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Motivation

Usually, a massive theory can be reduced to a massless theory by taking the limit

m→ 0

Massive
m → 0−−−−−−−−−⇀↽−−−−−−−−−

?
Massless

Massive
T−−−−−−−−⇀↽−−−−−−−−

T−1
Massless

Off-shell SUSY massive HS ?
T−−−−−−−−⇀↽−−−−−−−−

T−1
Off-shell SUSY massless HS X

Similarly

(A)dS
Λ → 0−−−−−−−−−−⇀↽−−−−−−−−−−

?
Flat

(A)dS
T−−−−−−−−−−⇀↽−−−−−−−−−−
T−1

Flat
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Redundant Parameters
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Redundant parameters

Let us follow Weinberg’s approach and consider the scalar field theory in the form

S =

∫
d4x

[
− 1

2
Z (∂µΦ ∂µΦ +m2Φ2)− 1

4!
g Z2Φ4] .

parameter x is redundant, if
(
δS
δx

) ∣∣
e.o.m

= 0

(
δS

δZ

) ∣∣∣∣
e.o.m

= 0

(
δS

δm

) ∣∣∣∣
e.o.m

6= 0

(
δS

δg

) ∣∣∣∣
e.o.m

6= 0

In other words:

parameter x is redundant, if it removes by a local field redefinition

• Z can be removed by a local field redefinition, Φ→ (1/
√
Z) Φ

• m and g can not be eliminated by a local field redefinition

What about nonlocal field redefinitions?
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Free Scalar Field Theory
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Scalar field theory

Consider massive and massless scalar field equations (Klein-Gordon) in d dimensions(
∂µ∂µ −m2 )Φ = 0 , µ = 0, 1, . . . , d− 1

( ∂µ∂µ ) ϕ = 0 ,

If one supposes there is a field redefinition

Φ = Pϕ (1)

and the identity (
∂µ∂µ −m2 )P = Q ( ∂µ∂µ ) (2)

then, the massive equation reduces to the massless one (or m becomes redundant)(
∂µ∂µ −m2 )Φ = 0 massive eq.(

∂µ∂µ −m2 )Pϕ = 0 (1) ↓

Q ( ∂µ∂µ )ϕ = 0 (2) ↓

( ∂µ∂µ )ϕ = 0 massless eq.
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Scalar field theory

• We find the identity (
∂µ∂µ −m2 )P = Q ( ∂µ∂µ )

cab be satisfied, if we introduce

P :=
∞∑
n=0

(mx )2n (−1)n

4n n! (xµ ∂µ + d
2
)n

Q :=
∞∑
n=0

(mx )2n (−1)n

4n n! (xµ ∂µ + d
2

+ 2)n

in which (· · · )n is the rising Pochhammer symbol with the argument a of any n ∈ N

(a)n = a (a+ 1) (a+ 2) · · · (a+ n− 1)

(a)0 = 1

(a)1 = a
...

...

Note that
lim
m→0

P = 1 , lim
m→0

Q = 1
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Scalar field theory

To prove the identity (
∂µ∂µ −m2 )P = Q ( ∂µ∂µ )

one may use

[
∂µ∂µ , x

2n ] = 4n
(
xµ ∂µ + d

2
− n+ 1

)
x2n−2

and

(a)n = (a+ n− 1) (a)n−1
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Scalar field theory

• Recalling

Φ = Pϕ
(
∂µ∂µ −m2 )P = Q ( ∂µ∂µ )

we find inverse operators.

Indeed, one can suppose

ϕ = P−1 Φ (3)

and the inverse identity

Q−1 ( ∂µ∂µ −m2 ) = ( ∂µ∂µ ) P−1 (4)

Then, the massless equation reduces to the massive one (or m becomes restored)

( ∂µ∂µ )ϕ = 0 massless eq.

( ∂µ∂µ ) P−1 Φ = 0 (3) ↓

Q−1 ( ∂µ∂µ −m2 )Φ = 0 (4) ↓(
∂µ∂µ −m2 )Φ = 0 massive eq.
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• We find the inverse identity
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n=0

1
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1
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2
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• One finds the Hermitian conjugation of operators reads

P† = Q−1 Q† = P−1
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Scalar field theory

At the level of the action, we consider the free massive scalar theory in d dimensions

S = − 1
2

∫
ddx

[
∂µΦ ∂µΦ +m2Φ2 ]

= + 1
2

∫
ddx Φ

[
∂µ∂µ −m2 ]Φ +((((

total der.

Applying the field redefinition

Φ = Pϕ , → Φ = ϕP†

we find

S = 1
2

∫
ddx Φ

[
∂µ∂µ −m2 ]Φ massive action

= 1
2

∫
ddx ϕP†

[
∂µ∂µ −m2 ]Pϕ ↓

= 1
2

∫
ddx ϕ P†Q︸ ︷︷ ︸

= 1

[ ∂µ∂µ ] ϕ ↓

= 1
2

∫
ddx ϕ [ ∂µ∂µ ] ϕ massless action
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Harmonic Oscillator
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Harmonic oscillator

Consider a Newtonian massive particle whose position only depends on time and
subject to the force law of the usual Hooke’s law (ω =

√
k/m , m 6= 0), and a free

Newtonian massive particle subject to no force. Equations of motion read

( d2

dt2
+ ω2

)
X(t) = 0 (5)( d2

dt2

)
x(t) = 0 (6)

• The equation (5) can be reduced to (6) by applying

X(t) =

(
∞∑
n=0

(ωt )2n (−1)n

4n n! (t d
dt

+ 1
2
)n

)
x(t)

• In a reverse way, the equation (6) can be reduced to (5) by applying

x(t) =

(
∞∑
n=0

1

4n n! (t d
dt
− n− 1

2
)n

(ωt )2n

)
X(t)
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Free Dirac Field Theory
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Dirac field theory

Consider massive and massless Dirac field equations in d dimensions(
γ · ∂ +m

)
Ψ = 0(

γ · ∂
)
ψ = 0

If one supposes there is a field redefinition

Ψ = Pψ (7)

and the identity

( γ · ∂ +m )P = Q ( γ · ∂ ) (8)

then, the massive equation reduces to the massless one (or m becomes redundant)

( γ · ∂ +m ) Ψ = 0 massive eq.

( γ · ∂ +m )Pψ = 0 (7) ↓

Q ( γ · ∂ )ψ = 0 (8) ↓

( γ · ∂ )ψ = 0 massless eq.
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Dirac field theory

• We find the identity

( γ · ∂ +m )P = Q ( γ · ∂ )

cab be satisfied, if we introduce

P :=
∞∑
k=0

[
(mγ · x)2k − 2k (mγ · x)2k−1

]
1

4k k! (xµ ∂µ + d
2
)k

Q :=
∞∑
k=0

[
(mγ · x)2k + 2k (mγ · x)2k−1

]
1

4k k! (xµ ∂µ + d
2

+ 1)k

• To prove the identity, one may use

[
γ · ∂ , (γ · x) 2k

]
= 2k (γ · x) 2k−1

{
γ · ∂ , (γ · x) 2k−1

}
= 2

(
xµ ∂µ + d

2
− k + 1

)
(γ · x) 2k−2
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Dirac field theory

• In a reverse way, we can reduce the massless equation to the massive one by

ψ = P−1 Ψ

and the inverse identity

Q−1 ( γ · ∂ +m ) = ( γ · ∂ )P−1

• The latter satisfies, if we introduce

P−1 :=
∞∑
k=0

(−1)k

4k k! (xµ ∂µ + d
2
− k)k

[
(mγ · x)2k − 2k (mγ · x)2k−1

]

Q−1 :=
∞∑
k=0

(−1)k

4k k! (xµ ∂µ + d
2
− k + 1)k

[
(mγ · x)2k + 2k (mγ · x)2k−1

]

• The Hermitian conjugates of operators read

P† = − γ0 Q−1 γ0 (P−1)† = − γ0 Q γ0

Q† = − γ0 P−1 γ0 (Q−1)† = − γ0 P γ0
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Dirac field theory

Let us transform the massless Dirac action to the massive one by applying the field
redefinition

ψ = P−1 Ψ

This in turn leads to

ψ† = Ψ†(P−1)† = Ψ†(− γ0 Q γ0) −→ ψ̄ = Ψ̄Q

Thus

S = −
∫

ddx ψ̄ ( γ · ∂ )ψ massless Dirac action

= −
∫

ddx Ψ̄Q ( γ · ∂ )P−1 Ψ ↓

= −
∫

ddx Ψ̄ QQ−1︸ ︷︷ ︸
=1

( γ · ∂ +m ) Ψ ↓

= −
∫

ddx Ψ̄ ( γ · ∂ +m ) Ψ massive Dirac action
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Toward Higher Spin Theories
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Higher spins

• The massive higher spin and the massless higher spin (Fronsdal) equations read[
p2 +m2 − (p · u+mv)

(
p · ∂

∂u
+m

∂

∂v

)
+

1

2
(p · u+mv)2

(
∂

∂u
· ∂
∂u

+
∂2

∂v2

)]
Φs = 0

[
p2 − (p · u)

(
p · ∂

∂u

)
+

1

2
(p · u)2

(
∂

∂u
· ∂
∂u

)]
ϕs = 0

where bosonic fields are

spin-s fields:


Φs(x, u, v) =

s∑
r=0

1
r! (s−r)! u

µ1 . . . uµr vs−r Φµ1... µr (x)

ϕs(x, u) = 1
s!
uµ1 . . . uµs ϕµ1...µs(x)

s = 0

{
Φ0 = Φ(x) ,

ϕ0 = ϕ(x) ,
s = 1

{
Φ1 = vΦ(x) + uµ Φµ(x) ,

ϕ1 = uµ ϕµ(x) ,
s = 2

{
Φ2 = · · ·

ϕ2 = · · ·

• To transform massive eq. to massless eq., one should find a field redefinition as

Φs(x, u, v) = P ϕs(x, u) For s = 0, one finds P = P

(the question is open for higher spins)
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ϕ0 = ϕ(x) ,
s = 1

{
Φ1 = vΦ(x) + uµ Φµ(x) ,

ϕ1 = uµ ϕµ(x) ,
s = 2

{
Φ2 = · · ·

ϕ2 = · · ·

• To transform massive eq. to massless eq., one should find a field redefinition as

Φs(x, u, v) = P ϕs(x, u) For s = 0, one finds P = P

(the question is open for higher spins)
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Summary

Physical observables cannot remove by a local field redefinition

Mass parameter could be redundant, upon a nonlocal field redefinition

Two local non-equivalent theories can be related by nonlocal field redefinitions

Open questions

Removing the mass parameter in presence of interactions

Finding transformations for higher spins (bosonic & fermionic)

Constructing off-shell SUSY massive HS

Application in Celestial holography

. . .

Thank you for your attention!
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