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What is the underlying mechanism?    
 

  How to relate the macroscopic heat conduction behavior with microscopic 
dynamics? 

 

   How do we know whether or not Fourier’s law is valid in a given system 
with specified Hamiltonian dynamics? 

 

    

 

Fourier's Law: A Challenge to Theorists 
 

(Review article) 
F. Bonetto, J. L. Lebowitz, and L. Rey-Bellet,  

Mathematical Physics (Imperial College Press, London 2000) 



An old problem, and a long history 

• 1808 - J.J. Fourier: study of the earth thermal gradient 

 

• 19 century: Clausius, Maxwell, Boltzmann, kinetic theory   

 

• 1914 - P . Debye: conjectured the role of nonlinearity for 
guaranteeing finite transport coefficients 

 

• 1936 - R. Peierls: reconsider Debye's conjecture 

 

• 1953 - E. Fermi, J. Pasta and S.Ulam: (FPU) numerical 
experiment: to  verify Debye's conjecture 

    (the first numerical experiment) 

Klages R, Radons G, Sokolov I M.  

Anomalous Transport: Foundations and Applications (2008). 



• FPU model 

2

1( 1)
2

i
i i

i

p
H V x x

M
   

2 3 41
with ( )

2 3 4
V x x x x

 
  

E. Fermi, J. Pasta, and S. Ulam, Report No. LA-1940, 1955 (unpublished). 

M.A. Porter, N.J. Zabusky, B. Hu and D.K. Campbell, "Fermi, Pasta, Ulam and the 

Birth of Experimental Mathematics", American Scientist, 97, 214-221 (2009),  
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(after FPU experiment) 

 

• 1968 - Z. Rieder, J. Lebowitz and E. Lieb: 
harmonic chain 

 

• 1984 - G. Casati et al.: ding–a–ling model 

 

• 1997 - S. Lepri, R.L., A. Politi: FPU revisited 

 

• 1998-  B. Hu, B.Li, H. Zhao, FK model 

…… 

~ L
0~ L
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0~ L



For integrable system: 

 

The heat conductivity is a linear function of 

the system size 

 

~ L

Fourier heat conduction Law is not obeyed,  

the heat conduction is anomalous. 

S. Lepri, et al, Phys. Rep. 377, 1 (2003); A. Dhar, Adv. Phys. 57, 457 (2008) 



For momentum non-conserving systems 

0~ L

G. Casati, J. Ford, F. Vivaldi, and W.M. Visscher, PRL 52, 1861 (1984);  

T. Prosen and M. Robnik, J. Phys. A 25, 3449 (1992). 

B. Hu, B. Li, and H. Zhao, PRE 57, 2992 (1998);  

B. Hu, B. Li, and H. Zhao, PRE 61,3828 (2000);  

S. Lepri, et al, Phys. Rep. 377, 1 (2003);  

A. Dhar, Adv. Phys. 57, 457 (2008) 

 

Fourier heat conduction Law is obeyed,  

the heat conduction is normal 



~ L

For momentum conserving nonlinear system 

~ ln( )L

0~ L3d 

2d 

1d 

PRL 104, 040601 (2010); PRL 105, 160601 (2010).  

(For 1D integrable case,              ) ~ L

(normal heat conduction) 

(anomalous heat conduction) 

(anomalous heat conduction) 

S. Lepri, et al, Phys. Rep. 377, 1 (2003); A. Dhar, Adv. Phys. 57, 457 (2008) 
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Renormalization group analysis 
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Kinetic theory 

Mode coupling theory 

For 1D momentum conserving non-integrable system 

PRE 73, 060201(R) (2006); J.Stat. Mech. (2007) P02007. 

Phys. Rep. 377, 1 (2003); Adv. Phys. 57, 457 (2008), PRL 108, 180601 (2012).  

PRL 89, 200601 (2002) 

(for asymmetric potential) 

(for symmetric potential) 

PRE 68, 056124 (2003), Commun. Pure Appl.Math. 61,1753 (2008) 

Universality of the exponent          

0  (anomalous heat conduction) 



Normal heat conduction is observed in 

1D momentum conserving lattice models  

with asymmetric interparticle interactions. 

A. V. Savin and Y. A. Kosevich, Phys. Rev. E 89, 032102 (2014). 

Y. Zhong, Y. Zhang, J. Wang, and H. Zhao, Phys. Rev. E 85, 060102(R) (2012). 

S. Chen, Y. Zhang, J. Wang, and H. Zhao, arXiv:1204.5933 (2012). 

Y. Zhong, Y. Zhang, J. Wang, and H. Zhao,. Chin. Phys. B 22, 070505 (2013). 

Recent numerical results in contradiction with the theories 



Our recent progress: 

S. Chen, J.  Wang, G. Casati, and G. Benenti, Phys. Rev. E 90, 032134 (2014) 

when a 1D momentum-conserving system  
is close to its integrable limit, 
Normal heat conduction could be observed ,  
for a wide range of system size,  
for both gas and lattice models. 



Models  

 

m M m M m M 

(1) 1D diatomic hard-point gas 

S. Chen, J.  Wang, G. Casati, and G. Benenti, Phys. Rev. E 90, 032134 (2014). 

If M=m, the system is integrable. 

If M>m, the system is non-integrable. 

(Particle number density is 1, L=N) 

(m=1) 



Models  

 (2) 1D diatomic Toda Lattice 

m M m M m M 
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S. Chen, J.  Wang, G. Casati, and G. Benenti, Phys. Rev. E 90, 032134 (2014). 

(Particle number density is 1, L=N) 

(m=1) 

If M=m, the system is integrable. 

If M>m, the system is non-integrable. 



Methods 

(1) Nonequilibrium simulations 
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Maxwellian heat baths for gas model 

 

Langevin heat baths for lattice model 

S. Lepri, et al, Phys. Rep. 377, 1 (2003); A. Dhar, Adv. Phys. 57, 457 (2008) 

Heat bath TH Heat bath TL Heat flux J 



Methods 
 

 (2) Equilibrium simulations  

 

 

 

Green-Kubo formula：  
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S. Lepri, et al, Phys. Rep. 377, 1 (2003); A. Dhar, Adv. Phys. 57, 457 (2008) 



Results of Nonequilibrium simulations for Harf-point gas model 

Phys. Rev. E 90, 032134 (2014) 

Results 
(m=1) 



Temperature profiles 

Phys. Rev. E 90, 032134 (2014) 

Fourier heat conduction Law 

M=1.07 (m=1) 



Results of equilibrium simulations for Harf-point gas model 

Current correlation functions 

Phys. Rev. E 90, 032134 (2014) 

M=1.07 
Fast decay! 

(m=1) 



Results for Harf-point gas model 

Phys. Rev. E 90, 032134 (2014) 

M=1.07 



Phys. Rev. E 90, 032134 (2014) 

M is, respectively,  

1.07, 1.10, 1.14, 1.22, 1.30, 1.40, 

the golden mean (≈1.618), and 3.  

(From top to bottom) 

The corresponding tangent α 

of the κ-N curve is given  

in (b) with the same symbols.  

(m=1) 



Results of Nonequilibrium simulations for diatomic Toda lattice 

Phys. Rev. E 90, 032134 (2014) 



Results of equilibrium simulations for diatomic Toda lattice 

Current correlation functions 

Phys. Rev. E 90, 032134 (2014) 

M=1.07 

Fast decay! 



Summary 

   Heat conduction problem is a very old problem. 

   The microscopic ingredients for Fourier heat conduction 
law are still not clear. 

 

    Fourier heat conduction law is obeyed  in 1D 
momentum-conserving systems, for a wide range of 
system size, when the  system is close to integrable 
limit.  

 

    This is a new connection between the macroscopic 
thermal transport properties and the underlying nonlinear 
dynamics. (More efforts are needed to reveal the deeper 
underlying mechanisms.) 

 



Thanks! 



 All the standard theories of transport involve 

uncontrolled approximations and do not 

provide a “proof” of Fourier’s law. 

 



 Mode-coupling theory---1   



 Mode-coupling theory- ---2   



Jean Baptiste Joseph Fourier (1768-1830) 
“Theorie analytique de la chaleur” 

（ “The Analytical Theory of Heat”）  

“Heat, like gravity, penetrates every 

substance of the universe, its ray occupy 

all parts of space. “ 

 

The theory of of heat will hereafter form 

one of the most important branches of 

general physics … 

 

“But whatever may be the range of 

mechanical theories, they do not apply 

to the effects of heat. These make up a 

special order of phenomena, which 

cannot be explained by the principles of 

motion and equilibria”  



  “It seems there is no problem in modern  

physics for which there are on record as 

many false starts, and as many theories 

which overlook some essential feature, as 

in the problem of the thermal conductivity 

of (electrically) nonconducting crystals.”                  

                                                                                                           

R. E. Peierls (1961),  

Theoretical Physics in the Twentieth Century.  



(D.K. Campbell’s slide) 



• FPU model 

(D.K. Campbell’s slide) 



(The algorithm used to code the first numerical experiment.) 

T. Dauxois, Phys. Today, 61, 1, 55 (2008).  

http://dx.doi.org/10.1063/1.2835154
http://dx.doi.org/10.1063/1.2835154
http://dx.doi.org/10.1063/1.2835154
http://dx.doi.org/10.1063/1.2835154


For integrable system: 

 

The heat conductivity is a linear function of 

the system size 

 

~ L

Fourier heat conduction Law is not obeyed,  

the heat conduction is anomalous. 

S. Lepri, et al, Phys. Rep. 377, 1 (2003); A. Dhar, Adv. Phys. 57, 457 (2008) 



Y. Zhong et al, PRE 85, 060102(R) (2012) 

Normal heat conduction is observed  

in an 1D momentum conserving lattice  

model with proper 

asymmetric interparticle interaction 

Recent numerical results in contradiction with the theories 
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S. Chen et.al., arXiv:1204.5933V2 (2012) 

Normal heat conduction is observed  

in 1d momentum conserving 

Lennard-Jones lattice 

Recent numerical results in contradiction with the theories 
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Normal heat conduction is observed in 

1D momentum conserving lattice models  

with asymmetric interparticle interactions. 

A. V. Savin and Y. A. Kosevich, Phys. Rev. E 89, 032102 (2014). 

Y. Zhong, Y. Zhang, J. Wang, and H. Zhao, Phys. Rev. E 85, 060102(R) (2012). 

S. Chen, Y. Zhang, J. Wang, and H. Zhao, arXiv:1204.5933 (2012). 

Y. Zhong, Y. Zhang, J. Wang, and H. Zhao,. Chin. Phys. B 22, 070505 (2013). 

Recent numerical results in contradiction with the theories 



Our more recent progress: 

S. Chen, J.  Wang, G. Casati, and G. Benenti, Phys. Rev. E 90, 032134 (2014). 

The heat conductivity may keep significantly   

unchanged over a certain range of the system size  

in 1D momentum-conserving systems,  

for a wide range of system size,  

when the  system is close to integrability. 

 

The range for observing Fourier heat conduction behavior 

may expand rapidly, as the system tends to integrability 

 



Methods 
Equilibrium simulations  

 (with periodic boundary condition) 

 

 

 

 

Green-Kubo formula：  
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S. Chen et.al, PRE 89, 022111 (2014). 



Phys. Rev. E 90, 032134 (2014) 

M is, respectively,  

1.07, 1.10, 1.14, 1.22, 1.30, 1.40, 

the golden mean (≈1.618), and 3.  

(From top to bottom) 

The corresponding tangent α 

of the κ-N curve is given  

in (b) with the same symbols.  

The turning point N∗, after which 

 α starts growing with N, 

as a function of M − 1.  

The best fitting (the dotted line)  

Suggests  N∗= 54/(M − 1)^3.2 

. 

(m=1) 







V. I. Arnold, (1989) Mathematical Methods of Classical Mechanics., second edition. 

Graduate Texts in Mathematics, 60, Springer. 



Maciej Dunajski (2009) Solitons, Instantons and Twistors, Oxford Graduate 

Texts inMathematics 19, OUP, Oxford. 
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