal to the time
direction 0, namely, two, E ijkl ∼ R0ij0kl, or what is the same
on-shell, the components of the curvature with no index equal to
zero.
Since in 5 dimensions, the curvature tensor Rpijqkl is completely
determined by the Einstein tensor

Gij
kl = 1

(3!)2 Rabcdef ε
ij

abc εdefkl = Rij
kl −2δ[i

[kRj]
l] + 1

3δ
i
[kδ

j
l]R (the Weyl

tensor identically vanishes), one defines explicitly the electric
field as

E ijkl ≡ Gijkl.

11 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

Electric and magnetic fields

One can derive a smaller, complete subset, from a variational
principle

where the independent variables are “prepotentials" for the 50
spatial components of T .
To that end, we introduce the electric and magnetic fields.
The electric field contains the components of the curvature
tensor with the maximum number of indices equal to the time
direction 0, namely, two, E ijkl ∼ R0ij0kl, or what is the same
on-shell, the components of the curvature with no index equal to
zero.
Since in 5 dimensions, the curvature tensor Rpijqkl is completely
determined by the Einstein tensor

Gij
kl = 1

(3!)2 Rabcdef ε
ij

abc εdefkl = Rij
kl −2δ[i

[kRj]
l] + 1

3δ
i
[kδ

j
l]R (the Weyl

tensor identically vanishes), one defines explicitly the electric
field as

E ijkl ≡ Gijkl.

11 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

Electric and magnetic fields

One can derive a smaller, complete subset, from a variational
principle
where the independent variables are “prepotentials" for the 50
spatial components of T .

To that end, we introduce the electric and magnetic fields.
The electric field contains the components of the curvature
tensor with the maximum number of indices equal to the time
direction 0, namely, two, E ijkl ∼ R0ij0kl, or what is the same
on-shell, the components of the curvature with no index equal to
zero.
Since in 5 dimensions, the curvature tensor Rpijqkl is completely
determined by the Einstein tensor

Gij
kl = 1

(3!)2 Rabcdef ε
ij

abc εdefkl = Rij
kl −2δ[i

[kRj]
l] + 1

3δ
i
[kδ

j
l]R (the Weyl

tensor identically vanishes), one defines explicitly the electric
field as

E ijkl ≡ Gijkl.

11 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

Electric and magnetic fields

One can derive a smaller, complete subset, from a variational
principle
where the independent variables are “prepotentials" for the 50
spatial components of T .
To that end, we introduce the electric and magnetic fields.

The electric field contains the components of the curvature
tensor with the maximum number of indices equal to the time
direction 0, namely, two, E ijkl ∼ R0ij0kl, or what is the same
on-shell, the components of the curvature with no index equal to
zero.
Since in 5 dimensions, the curvature tensor Rpijqkl is completely
determined by the Einstein tensor

Gij
kl = 1

(3!)2 Rabcdef ε
ij

abc εdefkl = Rij
kl −2δ[i

[kRj]
l] + 1

3δ
i
[kδ

j
l]R (the Weyl

tensor identically vanishes), one defines explicitly the electric
field as

E ijkl ≡ Gijkl.

11 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

Electric and magnetic fields

One can derive a smaller, complete subset, from a variational
principle
where the independent variables are “prepotentials" for the 50
spatial components of T .
To that end, we introduce the electric and magnetic fields.
The electric field contains the components of the curvature
tensor with the maximum number of indices equal to the time
direction 0, namely, two, E ijkl ∼ R0ij0kl, or what is the same
on-shell, the components of the curvature with no index equal to
zero.

Since in 5 dimensions, the curvature tensor Rpijqkl is completely
determined by the Einstein tensor

Gij
kl = 1

(3!)2 Rabcdef ε
ij

abc εdefkl = Rij
kl −2δ[i

[kRj]
l] + 1

3δ
i
[kδ

j
l]R (the Weyl

tensor identically vanishes), one defines explicitly the electric
field as

E ijkl ≡ Gijkl.

11 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

Electric and magnetic fields

One can derive a smaller, complete subset, from a variational
principle
where the independent variables are “prepotentials" for the 50
spatial components of T .
To that end, we introduce the electric and magnetic fields.
The electric field contains the components of the curvature
tensor with the maximum number of indices equal to the time
direction 0, namely, two, E ijkl ∼ R0ij0kl, or what is the same
on-shell, the components of the curvature with no index equal to
zero.
Since in 5 dimensions, the curvature tensor Rpijqkl is completely
determined by the Einstein tensor

Gij
kl = 1

(3!)2 Rabcdef ε
ij

abc εdefkl = Rij
kl −2δ[i

[kRj]
l] + 1

3δ
i
[kδ

j
l]R (the Weyl

tensor identically vanishes), one defines explicitly the electric
field as

E ijkl ≡ Gijkl.

11 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

Electric and magnetic fields

One can derive a smaller, complete subset, from a variational
principle
where the independent variables are “prepotentials" for the 50
spatial components of T .
To that end, we introduce the electric and magnetic fields.
The electric field contains the components of the curvature
tensor with the maximum number of indices equal to the time
direction 0, namely, two, E ijkl ∼ R0ij0kl, or what is the same
on-shell, the components of the curvature with no index equal to
zero.
Since in 5 dimensions, the curvature tensor Rpijqkl is completely
determined by the Einstein tensor

Gij
kl = 1

(3!)2 Rabcdef ε
ij

abc εdefkl = Rij
kl −2δ[i

[kRj]
l] + 1

3δ
i
[kδ

j
l]R (the Weyl

tensor identically vanishes), one defines explicitly the electric
field as

E ijkl ≡ Gijkl.

11 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

Electric and magnetic fields

The electric field has the (2,2) Young symmetry and is identically
transverse,

∂iE
ijkl = 0.

It is also traceless on-shell,

E ik ≡ E ijklδjl = 0.

The magnetic field contains the components of the curvature
tensor with only one index equal to 0,

Bijkl =
1

3!
R abc

0ij εabckl.

One has Bjl ≡Bijklδik = 0 and ∂kBijkl = 0.
On-shell, the magnetic field has the (2,2) Young symmetry.
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Electric and magnetic fields

The self-duality equation implies

E ijrs −Bijrs = 0.

Conversely, this equation implies all the components of the
self-duality condition.
We have thus replaced the self-duality conditions by a smaller,
equivalent, subset.
One central feature of this subset is that it is expressed in terms of
spatial objects.
Note that the trace condition E ik = 0 on the electric field directly
follows by taking the trace of E ijrs −Bijrs = 0 since the magnetic
field is traceless.
The trace condition is a constraint on the initial conditions
because it does not involve the time derivatives of Tijrs.
There is no analogous constraint in the p-form case.
The number of equations is now equal to the number of
components Tijrs.
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We have thus replaced the self-duality conditions by a smaller,
equivalent, subset.
One central feature of this subset is that it is expressed in terms of
spatial objects.
Note that the trace condition E ik = 0 on the electric field directly
follows by taking the trace of E ijrs −Bijrs = 0 since the magnetic
field is traceless.
The trace condition is a constraint on the initial conditions
because it does not involve the time derivatives of Tijrs.
There is no analogous constraint in the p-form case.

The number of equations is now equal to the number of
components Tijrs.
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Electric and magnetic fields

There is still, however, a mismatch.

Indeed, while the electric field involves only the spatial
components Tijrs of the gauge field, the magnetic field involves
also the gauge component T0jrs, through an exterior derivative.

One must therefore get rid of T0jrs.

To that end, one proceeds as in the 2-form case and takes the curl
of E ijrs −Bijrs = 0, i.e., one replaces E ijrs −Bijrs = 0 by

εmnijk∂k

(
E rs

ij −B rs
ij

)
= 0

eliminating thereby the gauge components T0jrs.

Together with the trace condition E ik = 0, this equation is
completely equivalent to E ijrs −Bijrs = 0.

[One recovers E ijrs −Bijrs = 0 up to a term that can be absorbed
in a redefinition of T0jrs.]
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Electric and magnetic fields

The problem is thus to derive

εmnijk∂k

(
E rs

ij −B rs
ij

)
= 0

and the constraint

E ik = 0

from a variational principle.

For that purpose, we shall work with unconstrained variables

by solving the constraint.

This new step introduces the “prepotential" Zijrs,

which is also a (2,2)-tensor.
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Higher spin conformal geometry

As we shall see, prepotentials enjoy the symmetries of conformal
higher spins.

Therefore, we need to develop the appropriate algebraic tools for
handling “higher spin conformal geometry".

We start by recalling the situation for a rank-2 symmetric tensor,
Zij ∼ .

The gauge transformations are

δZij = ∂iξj +∂jξi +λδij

(linearized diffeomorphisms + linearized Weyl rescalings).

The question is to build a complete set of gauge invariant objects.

Three dimensions is very special from the point of view of
conformal geometry.
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Higher spin conformal geometry

Indeed, in D ≥ 4, the invariants are given by the functions of the
Weyl tensor and its derivatives,

“Riemann = Weyl + Ricci without trace + scalar curvature"

A geometry is conformally flat if and only if

Weyl = 0.

However, in D = 3 dimensions, the Weyl tensor identically
vanishes,

but not every three-dimensional geometry is conformally flat.

(not every Zij is “pure gauge").

What plays the role of the Weyl tensor is the Cotton tensor, which
contains 3 derivatives of the spin-2 field.
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Cotton tensor

The Cotton tensor Di1i2 is a symmetric tensor

which is not only gauge invariant, but also transverse and
traceless,

∂i1 Di1i2 = 0, δi1i2 Di1i2 = 0.

The field Z is pure gauge if and only if its Cotton tensor vanishes.
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Note on the construction of the Cotton tensor

Quantities invariant under (linearized) diffeomorphisms should
be functions of the Riemann tensor.

In three dimensions, Riemann ∼ Ricci (or Einstein).

These tensors are not invariant under Weyl rescalings.

Out of the Ricci tensor and its trace, one can build the “Schouten
tensor" Si1i2 ,

which transforms simply under Weyl rescalings,

explicitly, δSi1i2 = ∂i1∂i2λ

By taking one derivative of the Schouten tensor ∂[i3 Si1]i2 and
dualizing, one gets the Cotton tensor Di1i2

which has the property δDi1i2 = 0.

(This can be generalized to higher spins, M.H.-Hörtner-Leonard
2016)
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A central property of the Cotton tensor

A central property of the Cotton tensor is the following :

Any symmetric tensor Ei1i2 which is both transverse and traceless
can be written as the Cotton tensor of some “prepotential" Zi1i2 ,

∂i1 Ei1i2 = 0, δi1i2 Ei1i2 = 0 ⇒ Ei1i2 = Di1i2 [Z].

The prepotential is determined up to diffeomorphisms and Weyl
transformations.
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Conformal geometry for a (2,2)-tensor

The analysis can be repeated for mixed Young symmetry tensors.
But the critical dimension where the Weyl tensor identically
vanishes and must be replaced by the Cotton tensor depends on
the Young symmetry type.

In the particular case of a -tensor, the critical dimension

turns out to be 5, i.e., 6 spacetime dimensions !
(The (3,3) Riemann tensor has exactly the same number 50 of
independent components as the (2,2) Ricci tensor in 5
dimensions.)
The 3-dimensional techniques described above can be
immediately transposed to a (2,2)- tensor in 5 dimensions, with
gauge symmetries

δZijrs =P(2,2)
(
∂iξrsj +λirδjs

)
.

( -diffeos + -Weyl)
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vanishes and must be replaced by the Cotton tensor depends on
the Young symmetry type.

In the particular case of a -tensor, the critical dimension

turns out to be 5, i.e., 6 spacetime dimensions !
(The (3,3) Riemann tensor has exactly the same number 50 of
independent components as the (2,2) Ricci tensor in 5
dimensions.)
The 3-dimensional techniques described above can be
immediately transposed to a (2,2)- tensor in 5 dimensions, with
gauge symmetries

δZijrs =P(2,2)
(
∂iξrsj +λirδjs

)
.

( -diffeos + -Weyl)
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The Ricci tensor of Z is invariant under the generalized
diffeomorphisms

but is not invariant under generalized Weyl transformations.

The Schouten tensor can be defined. It is a (2,2)-tensor
constructed out of the Ricci tensor and its successive traces

which transforms simply under Weyl rescalings,

δSij
kl =− 4

27∂
[j∂[kλ

i]
l].

By taking one derivative of the Schouten tensor, one gets the
Cotton tensor

Dijkl =
1

3!
εijabc∂

aSbc
kl ,

which is invariant under both generalized diffeomorphisms and
generalized Weyl transformations.
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The Cotton tensor is a -tensor,

which contains three derivatives of the field Zijmn,

and which is transverse and traceless,

∂iD
ijrs = 0 = Dijrsδjs.

One can show that conversely, any -tensor which is

transverse and traceless

can be written as the Cotton tensor of some prepotential Zijmn.

In particular, the constraint on the electric field of the (2,2)-gauge
field T implies that one can express T in terms of a prepotential Z
so that E ijrs[T [Z]] ≡ Gijrs[T [Z]] = Dijrs[Z]. The relationship
T = T [Z] = “∂Z" can be easily written down.

23 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

Conformal geometry for a (2,2)-tensor

The Cotton tensor is a -tensor,

which contains three derivatives of the field Zijmn,

and which is transverse and traceless,

∂iD
ijrs = 0 = Dijrsδjs.

One can show that conversely, any -tensor which is

transverse and traceless

can be written as the Cotton tensor of some prepotential Zijmn.

In particular, the constraint on the electric field of the (2,2)-gauge
field T implies that one can express T in terms of a prepotential Z
so that E ijrs[T [Z]] ≡ Gijrs[T [Z]] = Dijrs[Z]. The relationship
T = T [Z] = “∂Z" can be easily written down.

23 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

Conformal geometry for a (2,2)-tensor

The Cotton tensor is a -tensor,

which contains three derivatives of the field Zijmn,

and which is transverse and traceless,

∂iD
ijrs = 0 = Dijrsδjs.

One can show that conversely, any -tensor which is

transverse and traceless

can be written as the Cotton tensor of some prepotential Zijmn.

In particular, the constraint on the electric field of the (2,2)-gauge
field T implies that one can express T in terms of a prepotential Z
so that E ijrs[T [Z]] ≡ Gijrs[T [Z]] = Dijrs[Z]. The relationship
T = T [Z] = “∂Z" can be easily written down.

23 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

Conformal geometry for a (2,2)-tensor

The Cotton tensor is a -tensor,

which contains three derivatives of the field Zijmn,

and which is transverse and traceless,

∂iD
ijrs = 0 = Dijrsδjs.

One can show that conversely, any -tensor which is

transverse and traceless

can be written as the Cotton tensor of some prepotential Zijmn.

In particular, the constraint on the electric field of the (2,2)-gauge
field T implies that one can express T in terms of a prepotential Z
so that E ijrs[T [Z]] ≡ Gijrs[T [Z]] = Dijrs[Z]. The relationship
T = T [Z] = “∂Z" can be easily written down.

23 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

Conformal geometry for a (2,2)-tensor

The Cotton tensor is a -tensor,

which contains three derivatives of the field Zijmn,

and which is transverse and traceless,

∂iD
ijrs = 0 = Dijrsδjs.

One can show that conversely, any -tensor which is

transverse and traceless

can be written as the Cotton tensor of some prepotential Zijmn.

In particular, the constraint on the electric field of the (2,2)-gauge
field T implies that one can express T in terms of a prepotential Z
so that E ijrs[T [Z]] ≡ Gijrs[T [Z]] = Dijrs[Z]. The relationship
T = T [Z] = “∂Z" can be easily written down.

23 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

Conformal geometry for a (2,2)-tensor

The Cotton tensor is a -tensor,

which contains three derivatives of the field Zijmn,

and which is transverse and traceless,

∂iD
ijrs = 0 = Dijrsδjs.

One can show that conversely, any -tensor which is

transverse and traceless

can be written as the Cotton tensor of some prepotential Zijmn.

In particular, the constraint on the electric field of the (2,2)-gauge
field T implies that one can express T in terms of a prepotential Z
so that E ijrs[T [Z]] ≡ Gijrs[T [Z]] = Dijrs[Z]. The relationship
T = T [Z] = “∂Z" can be easily written down.

23 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

Conformal geometry for a (2,2)-tensor

The Cotton tensor is a -tensor,

which contains three derivatives of the field Zijmn,

and which is transverse and traceless,

∂iD
ijrs = 0 = Dijrsδjs.

One can show that conversely, any -tensor which is

transverse and traceless

can be written as the Cotton tensor of some prepotential Zijmn.

In particular, the constraint on the electric field of the (2,2)-gauge
field T implies that one can express T in terms of a prepotential Z
so that E ijrs[T [Z]] ≡ Gijrs[T [Z]] = Dijrs[Z]. The relationship
T = T [Z] = “∂Z" can be easily written down.

23 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

Conformal geometry for a (2,2)-tensor

The Cotton tensor is a -tensor,

which contains three derivatives of the field Zijmn,

and which is transverse and traceless,

∂iD
ijrs = 0 = Dijrsδjs.

One can show that conversely, any -tensor which is

transverse and traceless

can be written as the Cotton tensor of some prepotential Zijmn.

In particular, the constraint on the electric field of the (2,2)-gauge
field T implies that one can express T in terms of a prepotential Z
so that E ijrs[T [Z]] ≡ Gijrs[T [Z]] = Dijrs[Z]. The relationship
T = T [Z] = “∂Z" can be easily written down.

23 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

Chiral action

One can also show that 1
2ε

mnijk∂kB rs
ij = Ḋmnrs[Z]

and therefore, in terms of the prepotential Zijrs, the self-duality
condition reads

1

2
εmnijk∂kD rs

ij [Z]− Ḋmnrs[Z] = 0.

The differential operator occuring in this equation is symmetric.
Hence, this equation derives from the variational principle

S[Z] = 1

2

∫
d6x Zmnrs

(
Ḋmnrs[Z]− 1

2
εmnijk∂kD rs

ij [Z]

)

which is of first order in the time derivatives (and of fourth order
in all derivatives).

This is the searched-for action for a chiral (2,2)-tensor in six
dimensions.
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Ḋmnrs[Z]− 1

2
εmnijk∂kD rs

ij [Z]

)

which is of first order in the time derivatives (and of fourth order
in all derivatives).

This is the searched-for action for a chiral (2,2)-tensor in six
dimensions.

24 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

Chiral action

One can also show that 1
2ε

mnijk∂kB rs
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Ḋmnrs[Z]− 1

2
εmnijk∂kD rs

ij [Z]

)

which is of first order in the time derivatives (and of fourth order
in all derivatives).

This is the searched-for action for a chiral (2,2)-tensor in six
dimensions.

24 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

Chiral and non-chiral actions

Another way to derive the above action is to start from the
manifestly covariant action for the non-chiral theory
(Curthright),

and split it into a sum of a chiral action and a non-chiral one.

The split can be achieved in the first-order (Hamiltonian)
formulation

and leads to exactly the same chiral action.

Although not manifestly covariant,

the action is covariant,

and one can write Poincaré generators in terms of Z

that do close according to the Poincaré algebra (off-shell
symmetry).
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From 6 to 5 dimensions
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one gets from the chiral action

the Pauli-Fierz action for a single spin-2 field

expressed in terms of prepotentials. (This reformulation was
given in Bunster-MH-Hörtner 2013.)

(The non-chiral action gives two Pauli-Fierz fields, see next slide.)

Further reduction to 4 dimensions is then direct.
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From 6 to 5 dimensions

If one starts from the non-chiral action,

one gets the sum of the Pauli-Fierz action for a spin-2 field

and of the Curtright action for a -field

→ ⊕ ⊕ .

But is trivial in 5 dimensions while describes another

graviton in dual form.

The duality condition equates the two types of gravitons.

27 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

From 6 to 5 dimensions

If one starts from the non-chiral action,

one gets the sum of the Pauli-Fierz action for a spin-2 field

and of the Curtright action for a -field

→ ⊕ ⊕ .

But is trivial in 5 dimensions while describes another

graviton in dual form.

The duality condition equates the two types of gravitons.

27 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

From 6 to 5 dimensions

If one starts from the non-chiral action,

one gets the sum of the Pauli-Fierz action for a spin-2 field

and of the Curtright action for a -field

→ ⊕ ⊕ .

But is trivial in 5 dimensions while describes another

graviton in dual form.

The duality condition equates the two types of gravitons.

27 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

From 6 to 5 dimensions

If one starts from the non-chiral action,

one gets the sum of the Pauli-Fierz action for a spin-2 field

and of the Curtright action for a -field

→ ⊕ ⊕ .

But is trivial in 5 dimensions while describes another

graviton in dual form.

The duality condition equates the two types of gravitons.

27 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

From 6 to 5 dimensions

If one starts from the non-chiral action,

one gets the sum of the Pauli-Fierz action for a spin-2 field

and of the Curtright action for a -field

→ ⊕ ⊕ .

But is trivial in 5 dimensions while describes another

graviton in dual form.

The duality condition equates the two types of gravitons.

27 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

From 6 to 5 dimensions

If one starts from the non-chiral action,

one gets the sum of the Pauli-Fierz action for a spin-2 field

and of the Curtright action for a -field

→ ⊕ ⊕ .

But is trivial in 5 dimensions while describes another

graviton in dual form.

The duality condition equates the two types of gravitons.

27 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

From 6 to 5 dimensions

If one starts from the non-chiral action,

one gets the sum of the Pauli-Fierz action for a spin-2 field

and of the Curtright action for a -field

→ ⊕ ⊕ .

But is trivial in 5 dimensions while describes another

graviton in dual form.

The duality condition equates the two types of gravitons.

27 / 28



Remarks on
exotic theories of

gravity in 6
dimensions

Marc Henneaux

Introduction

Chiral 2-form in 6
dimensions

Chiral tensor of
mixed symmetry -
Equations of
motion

Electric and
magnetic fields

Prepotentials

Chiral Action

Dimensional
reduction -
Connection with
gravity

Conclusions

Conclusions

We have derived an action for the (2,2)-tensor of the (4,0) theory
in six dimensions.

This action involves a prepotential which is invariant under both
generalized diffeomorphisms and generalized Weyl
transformations.

The prepotential appears through the Cotton tensor, as dictated
by the gauge symmetries.

The action is covariant but not manifestly so.

This is in line with the description of chiral 2-forms in six
dimensions and seems to be unavoidable (if one insists in having
a quadratic action).

The action can be completed to the full (4,0) multiplet.

The question of interactions remain open.

A similar construction can be achieved for the (3,1) theory, which

involves a tensor with self-dual field strength.
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