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4.3 Band structure of representative solids 149
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Figure 4.8. Band structure of four representative covalent solids: Si, C, SiC, GaAs. The
first and the last are semiconductors, the other two are insulators. The small diagram above
the band structure indicates the Brillouin Zone for the FCClattice, with the special k-points
X, L, K, W, U identified and expressed in units of 2.7 /a, where a is the lattice constant; I
is the center of the BZ. The energy scale is in electronvolts and the zero is set at the Valence
Band Maximum. (Based on calculations by LN. Remediakis.)
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Fig. 1.14 Resistivity p of ytterbium as a function of temperature at various pressures
(McWhan et al. 1969)." -




20 : A METAL-INSULATOR TRANSITIONS
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Fig.1.13 Electron density of states N(E) in a cubic material; Ex denotes the Fermi energy;
(a) normal metal; (b) semimetal; (c) insulator; (d) n-type degenerate semiconductor.



10 INTERACTING ELECTRONS IN DISORDERED SYSTEMS

£/t

F1G. 1.4. The traiectory of the mobility edge on the E(energy)- W(disorder) para-
meter plane for three-dimensional simple cubic lattice systems as determined numeri-
cally by the finite-size scaling method. The shaded region represents localized states
with the exact upper bound (Lifshitz boundary) for the band edge being shown by the
broken line. The Anderson transition occurs at W.=16.5. Here E and W are
measured by the transfer energy in the tight-binding model. (After Zdetsis et al. 1985.)



A2
: n}7af = 0.26 £ 0.05. (1.4)
The result is close to both eqn (1 1) for the Mott transition and eqn (1. 2) for

the Anderson transition. 0 29 - 0.3
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Fic. 1.1. Effective Bohr radius, aB , plotted against the critical concentration of donor
centres, n,, for various systems in logarithmic scaler. The straight line represents
nl3a% = 0.26. (After Edwards and Sienko 1978; Mott and Kaveh 1985b.)
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3.2 Bethe-Ansatz Equations

The hamiltonian of the model written in a symmetric form i given by
Ty~ ~ i ! -
=y’ Y (el i ot e # U )J(n,-,_?)(u,-, 2 (3.1)

where ¢! ¢, and n,, arc thc?t:rcntimn, annihilation, and number operalors, respec-
tively, for an electron al site 2 with spin o (] or |). The transler inlegral, 1, is sel Lo
unity and the on-site interaction energy is parameterized by U.

The hamiltonian (3.1) is inv.;riunt. under Lhe following unitary transformalions:
Cia =D Y gt UparCigr and ¢ =% ¢, where U is an SU(2) matrix. The Hubbard model,
therefore, has a SU(2) x U(1) symmelry. FPurthermore, when the number of sites is
ceven, there is a “hidden” SU(2) symmetry where the U(1) charge symmetry is a sub-
group of the hidden SU(2). When the number of sites is odd, a more general Lwisted
boundary condition is needed Lo gel the extra SU(2) symmetry. The generators of
this hidden pseudo-spin symmelry is as follow [39]

Q' e ._ ll '_'L Cia Ci m (3.2)

|||'

Qgf = Y (=) ey, (3.3)
Q- = (N (3.4)

(Here, I use different but essentially equivalent notations as those used in [111, 19].)
asentially, the extra symmetry appears belween Lhe doubly occupied and emply
sites which correspond to Lthe up and down stales for spin SU(2) case. One can
casily check that these operalors commute with the hamiltonian and the degeneracy
of energy levels is enlarged to (25 4 1)(2Q -+ 1), where S is the usual spin and @
the pseudo-spin, This extra symmetry will be used to show in the next section that
the Bethe-nnsalz states give the correct number of cigen-states of the 1D Hubbard
model,

I now write the cigen-stales of the hamiltonian in the following second quantized
form

M

RATHVEJEED DR (TR VYR T VRT S 0) 1[ Coj ) “ n_;,1|“ (3.5)

{1<n<N,} 1 k=M |1

where ny, ... ,npy are the positions of the M down spins, N the total number of
clectrons and ¢ Lhe amplitude function. I'he anti-commutation relations among Lhe
creation operators climinate all the terms with two up (or two down) spin electrons
al Lhe same site,
I now introduce a seclor Dg [25] defined as a region in the N particle space such
that
Dy={l <nq, <ng, <---<ngy s N}, (3.6)
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3.2. Dethe-Ansats Equations

where @ denotes a permutation of N numbers {1,2,...,N}. Talso define a neigh-
boring scctor of Dg as Dgyij), where j = i41 and Q(ij) is a permulation oblained

from @ by interchanging @Q; and Q;. Lel dg be the amplitude function in the sector
Dq and introduce the following ansatz for ¢

bo(ny,...,ny) = E[Q,.”]cxp(ikaanj). . (3.17)
2 i

P denotes a permutation of {1,..., N} associaled with the quasi-momenta {k;} and
@ with the electron site locations {n;}. [Q, P| is a coeflicient Lhat can be determined
essentially from the boundary conditions imposed on the amplitude ¢. Since ¢ is a
smooth function, I should have ¢q = Pq(ij) al the intersection of the Lwo sectors (i.e.
al ng, = ng, = n). From Lhis continuity condition 1 obtain the following relationship,

(Q, P) 1@, P(i)] = [Q(5), P+ [Q(i7), P(ij))- (3.8)

I start with the Schrddinger equation I|W) = E|W¥), and obtain the following
eigenvalue equation for ¢

N
—): Y d(ng, e ym ts,,n) 4 UY b —n;)p(ny, -, ny)

1=l =ik 1>
By, nw), (3.9)

where 1" = 15 | U(2N — N,)/4. Since no particles coincide in the sector Dg, the
on-site interaction term is identically zero and P salishies

N
=) Pl ymi sy ny) = I g(ny, - -, ny). (3.10)
(8 W BB
However, at the intersection between the Lwo sectors Dy and Dqsy (e at ng, -
ng; -~ n) the cigenvalue equation (3.9) iy

oo n b ng ) LG nn - e ) (e mm g 1,--2) )

$lam =Ly ) e b Uy Y = B mymy o), (301)

where Lhe obvious Lterms are omitled and are represented by dots. Note Lhat the first
and the second Lerms shown on the lefl, side of Lhe 5. (3.11) necessarily belong Lo the
sector Dyizy while the second and the forth terms to Dq. T now evaluale Iq. (3.10)

al ng, = ng; = n (I can do this since ¢ is smaoth), subtract it from P, (3.11) and
use 1%, (3.8) Lo reduce the resulting expression to the following

Q. P|=Vm1Q, 1), (3.12)

where
: il /2 eSS
T v T B

Vou %% Zowy - (T + TIP, (3.14)
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