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Motivation

Motivation

e Usually, a massive theory can be reduced to a massless theory by taking the limit

m — 0

m — 0
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e Usually, a massive theory can be reduced to a massless theory by taking the limit

m — 0
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Redundant parameters

undant parameters

Let us follow Weinberg’s approach and consider the scalar field theory in the form

S = /d4x [+ Z (0" 0,® + m*®°) — £ g 2°®*] .
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Redundant parameters

undant parameters

Let us follow Weinberg’s approach and consider the scalar field theory in the form

S = /d4x [+ Z (0" 0,® + m*®°) — £ g 2°®*] .

55

parameter x is redundant, if (51) ’e.o.m =0
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Redundant parameters

Redundant parameters

Let us follow Weinberg’s approach and consider the scalar field theory in the form

S = /d4 Z(0"®0,® +m?®%) — L g 2%0"] .

parameter x is redundant, if (‘;—i) ’ =0

oS 0S
om0 (%> o 70 (@)

‘ parameter x is redundant, if it removes by a local field redefinition ‘

(i)

In other words:

e.o.m

e Z can be removed by a local field redefinition, ® — (1/v/Z) ®
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Redundant parameters

Redundant parameters

Let us follow Weinberg’s approach and consider the scalar field theory in the form

S = /d4 Z(0"®0,® +m?®%) — L g 2%0"] .
parameter x is redundant, if (‘;—i) ’e'o'm =0
65 65 05
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In other words:

‘ parameter x is redundant, if it removes by a local field redefinition ‘

e Z can be removed by a local field redefinition, ® — (1/v/Z) ®

e m and g can not be eliminated by a local field redefinition
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Redundant parameters

Redundant parameters

Let us follow Weinberg’s approach and consider the scalar field theory in the form

S = /d4 Z(0"®0,® +m?®%) — L g 2%0"] .
parameter x is redundant, if (‘;—i) ’e'o'm =0
65 65 05
@l Gl G

In other words:

‘ parameter x is redundant, if it removes by a local field redefinition ‘

e Z can be removed by a local field redefinition, ® — (1/v/Z) ®

e m and g can not be eliminated by a local field redefinition

What about nonlocal field redefinitions?
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Scalar field

Scalar field theory

Consider massive and massless scalar field equations (Klein-Gordon) in d dimensions
(049, —m*)® =0, p=0,1,...,d—1
(0"0u) ¢=0,
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Scalar field

Scalar field theory

Consider massive and massless scalar field equations (Klein-Gordon) in d dimensions
(049, —m*)® =0, p=0,1,...,d—1
(0"0u) =0,
If one supposes there is a field redefinition
2-Py (1)

and the identity

MWm—mﬂP:me”\ )
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Scalar field

Scalar field theory

Consider massive and massless scalar field equations (Klein-Gordon) in d dimensions
(049, —m*)® =0, p=0,1,...,d—1
(0"0u) =0,
If one supposes there is a field redefinition
2-Py (1)

and the identity

\(a“au—mQ)P:Q(a“au)\ )

then, the massive equation reduces to the massless one (or m becomes redundant)
(0", — mz) ®=0 massive eq.
(0"0, —m*)Pyp =0 (1)1
Q(0"0u)p=0 2) 4
(0"0u) =0 massless eq.
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Scalar field

Scalar field theory

e We find the identity

(0", —m*)P = Q(0"d,)

cab be satisfied, if we introduce

o e 2n (_1)n
P ngo(mx) 4n n! (mﬂau+%)n
L e 2n (_1)71
Q: nZ::O(ma:) 4nnl (a1 Oy + 4 +2),
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o e 2n (_1)n
P ngo(mx) 4n n! (mﬂau+%)n
L e 2n (_1)71
Q: nZ::O(ma:) 4nnl (a1 Oy + 4 +2),

in which (--- ), is the rising Pochhammer symbol with the argument a of any n € N
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Scalar field

Scalar field theory

e We find the identity

(0", —m*)P = Q(0"d,)

cab be satisfied, if we introduce

o e 2n (_1)n
P= ngo(mx) 4n n! (mﬂau+%)n
L e 2n (_1)71
Q: nZ::O(ma:) 4nnl (a1 Oy + 4 +2),

in which (--- ), is the rising Pochhammer symbol with the argument a of any n € N

(@n=a(a+1)(a+2)---(a+n—-1)

(a)o =

(a)1=a

Note that
lim P=1, Iim Q=1

m—0 m—0
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Scalar field

Scalar field theory

To prove the identity

\(a“au—mQ)chz(a“aM)\

one may use

[0"0,, 2®" | =4n (2" 0 + & —n+1)2*" 2
and

(@) = (a+n—1) (@
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Scalar field

Scalar field theory

e Recalling

dP=Pop (0"9, —m*)P =Q(9"0,)

we find inverse operators.
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Scalar field

Scalar field theory

e Recalling

dP=Pop (0"9, —m*)P =Q(9"0,)

we find inverse operators. Indeed, one can suppose

and the inverse identity
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Scalar field

Scalar field theory

e Recalling
dP=Pop (0"9, —m*)P =Q(9"0,)
we find inverse operators. Indeed, one can suppose
=P '® (3)

and the inverse identity

Q_l (GMGM—MQ) = (OMGH)P_l (4)

Then, the massless equation reduces to the massive one (or m becomes restored)
(0"8,)p=0 massless eq.
(0"9,) P =0 3) 4
Q (848, —m*) D=0 (4) 1

(0"0, — m? )@ =0 massive eq.
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Scalar field

Scalar field theory

e We find the inverse identity

Q' (0", —m®) = (8"9,)P"

cab be satisfied, if we introduce

p!.— o 1 2n

nz::o 4nnl (2 Oy + 4 —n—1), (me)

[ee]

-1 1 2n
Q n=o 4"nl (x4 Oy + ¢ —n+1), )

Mojtaba Najafizadeh (IPM & FUM)

Massive to Massless

30th IPM Physics Spring Conferencc



Scalar field

Scalar field theory

e We find the inverse identity

Q' (0", —m®) = (8"9,)P"

cab be satisfied, if we introduce

_ =) 1
Pl= ma )"
nz::o 4"n!(x“8u+%—n—l)n( )
_ x> 1
Q 1 .= (mm )271

n=o 4"nl (x4 Oy + ¢ —n+1),

e One finds the Hermitian conjugation of operators reads

pt—q! Q =p!
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Scalar field

Scalar field theory

At the level of the action, we consider the free massive scalar theory in d dimensions

S=-% /ddx (0400, +m*®”]

+%/ddx ®[9"0, —m*] ® + totatder.
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Scalar field

Scalar field theory

At the level of the action, we consider the free massive scalar theory in d dimensions
szfg/ﬁ%[m¢@¢+m%ﬂ
:+§/fmﬂmm—mﬂ¢+wamf

Applying the field redefinition

dP=Pyp, — d=¢P!
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Scalar field

Scalar field theory

At the level of the action, we consider the free massive scalar theory in d dimensions
S=-% /ddx (0400, +m*®”]
= —&-%/ddaﬁ ® [0"0, —m* | ® + totatder.
Applying the field redefinition

dP=Pyp, — d=¢P!

we find
S=+ /ddx P [0"9, —m*] massive action
d 2
:%/dxcpPT[a‘Lﬁ -m’ Py +
=1 [d%z o P Q[0")
=3 ze P Q] % }
=1 /ddx @ [0%0.] ¢ massless action
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Harmonic oscillator

Harmonic oscillator

Consider a Newtonian massive particle whose position only depends on time and
subject to the force law of the usual Hooke’s law (w = \/k/m, m # 0), and a free
Newtonian massive particle subject to no force. Equations of motion read

(;—;)w(t) -0 (6)
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Harmonic oscillator

Harmonic oscillator

Consider a Newtonian massive particle whose position only depends on time and
subject to the force law of the usual Hooke’s law (w = \/k/m, m # 0), and a free
Newtonian massive particle subject to no force. Equations of motion read

(d—;+w2)X(t):o (5)

(;—;)az(t) -0 (6)

e The equation (5) can be reduced to (6) by applying

x() = (£ (et %)w)

n=0 4 nl (t
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Harmonic oscillator

Harmonic oscillator

Consider a Newtonian massive particle whose position only depends on time and
subject to the force law of the usual Hooke’s law (w = \/k/m, m # 0), and a free
Newtonian massive particle subject to no force. Equations of motion read

2

(E+w2)X(t):0 (5)

( @ )2(t) = 0 (6)

at?

e The equation (5) can be reduced to (6) by applying

n=0 4 nl (t

mw=(:§<ww”(f;+bn)mm

e In a reverse way, the equation (6) can be reduced to (5) by applying

o) = ( £ Grara () ) X0

n=0 47n!l(¢ - nf%)n
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Dirac field

Dirac field theory

Consider massive and massless Dirac field equations in d dimensions
(’y -04+m ) =0
(v-9)d=0
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Dirac field

Dirac field theory

Consider massive and massless Dirac field equations in d dimensions
(’y -04+m ) =0
(v-9)d=0

If one supposes there is a field redefinition

and the identity
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Dirac field

Dirac field theory

Consider massive and massless Dirac field equations in d dimensions
(’y -0+m ) v=0
(v-0)v=0
If one supposes there is a field redefinition
U =Py (7)

and the identity

[(v:0+m)P=Q(7-0)] (8)

then, the massive equation reduces to the massless one (or m becomes redundant)
(y-04+m)¥ =0 massive eq.
(v-0+m)Py=0 (7))
Q(y-0)yY=0 )4
(v-0)y=0 massless eq.
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Dirac field

Dirac field theory

e We find the identity

((:0+m)P=Q(7-9)]

cab be satisfied, if we introduce

1

P:= 7
4k k! (xH Op + §)k

bl
s

[(my - ) = 2k (my - 2)* ]

1
4k Kl (21 0y + & + 1)k

Q=3 [my-2)™ + 2k (my - 2)* ]
k=0
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Dirac field

Dirac field theory

e We find the identity

((:0+m)P=Q(7-9)]

cab be satisfied, if we introduce

1
4k Kl (21 0y + 4k

=
I
18

[(my - ) = 2k (my - 2)* ]

k=0

1
4k Kl (21 0y + & + 1)k

Q=3 [my-2)™ + 2k (my - 2)* ]
k=0

e To prove the identity, one may use
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Dirac field

Dirac field theor

e In a reverse way, we can reduce the massless equation to the massive one by

and the inverse identity
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Dirac field

Dirac field theory

e In a reverse way, we can reduce the massless equation to the massive one by

and the inverse identity

Q' (v 04m)=(3-0)P"

e The latter satisfies, if we introduce

Pl ()"

2k _ 2k—1
: 2k .
k=0 4% k! (z+ 0, + % k) [(m’}’ x) (m~ - ) }

IR -n*
° '_k;o 4k Y (zr 9y + & —k+ 1)k

[(my - )% 4+ 2k (my - )]
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Dirac field
Dirac field theory

e In a reverse way, we can reduce the massless equation to the massive one by

and the inverse identity

Q' (v 04m)=(3-0)P"

e The latter satisfies, if we introduce

1 & (—1)* o s
S T (@ 0 + & — k) [(mv 2)*" — 2k (m~ - z) }
Ql=3 -nF

k

2k 2k—1
H — 1 Y + 2k .
0 4k Kl (219, + %l k e [(m x) (m~y - ) ]

e The Hermitian conjugates of operators read

Pl=-9"Q"Y (P =—1"Q"’
Q' =—2"P° @ H =-4Py°
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Dirac field

Dirac field theor

Let us transform the massless Dirac action to the massive one by applying the field
redefinition
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Dirac field

Dirac field theory

Let us transform the massless Dirac action to the massive one by applying the field
redefinition

Y=P W
This in turn leads to

Pr=w'PH =v'(-1°Qy") —
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Dirac field

Dirac field theory

Let us transform the massless Dirac action to the massive one by applying the field
redefinition

Y=P W
This in turn leads to

P =0T =010 — |[9=00Q

Thus
S =— / dz ) (v-0) massless Dirac action
:—/ddx\fl(@(7~8)P_1\Il il
:—/ddm@@”(v-wm)w '
ot
:—/ddx U(y-04+m)¥ massive Dirac action

Mojtaba Najafizadeh (IPM & FUM) Massive to Massless 30th IPM Physics Spring Conferencc



tion Redundant eld a cld Higher spins

Toward Higher Spin Theories

Mojtaba afizadeh (IPM & FUM) Massive to M 30th IPM Physics Spring Conferen



Higher spins

Higher spins

e The massive higher spin and the massless higher spin (Fronsdal) equations read

s s P a\ 1 (0 8 o B
p-+m” — (p-u+mv) (p~%+m%>+§(p-u+mv) (%%+w)} o, =0
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Higher spins

Higher spins

e The massive higher spin and the massless higher spin (Fronsdal) equations read

s s P a\ 1 (0 8 o B
p-+m” — (p-u+mv) (p~%+m%>+§(p-u+mv) (%%+w)} o, =0

{pQ—(pw) (p-a%)+

S
(I’S({B,U, U) = ZO ﬁ (G Ve q)#ln-ur(x)
r—

N | =
=
/N
Flo
gl
N———
—_
©
1)

\

[en]

where bosonic fields are

spin-s fields: i

ws(z,u) = % uft ot oy, ()
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Higher spins

Higher spins
e The massive higher spin and the massless higher spin (Fronsdal) equations read

2 2 0 0 1 20 0 02 _
p"+m” — (p-u-+mv) (p-——&—m%)—i—i(p-u—&—mv) (%%—i—w)} D, =0

ou

N |~
e
VN
Q
Flo
Q
Flo
~_
—_
S

w

I

o

{pQ—(pw) (p-a%)+

where bosonic fields are
S

D, (z,u,v) = Zo ﬁ utt oot 0t T @y, ()
—

spin-s fields:

ws(z,u) = % uft ot oy, ()

SZO{(PO—CI)(x), Szl{q)l—v@(x)+u“<l>u(x), SZ2{¢2:,,.

wo = p(z), w1 =u" pu(z),
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Higher spins

Higher spins
e The massive higher spin and the massless higher spin (Fronsdal) equations read

2 2 0 0 1 20 0 02 _
p"+m” — (p-u-+mv) (p-——&—m%)—i—i(p-u—&—mv) (%%—i—w)} D, =0

ou

N | =
=
/N
Flo
gl
N———
—_
©
1)

\

[en]

{pQ—(pw) (p-a%)+

where bosonic fields are
S

D, (z,u,v) = Zo ﬁ utt oot 0t T @y, ()
—

spin-s fields:

ws(z,u) = % uft ot oy, ()

{(Do—cb(x), Szl{d)l—v@(x)+u“<b“(x), S:2{¢2—"'

po = (), o1 =u"pu(z), 2=

e To transform massive eq. to massless eq., one should find a field redefinition as

CI)S(xau7v) = P@S(xau)
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Higher spins

Higher spins
e The massive higher spin and the massless higher spin (Fronsdal) equations read

2 2 0 0 1 20 0 02 _
p"+m” — (p-u-+mv) (p-——&—m%)—i—i(p-u—&—mv) (%%—i—w)} D, =0

ou

N | =
=
/N
Flo
gl
N———
—_
©
1)

\

[en]

{pQ—(pw) (p-a%)+

where bosonic fields are
S

. b (x,u,v) = > ﬁ utt oot 0t T @y, ()
spin-s fields: r=0

ws(z,u) = % uft ot oy, ()

{(Do—cb(x), Szl{d)l—v@(x)+u“<b“(x), S:2{¢2—"'

po = (), o1 =u"pu(z), 2=

e To transform massive eq. to massless eq., one should find a field redefinition as

Dy (z,u,v) =P ps(z,u) ’Fors:(), one ﬁnds’P:P‘
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Higher spins

Higher spins
e The massive higher spin and the massless higher spin (Fronsdal) equations read

2 2 0 0 1 20 0 02 _
p"+m” — (p-u-+mv) (p-——&—m%)—i—i(p-u—&—mv) (%%—i—w)} D, =0

ou

N | =
=
/N
Flo
gl
N———
—_
©
1)

\

[en]

{pQ—(pw) (p-a%)+

where bosonic fields are
S

. b (x,u,v) = > ﬁ utt oot 0t T @y, ()
spin-s fields: r=0

ws(z,u) = % uft ot oy, ()

{(Do—cb(x), Szl{d)l—v@(x)+u“<b“(x), S:2{¢2—"'

po = (), o1 =u"pu(z), 2=

e To transform massive eq. to massless eq., one should find a field redefinition as

Dy (z,u,v) =P ps(z,u) ’Fors:(), one ﬁnds’P:P‘

(the question is open for higher spins)
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Conclusion

Summary and open questions

o Physical observables cannot remove by a local field redefinition
o Mass parameter could be redundant, upon a nonlocal field redefinition

e Two local non-equivalent theories can be related by nonlocal field redefinitions
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Conclusion

Summary and open questions

Summary

o Physical observables cannot remove by a local field redefinition

o Mass parameter could be redundant, upon a nonlocal field redefinition

e Two local non-equivalent theories can be related by nonlocal field redefinitions

v

Open questions

o Removing the mass parameter in presence of interactions

o Finding transformations for higher spins (bosonic & fermionic)
o Constructing off-shell SUSY massive HS

o Application in Celestial holography
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Conclusion

Summary and open questions

Summary

o Physical observables cannot remove by a local field redefinition

o Mass parameter could be redundant, upon a nonlocal field redefinition

e Two local non-equivalent theories can be related by nonlocal field redefinitions

v

Open questions

o Removing the mass parameter in presence of interactions

o Finding transformations for higher spins (bosonic & fermionic)
o Constructing off-shell SUSY massive HS

o Application in Celestial holography

Thank you for your attention!
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