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Motivation
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Is there a similar notion as deformations at the level of (symmetry)
algebra???
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As an example, Galilean algebra can be deformed to Poincare,
Newton-Hooke and AdS/dS algebras!
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» The concept of asymptotic symmetries is one corner of
triangular description of IR dynamics of gauge theories.
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Why bms, algebra?
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» Deformation/contraction relation for 3d ASA of flat and AdS
spacetimes

» Deformation/contraction relation for isometries algebra of flat
and AdS spacetimes in any dimention

» ASA of AdS, is just isometries algebra of AdS spacetime,
50(3,2)

» ASA of 4d flat spacetime, bms, algebra, is infinite dimensional

» AS analysis depends very much on the choice of boundary
falloff behavior



Why bms, algebra?

@ The main question

May bms, algebra come from contraction of an infinite
dimensional asymptotic symmetry algebra of AdS; with another
boundary falloff conditions?
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Application of the deformation procedure to study asymptotic
symmetry algebra of 4d flat spacetime.
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Deformation theory of Lie algebras
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Deformation of a certain Lie algebra is defined as
[9i, 95]. == ¥(gi, 95:€) = U(gi, gj:€ = 0) + ¥1(gs, ;)" + 2(gi, gj)€> + .y

in which ¢, (g;,g;) is a bilinear and anti symmetric function and ¢ is called

deformation parameter.
U(gi,gj:e = 0), or [gi, gjlo, denotes the Lie bracket of the original algebra.
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Deformation of a certain Lie algebra is defined as

(96, 951, = V(9 955¢) = ¥(gs,955¢ = 0) + V1(9i,95)e" + ¥2(gi, 95)E° + ..,

in which ¢, (g;,g;) is a bilinear and anti symmetric function and ¢ is called
deformation parameter.
U(gi,gj:e = 0), or [gi, gjlo, denotes the Lie bracket of the original algebra.

The deformed commutator must satisfy the Jacobi identity

[9i5 (95, 9k)e]e + cyclic permutation of (g;, g5, 9x) = 0,

order by order in €.
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@ Non trivial deformations
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@ Non trivial deformations

The non trivial deformations are whose can not be removed by change of the
basis.
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@ Non trivial deformations

The non trivial deformations are whose can not be removed by change of the
basis.

e Contraction vs deformation

The contraction procedure is inverse of deformation. In fact by taking the
limit € — 0 one can return to the original algebra g from the deformed
algebra.
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o Stable Lie algebra

A Lie algebra g is called formally Stable or Rigid if it does not admit any
formal deformation.
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o Stable Lie algebra

A Lie algebra g is called formally Stable or Rigid if it does not admit any
formal deformation.

All semisimple finite Lie algebras are stable. '
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o Finite vs infinite dimensional Lie algebras
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o Finite vs infinite dimensional Lie algebras

» In physics we are usually dealing with the Lie algebras which have semi
direct sum structure, g = g1 € go, and its commutation relations are as

follows
[91791] = 91,
[91,92] = g2,
(92, 92] = g2
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o Finite vs infinite dimensional Lie algebras

» In physics we are usually dealing with the Lie algebras which have semi
direct sum structure, g = g1 € go, and its commutation relations are as

follows
[91791] = 91,
[91,92] = g2,
(92, 92] = g2

> All deformations of finite dimensional Lie algebra g which has semi
direct sum structure, are located in its ideal part.
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e Deformation of 3d Poincare algebra to 3d AdS/dS algebra.

i T T = (i — ) T i[Tms Tn] = (M — 1) Tmn,
i[Tm, Pu] = (1 = 1) Prin, T i[Tn Pl = (M — )Py,
l[PmaPn] = 0. l[Pma,Pn] = i(Az)(m _ n)jm-i'n‘

where m,n = +1, 0.
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e Deformation of 3d Poincare algebra to 3d AdS/dS algebra.

U[Tm, Tn) = (M — 1) Tntn, i[Tm> Tn] = (M — 1) Tt
i[Tm, Pu] = (1 = 1) Prin, T i[Tn Pl = (M — )Py,
i[PmaPn] = 0. Z[Pmafpn] = i(Az)(m - n)jm-i-n'

where m,n = +1, 0.

» The H-S factorization theorem does not work in the case of infinite
dimensional algebras!
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Review on deformations of bms; algebra
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@ bmsjy is an infinite dimensional algebra which has semi direct sum
structure as

(Superrotations) & (Supertranslations)

i[Tms In] = (M = 1) T,
i[Tm> Pn] = (m — 1) Prmtn,
i[Pm, Pn] = 0.
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o Deformations of centerless bmss

o We have shown that bmss just have two independent deformations
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o Deformations of centerless bmss

o The bmss algebra can be deformed in its ideal part as

'L[jma jn] = (m —n jm+n7
’L[jma Pn] = (m -—n Pm+n7
i[Pm, Pn] = c(m —n) f(m,n)Tmin.
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@ Deformations of centerless bmss

“éﬁnvénJ ::(nl_'n)énn+na
Z.[Jm, Pn] = (m - n)Pm—l-n)
[P, Pn] = E(m — 1) Tmgn-

» By an appropriate redefinition of generators one gets the asymptotic
symmetry algebra of 3d AdS spacetimes (iitt @ tvitt) in which
deformation parameter is the cosmological constant A.

i[Z:Wlal:n] =:(7n,—-71)l:"k+n,

Aisen L] = O
i[Lom, Ln] = (M — 1) Lopgn.
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_a

@ Deformations of centerless bmss

o The bmss algebra has another deformation in commutators [7, P] which
is in contrast with HSF theorem

'é[jmy jn] = (’I’TL - n)u7m+n;
[Ty, Pn] = (m — n)Ppin + CK(m,n)Prin,
i[Pm, Pn] = 0.
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o Deformations of centerless bmss

[jm7 jn] = (TTL - n)jm-l—na
[Ty Pn] = —(a+bm + n)Ppyin,
[P, Pn] = 0.
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[Jmu \7"] = (m - n)jm—f-na
[Jma Pn] = _(a +bm + n)Pm+na
[P, Pn] = 0.

» The deformation parameter a is related to the periodicity of vector field
P(¢) on circle.

» The deformation parameter b is related to the conformal weight of
operator P.
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The most general deformations of bmss are either witt & witt or W(a, b)
algebras.

The most general deformations of b/nl\ﬁg are either vit @ viv or /W(a, b)
algebras, (the latter has just one central terms in its Witt subalgebra).
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Deformation of bms, algebra
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@ The bmsy is ASA of 4d flat spacetime
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o The original bms, algebra has semi direct sum structure as

(bmsy)oq = (Lorentz) & (Supertranslations)
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@ The extended bms, algebra, which is infinite enhancement of the old
version, has semi direct sum structure as
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o The extended bmsy algebra, which is infinite enhancement of the old
version, has semi direct sum structure as

bms, = (Superrotations) & (Supertranslations)
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o Commutation relations of bms, algebra

17 /26

[ﬁma [’n] = (m - n)Em—l—na
[['_mv [:n] = (m - n)zm-l—na
[‘Cm? E’ﬂ] = 07

m+1
[Lons Tp,q) = (T =) Tptm,q

5 n+1
[Ln, Tpql = (T = Q) Tp,q+n;

[Tp,an ] =0.



o Commutation relations of bmsy algebra

o It has direct sum of two Witt subalgebras which is infinite enhancement
of Lorentz algebra

[[:mv En] = (m —n)Lyyn,
[Emv Zn] = (m - n)£m+na
[£m7 ET‘L] - 0?
m+1
(Lo, Tp,q] = (T =) Tptm,g
- n+1
(L Tpq] = ( 5 )T p,q+ns
[Ty.q:Trs] = 0
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o Commutation relations of bmsy algebra

e £ and £ act on first and second indeces of T' generators respectively
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o Commutation relations of bmsy algebra

o The ideal part is Abelian

[ﬁma ﬁn] = (m—n)Lyyn,
[Emazn]:(nl_7ozm+m
[Lma ETL] = 07
m+1

(Lo, Tpql = (T = P)Tptm.q;

- n+1
[ACmTp,q] = ( - Q)Tp,quna
(Tp.q, Trs] = 0.
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@ Deformation of centerless bmsy

» Deformation in the two Witt subalgebras
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o Deformation of centerless bmsy

» Deformation in the two Witt subalgebras
[Lom, Ly] = (M —n)Lytn + (M —n)h(m,n) T pn.0,
(Lo, Ln) = (M — 1)Ly + (m —n)h(m,n)Tom1n,
(Lo, L] = H(m,n) Ty, .
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@ Deformation of centerless bmsy

» Deformation in the two Witt subalgebras
Lo, Ln] = (M =)Lt + (m —n)h(m,n) T 100,
[Lony Ln] = (M —n)Lopin + (m —n)h(m, 1) Ty mesn,
(Lo, Ln] = H(m,n) T -

h(m,n) = constant = h, h(m,n) = constant = h
H(m,n) = Hy(m +1)(n + 1) + h(m 4+ 1) — h(n +1).
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o Deformation of centerless bms,

» Deformation in the two Witt subalgebras
[Lom, Ln] = (M —n)Lyptn + (m —n)h(m,n)Thin.o,
[Lony Ln] = (m —n)Lopin + (m —n)h(m,1)To men,

(Lo, L] = H(m,n)T,, .

where X (m) = Ho(m + 1) — 2h and Y (m) = —Ho(m + 1) — 2h .
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o Deformation of centerless bms,

» Deformation of [£,T] commutators
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o Deformation of centerless bmsy

» Deformation of [£,T] commutators

m+1
[Lon, Tpq) = (T = P)Tptmqg + K(m,p)Tpim g,

n+1

['C_na Tp,q] = ( - Q)Tp,qun + K(na q)TP,’ﬂ+Q‘
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o Deformation of centerless bms,

» Deformation of [£,T] commutators

m+1
[Lon, Tpq) = (T =) Tptm,g + K(m,p)Tpim.q,

n+1

[Ena Tp,q] = ( - q)Tp,q-i-n + K(”ﬂ Q)TP,TLJrQ'

K(m,n) = o+ fm,

K(m,n) = a+ Bm.
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@ Deformation of centerless bmsy

» Deformation of [£,T] commutators

The bmsy algebra is not stable and can be formally deformed into a four
parameter family of algebras W (a, b;a,b).
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o Deformation of centerless bms,

» Deformation of [£,T] commutators

TP
Zm Tp,q = _((I + bn + a)Tp,lH-m

[Lms Ln] = (M — 1) Lintn,

[[:ma ‘C_n] = (m - n)Em+n7

[£7na ["n] =0,

[Lons Tp,gl = —(p +bm + a)Tptm,qs
[

[
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o Deformation of centerless bmsy

» Deformation of [£,T] commutators

m+1 _
['Cm’Tp,q] = (T - p)Tp+m,q + Uf(map)£p+mf15q,o + Ug(m,p>£q715m+p,0,

n+1

[En, Tp,q] = ( - Q>Tp,n+q + ﬁf(m Q)‘CpflénJrq,O + 5.@(”7 q)in+q715p,07
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o Deformation of centerless bms,
» Deformation of [£,T] commutators
m—+1 ~
[ﬁm’Tp,q] = (—2 - p)Tp-i-m,q + nf(m,p)ﬁp+m—15q,o + Ug(m7p)['q—15m+p,03

5 n+1 = - _
[£n7Tp7q] = ( - q)T n+q + nf(na Q)‘Cp—lén—i—q,o + Ug(n’ q>£n+q—15p,07

f(m,p) = f(n,q) = g(m,p) = g(n,q) = 0.
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o Deformation of centerless bms,

» Deformations of commutator of ideal part [T, T
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@ Deformation of centerless bmsy

» Deformations of commutator of ideal part [T, T]

[Tm7n’ Tp,q] = G(m’ n:p, q)Tm+p,n+q,
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o Deformation of centerless bms,

» Deformations of commutator of ideal part [T, T]

[Tm,n7 Tp,q] = G(m7 n;p, Q)Tm—i-p,n—i-q,

G(m,n;p,q) = 0.
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o Deformation of centerless bms,

» Deformations of commutator of ideal part [T, T

[Tm,na Tp,q] = A(m, n;p, q)‘Cer;D*l + B(mv n,p, Q)£n+q71,
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@ Deformation of centerless bms,

» Deformations of commutator of ideal part [T, T

[Tm,na Tp,q] = A(m7 n;p, q)‘cm+P*1 + B(m7 n;p, q)‘CnJrqflv

A(m,n;p,q) = B(m,n;p,q) = 0.
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@ Deformation of centerless bms,

Although the ideal part of bmsy algebra is STABLE, it is not stable generally
and can be deformed into W (a,b;a,b) algebra.
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o Deformation of centrally extended bms,, b/1-11\54

» The bms, algebra admits two independent central terms in its two Witt
subalgebras
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@ Deformation of centrally extended bmsy, b/\nw4

» The bms, algebra admits two independent central terms in its two Witt
subalgebras

[ﬁmv En] = (m - n)£m+n + %m35m+n,0,
[Ema Zn] = (’ITL - n)zm+n + %m35m+n,0,
[E'mn Zn] = 07

m+1
(Lo Tpq) = ( B) = P)Tptm,q

n+1
(L0, Tp,q) = ( 5 )T p,q+n,
[Tp.q:Trs] = 0.

21/26



o Deformation of centrally extended bms,, b/n;s4

» The most general deformation of b/\ms4 algebra is W(a, b;a,b):

Cr

[Lony Ln] = (m—n)Logn + ﬁm 3 6mtn 05
(Lo £0] = (= 1) e+ SZm¥6p
[Em’ En] =0,

[Lons Tp,g) = —(p +bm + a) Tpim.g,

[Em Tyl =—(a+ bn + a) Tp,q+ns

(Trnny Tp,q) = 0.
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Stability of deformed algebras
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o Deformations of W algebra

» The most general deformation of W (a, b;a,b) algebra is W (a, b; a,
with shifted parameters.
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@ The family of W (a,b;a,b) (and its central extension W(a, b;a,b))
algebra for generic values of the four parameters is stable (rigid) algebra.
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o Deformation of special W algebras
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o Deformation of special W algebras

(L, Ln] = (M = 1)L g,
[Emvﬁ J=(m n)Em-‘rm
[['ma[' ]= 0,

(Lo, Tp,q] = (=P)Tptm,q:
[£n7Tp q=(- Q) p,q+mn>
[ mons 1 ] =

» The W(0,0;0,0) algebra is obtained (by Donnay et al.) as near horizon
algebra of 4d Kerr black holes
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o Deformation of special W algebras

L, Ln) = (M —n)Lpgn +v (M —n)T im0,
[Em’ Zn] =(m—1)Lyin+7 (Mm— )10, mtn,
[Lom, Ln] = Ho(a + m)(a + ,Bn)Tmm,

(Lo, Tp,q]l = (=P)Tptm,q»

[[:m Tp,q] = _Q)Tp,q+m

T, Tpq =0
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o Deformation of special W algebras

Lo, Tpql = —(a +bm + p)Tpim,q,
Loy Tpgl = —(@+bn + q)Tp g4n,
[jzn,na p,ql = 0.
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o Deformation of special W algebras

[‘Cm’ ['n] = (m - n)‘cm-i-m
[[:mv ‘C_n] = (m— ”)Em—i-m
[£m7 En] =0,

(Lo, Tp,gl = (M = p)Tpim,g,
[‘C_mTp,q] = (=) Tp,q+n.
.5 Tnel) = O

> By setting the second index of the 7}, ,, zero, one obtains the subalgebra
bmss @ roitt.
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o Deformation of special W algebras

Lo, Tpql = —(a +bm + p)Tpim,q,
Loy Tpgl = —(@+bn + q)Tp g4n,
[jzn,na p,ql = 0.
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o Deformation of special W algebras

[Lrm, Ln] = (M — 1) Lintn,
(Lo, Ln] = (M = 1) Lonsn,
[£m n] =0,

(Lo, Tp,q) = (M —p)Tpim,q,
(£,
[T

] ( q)TP qg+n>
m,n; p,q] = (m p)Tm+P,n+q

» By appropriate redefinition of generators one obtains the direct sum of
three Witt algebras as subalgebra.
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o Deformation of special W algebras

» The most general formal deformations of W(0,~1;0,0) algebra are
witt @ toitt @ witt and W(a, b; a,b) algebras.

» The witt @ witt @ witt algebra and its contraction bmss @ witt algebra,
can be obtained through deformation of infinite dimensional version of
3d Maxwell algebra.

» These algebras can be obtained as asymptotic symmetry algebras of
some Chern-Simons theories in 3d.
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@ We considered deformation/stabilization of bms, algebra and its central
extension bmsy
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@ We considered deformation/stabilization of bms, algebra and its central
extension bmsy

O It can be deformed into a four parameter family of algebras W (a, b;a, b)

@ Stability of bmsy’s ideal part implies that there is no infinite dimensional
algebra with s0(3,2) as its global part

@ The W(a,b;a,b) algebra and its central extension /V[7(a, b;a,b) are stable
as a family of algebras

@ The W(0,0;0,0) and W(0,—1;0,0) can be deformed non trivially

@ According to our computations, we have proposed a new version of HSF
theorem for infinite dimensional algebras
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@ Physical realization of deformation parameters a,b,a@ and b
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@ Physical realization of deformation parameters a,b,a and b

© Can W (a,b;a,b) algebra be obtained as asymptotic symmetry of 4d flat
(AdS) spacetime with ”specific” B.Cs ?
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@ Physical realization of deformation parameters a,b,a and b

© Can W (a,b;a,b) algebra be obtained as asymptotic symmetry of 4d flat
(AdS) spacetime with ”specific” B.Cs ?

@ Extension of deformation/stabilization procedure in the level of group,
representation, action and coadjoint orbits

@ From Mathematical point of view, consideration of our proposal for new
version of HSF theorem
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Thank You For Your Attention.
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