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Matter and Gravitational EMT

Let us consider Gravity + Matter action

S[gµν ,Φ] = Sgravity + Smatter

One can read the energy-momentum tensor of the matter as

Tmatter
µν ∼

1
√
g

δSmatter

δgµν

Bulk diffeomorphism invariance yields

∇µT
µν
matter = 0

How about the energy-momentum tensor of gravity?

T gravity
µν ∼

1
√
g

δSgravity

δgµν
= eom = 0

2 / 20



Matter and Gravitational EMT

Let us consider Gravity + Matter action

S[gµν ,Φ] = Sgravity + Smatter

One can read the energy-momentum tensor of the matter as

Tmatter
µν ∼

1
√
g

δSmatter

δgµν

Bulk diffeomorphism invariance yields

∇µT
µν
matter = 0

How about the energy-momentum tensor of gravity?

T gravity
µν ∼

1
√
g

δSgravity

δgµν
= eom = 0

2 / 20



Matter and Gravitational EMT

Let us consider Gravity + Matter action

S[gµν ,Φ] = Sgravity + Smatter

One can read the energy-momentum tensor of the matter as

Tmatter
µν ∼

1
√
g

δSmatter

δgµν

Bulk diffeomorphism invariance yields

∇µT
µν
matter = 0

How about the energy-momentum tensor of gravity?

T gravity
µν ∼

1
√
g

δSgravity

δgµν
= eom = 0

2 / 20



Matter and Gravitational EMT

Let us consider Gravity + Matter action

S[gµν ,Φ] = Sgravity + Smatter

One can read the energy-momentum tensor of the matter as

Tmatter
µν ∼

1
√
g

δSmatter

δgµν

Bulk diffeomorphism invariance yields

∇µT
µν
matter = 0

How about the energy-momentum tensor of gravity?

T gravity
µν ∼

1
√
g

δSgravity

δgµν
= eom = 0

2 / 20



Matter and Gravitational EMT

Let us consider Gravity + Matter action

S[gµν ,Φ] = Sgravity + Smatter

One can read the energy-momentum tensor of the matter as

Tmatter
µν ∼

1
√
g

δSmatter

δgµν

Bulk diffeomorphism invariance yields

∇µT
µν
matter = 0

How about the energy-momentum tensor of gravity?

T gravity
µν ∼

1
√
g

δSgravity

δgµν
= eom = 0

2 / 20



Brown-York quasi-local EMT

Let us consider Bulk + Boundary

S[gµν ,Φ] = Sgravity + Sboundary

In addition to gµν , we have the induced metric of the boundary γµν ,

T gravity
µν ∼

1
√
γ

δS

δγµν
Brown-York EMT [Brown-York ’93]

The boundary diffeomorphism invariance yields

∇µT
µν
gravity = 0

Boundaries: Asymptotic boundaries, Black hole horizon, etc
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Implications

• Gravitational energy, angular momentum, and radiation

• Holography

• Fluid/Gravity correspondence

[S. Bhattacharyya, V. E. Hubeny, S. Minwalla, and M. Rangamani, 2008]
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Null infinity v.s AdS timelike boundary
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Solution space

Theory: 3dim Einstein gravity with Λ = 0 Rµν = 0

Line element:

ds2 = gµν dxµ dxν = −V dv2 + 2η dv dr +R2 (dϕ+ U dv)2

Solution:

R =Ω+ r η λ

U = U +
1

λR
η′

η
+

8GΥ− ΩΠ′

2λR2

V =
1

λ2

[
−8GM− 2 Sch[σ;ϕ] + λΩDvΠ+

(
η′

η

)2

+
(8GΥ− ΩΠ′)2

4R2
−

2R
η

Dv (ηλ) +

(
8GΥ− ΩΠ′

R

)
η′

η

]

where Π := 2 ln |ηλΩ−1| and

Sch[σ;ϕ] :=
σ′′′

σ′ −
3

2

(
σ′′

σ′

)2

, σ :=

∫ ϕ

λ dϕ
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Solution space

Integration functions: {η,U ,Ω, λ,M,Υ}

1:Constraint equations

DvM+
1

4G
U ′′′ = 0

DvΥ− λ

(
M
λ2

)′
+

1

4G
(λ−1)′′′ = 0

we have defined

DvOw := ∂vOw − U∂ϕOw − wOw∂ϕU

For example M,Υ,Ω,Π are of weight 2, 2, 1, 1 respectively.
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Boundary symmetries

4:Boundary symmetries

Boundary symmetries:

ξ = T λ ∂v +

[
Y − U λT +

(T λ)′

λR

]
∂ϕ + ξr∂r

with

ξr =
1

η λ

[
Z − T λDvΩ− (ΩY )′ −

1

η

(
η (Tλ)′

λ

)′]
−

r

2

(
W + T λDvΠ− 2 eΠ/2Z + Y Π′

)
−

8GΥ− ΩΠ′

2 η λ2 R
(Tλ)′
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Symplectic potential and ambiguities

Symplectic potential [Lee-Wald ’90]:

Θµ[g ; δg ] :=

√
−g

8πG
∇[α

(
gµ]βδgαβ

)
︸ ︷︷ ︸

Lee-Wald symplectic pot

+∇νY
µν [g ; δg ]︸ ︷︷ ︸

Y -freedom

+ δLµB[g ]︸ ︷︷ ︸
boundary Lagrangian

We choose Y -freedom s.t to remove r -dependence:

Y µν [δg ; g ] =
1

8πG

(
2δ

√
−g n[µlν] + 3

√
−g δn[µlν]

)
where lµ and nν are two null vector fields

lµ∂µ = ∂v +
V

2η
∂r − U∂ϕ , nµ∂µ = −

1

η
∂r , n · l = −1

We fix the boundary Lagrangian later by requiring a well-defined action principle.
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On-shell symplectic potential

(partially) on-shell symplectic potential:

Θ :=

∫
Θµ d2xµ , Θ = ΘH +ΘC + (total variation term)

5:hydrodynamic and corner symplectic potentials

ΘH := −
1

2π

∫
d2x

[
M δ(λ−1) + Υ δU

]
ΘC :=

1

16πG

∫
d2x ∂v (Ω δΠ)
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Surface charge

7:Surface charge variation

Surface charge variation:

δQξ =
1

16πG

∫ 2π

0
dϕ (W δΩ+ Z δΠ)

+
1

2π

∫ 2π

0
dϕ (T δM+ Y δΥ)

The charge algebra is the direct sum of the Heisenberg and the bms3
algebras. The former is spanned by Ω and Π while the latter is spanned by

M and Υ.
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Geometry of null infinity

Conformal induced metric:

ds2|I = lim
r→∞

ds2

R2

γab = kakb , ka dx
a := dϕ+ U dv

Kernel of induced metric:

γab l
b = 0 , la∂a := λ(∂v − U∂ϕ)

Dual of the kernel:

na dx
a = −λ−1 dv , lana = −1

Projection:

Pa
b := δab + nb l

a , Pa
b l

b = Pa
bna = 0

Partially inverse:

hacγcb = Pa
b , hab = kakb , ka∂a := ∂ϕ

Null-volume form:

γ = λ−2
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Null boundary connection

Null connection:

Γcab =
1

2
hcd (∂aγbd + ∂bγad − ∂dγab) + hcd Kdanb + lcSab

where Kab := 1
2
Llγab and

Sab := −3 ∂(anb)−n(aLlnb) + 2∂c l
c nanb

Torsion:

T c
ab := 2Γc[ab] = 2hcd Kd [anb]

13 / 20
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EMT from symplectic potential

Canonical structure of symplectic potential:

ΘH =
1

2π

∫
dx2

√
γ T abδγab non-degenerate case

ΘH =
1

2π

∫
d2x

√
γ
(
Tabδγab + Paδna

)
degenerate case

Symplectic potential in our case:

ΘH = −
1

2π

∫
d2x

[
M δ(λ−1) + Υ δU

]
We recognize:

T a
b =− P kakb −Υ lakb Stress tensor

pa =M la Null current

Equation of state [J. de Boer et.al. 2022]:

T a
a + pana = 0 =⇒ P +M = 0

These hydrodynamics quantities are not conserved!
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Conserved EMT

We can add a total variation term (boundary Lagrangian) to the symp. pot.:

9:Boundary action

SB :=

∫
d2x LB = −

∫
dv

∫ 2π

0

dϕ

2πσ′

(
M+

1

4G
Sch[σ;ϕ]

)
where Sch[σ;ϕ] := σ′′′

σ′ − 3
2

(
σ′′

σ′

)2
.

ΘH =
1

2π

∫
d2x

√
γ
(
Tabδγab + Paδna

)

10:Total conserved EMT

Conserved EMT:

Ta
b =T a

b +Aa
b , DbT

b
a = 0 Conserved stress tensor

Pa =pa + Aa , DaP
a = 0 Conserved null current
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Anomalous EMT

Anomalous EMT:

Aa
b = A kakb Aa = A la + B ka

where

A := Aa
a = −

1

8G

(
kc∂cθk +

1

4
θ2k

)
B := kaA

a = −
1

8G
(kc∂cθl − lc∂cθk )

Expansions at null infinity:

θl := Dal
a = −2λU ′ , θk := Dak

a = −2λ−1λ′
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Properties of null EMT

• Null EMT = Stress tensor + Null current.

• The (2,0)-type stress tensor is not symmetric. [J. de Boer et.al. 2022]

• It satisfies the following Equation of state

T + Pana = 0 → Energy+Pressure=0

• Comparision with AdS case [M. Henningson, K. Skenderis ’98]:

Energy+Pressure=central charge× Ricci scalar

Vanishing of the RHS resembles logarithmic celestial conformal field theories

[A. Fiorucci, D. Grumiller, R. Ruzziconi, 2024].
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Symplectic form

17:Symplectic form

Finally, the symplectic form is:

Ω =
1

2π

∫
d2x

[
δ(
√
γ Tab) ∧ δγab + δ(

√
γPa) ∧ δna

]
+

1

16πG

∫
d2x ∂v (δΩ ∧ δΠ)
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Summary

• We constructed a conserved gravitational EMT (stress tensor + null current)

at null infinity in 3dim asymptotically flat spacetimes.

• By demanding a well-defined action principle and the existence of a conserved

EMT, we found a Schwarzian action as the boundary action.
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Outlook

• Null EMT from limits:

◦ limr→∞ (Brown-York EMT in bulk)

◦ limℓ→∞ (Brown-York EMT at AdS boundary)

• Implications of the emergence of the Schwarzian action at null infinity:

◦ Celestial Sachdev-Ye-Kitaev (CSYK) model

◦ Chaos in three-dimensional flat holography

• EMT at null infinity in 4 spacetime dimensions.

• Fluid/Gravity correspondence in flat spacetimes.

Thank You!
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