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Warm up: why TEE, ...

▸ Timelike entanglement “entropy” is a new complex-valued
measure of information

▸ An early motivation: Concerns from dS/CFT;
Is it possible to understand about the entanglement
structure of theories dual to dS geometries via weak
rotation of well-known results in AdS?

▸ The content of this talk:
▸ A reminder: Definition of pseudo entanglement
▸ Definition of timelike entanglement in QFT
▸ TEE is an example of pseudo entanglement
▸ Holographic prescription to calculate TEE (v.1)
▸ A comment about: TEE in AdS ⇔ EE in dS/CFT
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Pseudo Entanglement Entropy
▸ Entanglement entropy is defined for a single state ∣ψ⟩

▸ Pseudo Entropy is defined for two states ∣ψ⟩1 and ∣ψ⟩2

ρ = ∣ψ⟩ ⟨ψ∣⟨ψ∣ψ⟩ Ð→ τψ1∣ψ2 = ∣ψ1⟩ ⟨ψ2∣
⟨ψ2∣ψ1⟩

▸ Pseudo entropy [Nakata-Takayanagi-Taki-Tamaoka-Wei ’20]:

S(τA) = −TrA [τA log τA] , τA = TrB [τψ1∣ψ2
AB ]

▸ τψ1∣ψ2
AB naturally arises after post-selection measurements

▸ Weak value [Aharonov-Albert-Vaidman ’88]

⟨ψ1∣OA∣ψ2⟩
⟨ψ1∣ψ2⟩

= Tr [OAτ2∣1
A ]

Start with ∣ψ1⟩, perform a measurement OA, discard all
outcomes except those which the final state is ∣ψ2⟩
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Holographic Pseudo Entanglement Entropy
Euclidean

tim
e

AdSd+1

τ = 0

×
O(x1) ⟨φ∣

×
O′(x3)

×
O′′(x2) ∣ψ⟩

∣ψ⟩ = O′(x2)O′′(x3)∣0⟩
⟨φ∣ = ⟨0∣O(x1)

Z = Tr [τψ∣φ] = ⟨φ∣ψ⟩

A

γA

What is γA in CFT?

[Nakata-Takayanagi-Taki-Tamaoka-Wei ’20]
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Replica Method
▸ It is much easier to work with ρn rather than log ρ

▸ Replica method [Callan-Wilczek ’94]

S
(n)
A = 1

1 − n log Tr [ρnA] , lim
n→1

S
(n)
A = SA

▸ In Euclidean formalism we have to calculate
Tr [ρnA]∝ ∫

Rn

Dϕe−SE[ϕ] = Zn

▸ The key point [Calabrese-Cardy ’04]

C in presence of O(n) ⇔ Rn

▸ For A: a single interval

Zn ∝ ⟨σnσ̄n⟩C , ∆n =
c

12
(n − 1

n
)

▸ This leads to

Tr [ρnA] =
Zn
Zn1
∝ (LA

ϵ
)
−

c
6 (n−

1
n
)
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Timelike EE in QFT I: Replica Method
▸ Reminder: For spacelike regions

S
(n)
A = 1

1 − n log⟨σn(P )σ̄n(Q)⟩

= 1
1 − n log

⎡⎢⎢⎢⎢⎣

⎛
⎝

ϵ√
(xP − xQ)2 − (tP − tQ)2

⎞
⎠

2∆n⎤⎥⎥⎥⎥⎦

▸ EE is given by

SA = S(1)A = c
3

log
⎡⎢⎢⎢⎣

√
(∆x)2 − (∆t)2

ϵ

⎤⎥⎥⎥⎦

▸ Continue to (∆x)2 − (∆t)2 < 0, for pure timelike region T0

S
(T)
A = c

3
log T0

ϵ
+ cπ

6
i
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Timelike EE in QFT I: Replica Method

▸ Finite Size: CFT on a circle (R),
For a pure timelike region T0

S
(T)
A = c

3
log [ R

πϵ
sin πT0

R
] + iπc

6

▸ Finite Temperature: CFT at temperature (1/β),
For a pure timelike region T0

S
(T)
A = c

3
log [ β

πϵ
sinh πT0

β
] + iπc

6
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Timelike EE in QFT II: Wick Rotation of Coordinates
▸ Consider a free scalar theory with x ∼ x +R

S = 1
2 ∫ dtdx [(∂tϕ)2 − (∂xϕ)2 −m2ϕ2]

the partition function is given by Zϕ = ∫ DϕeiS

▸ Consider t: spatial direction, T = −ix: real-time

A
A

t

x

t
x

Rotation

R “Space”

“Euclidean time”

R
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Timelike EE in QFT II: Wick Rotation of Coordinates

▸ The “Hamiltonian” reads

H = −i
2 ∫ dt [π2 + (∂tϕ)2−m2ϕ2]

where π = −∂xϕ is the canonical momentum such that

[ϕ(t), π(t′)] = iδ(t − t′)

▸ In this formulation (H̃ = iH)

Zϕ = Tr [e−RH] = Tr [eiRH̃]

▸ Prescription: With βS → −iR and m→ −im, we can find
TEE from EE
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Timelike EE in QFT II: Wick Rotation of Coordinates
▸ Finite temperature EE to finite size TEE

SA =
c

3
log [βS

πϵ̃
sinh πX0

βS
] βS→−iRÐÐÐÐ→

ϵ̃→−iϵ

S
(T)
A = c

3
log [ R

πϵ
sin πT0

R
] + iπc

6

▸ Take t ∼ t − iβ and R →∞ to define finite temperature TEE

▸ Finite size EE to finite temperature TEE

SA =
c

3
log [RS

πϵ̃
sin(πX0

RS
)] βS→−iRÐÐÐÐ→

ϵ̃→−iϵ

S
(T)
A = c

3
log [ R

πϵ
sinh πT0

R
] + iπc

6
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TEE as Pseudo Entanglement Entropy
▸ The reduced density matrix corresponding to TEE was

NOT hermitian (remember H = iH̃)

▸ More explicitly consider the following purification

∣Ψ⟩ = 1√
Z(δ)

∑
n

e+i(R+iδ)En/2∣n⟩1∣n⟩2

∣Ψ∗⟩ = 1√
Z(δ)

∑
n

e−i(R−iδ)En/2∣n⟩1∣n⟩2

▸ Tracing over one copy

Tr2∣Ψ⟩⟨Ψ∗∣ = ei(R+iδ)H̃

TEE is naturally expressed in terms of pseudo entropy
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Numerical Method
▸ Spectrum of τA Ð→ TEE

▸ How to read the spectrum of τA?

⟨OA⟩ = TrA [τAOA]

▸ In free theories Wick’s theorem Ð→ A unique way to real
the spectrum of τA

▸ All we need are the two-point functions

▸ Similar to the standard formulation of KG theory

H = −i∫ dd−1ky dk Ωk a
†
kak

▸ In 2d case (Ωk =
√
k2 −m2) the structure of TrA [τAOA]

∑
n

eiRΩk nf(n) Ð→ ∑
n

ei(R+iδ)Ωk nf(n) =∑
n

e−(R+iδ)Ωik nf(n)
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Numerical Method: Finite Size
▸ The relevant correlation functions (similarly for Πtt′)

Φtt′ ≡ Tr [ei(R+iδ)H̃ϕ(t)ϕ(t′)] = ∫
dk

2π
i

2Ωik
coth((R + iδ)Ωik

2
) eik(t−t′)

R = 50

R = 100

R = 200

0.0 0.2 0.4 0.6 0.8 1.0

7.6

7.8

8.0

8.2

8.4

8.6

8.8

T0 / R

R
e
[
S
(T
0
)
]

0.335 Log[ 200
π
Sin[

π T0

200
]]+7.23

0.333 Log[ 100
π
Sin[

π T0

100
]]+7.59

0.335 Log[ 50
π
Sin[

π T0

50
]]+7.91

R / δ = 100 , ϵ = 1 , m = 10-8

▸ Strong numerical evidence for the imaginary part
▸ Numerical results also agree in the finite temperature case
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Holographic Timelike EE in Pure AdS3
▸ Poincare AdS3

ds2 = dz
2 − dt2 + dx2

z2 ,

with continuation X0 → iT0

t =
√
z2 + (T0/2)2

τ=0

τ=π

τ=-π

τ=τ0/2x

z

t

τ

ρ

ｔ=T0/2

ｔ=-T0/2

τ=-τ0/2

A

τ=-π/2

τ=π/2

A

T
im

e
-
lik

e

▸ Timelike part comes from the homology condition

S
(T)
A = c

3
log (T0

ϵ
) + c

6
πi
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Is there an Extremization Prescription?
▸ Can a union of timelike and spacelike geodesics result from

an extremizing prescription?

▸ AdS2 slicing of AdS3 shows an affirmative answer

ds2 = dη2 + cosh2 η (− cosh2 rdt2 + dr2)

we analytically continue η < 0 by η = iη̃

ds2 = −dη̃2 + cos2 η̃ (− cosh2 rdt2 + dr2) , (0 < η̃ < π/2)

π

-π

tτ0

-τ0

tη～ η

π/2

-π/2

η
η=-∞

η=0 η=∞
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Is there an Extremization Prescription?

▸ Due to symmetry ΓA is expected to be on

ds2 = −(dη̃2 + cos2 η̃dt2), (0 < η̃ < π/2)

▸ For compactified t this is a −ds2
S2 with imaginary length

▸ Extremizing w.r.t the points on η = 0 leads to the geodesic
along the boundary of S2 (with length iπ)

▸ ⇒ the real part is the sum of geodesics with fixed endpoints
▸ Prescription summary:

1. Construct candidates of ΓA from a union of spacelike and
timelike geodesics such that ∂ΓA = ∂A

2. (Considering Wick rotated geometry for the timelike
geodesics), require all variations of the joining points to be
stationary
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BTZ (non-rotating)

ds2 = −4 dudv

(1 + uv)2 +
(1 − uv)2
(1 + uv)2 r

2
+
dϕ2

Solving the geodesic equation u′′(1 + uv) + 2u′(u − u′v) = 0
▸▸ How extremization works?

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

(a1,− 1
a1
) subregion bdy

(a2,− 1
a2
) subregion bdy

(s, 1
s) future singularity

(−q,−1
q ) past singularity

▸ Existence of timelike geodesic ⇒ s = q
▸ Extremizing w.r.t. s ⇒ s2 = a1a2
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BTZ (non-rotating)

▸ Putting three pieces together

S
(T)
A = c

3
log ( β

πδ
sinh(π

β
(T2 − T1))) +

c

6
iπ
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<latexit sha1_base64="SUDtkIyA6AIm9mTgw99fV1pTuHw=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArQT0GvHiMYB6QLGF20psMmZ1dZmaFEPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dQSK4Nq777aytb2xubed28rt7+weHhaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mnGCfkQHkoecUWOlVqnsXZa9i16h6FbcOcgq8TJShAz1XuGr249ZGqE0TFCtO56bGH9CleFM4DTfTTUmlI3oADuWShqh9ifzc6fk3Cp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGtP+EySQ1KtlgUpoKYmMx+J32ukBkxtoQyxe2thA2poszYhPI2BG/55VXSvKp415XqQ7VYc7M4cnAKZ1ACD26gBvdQhwYwGMEzvMKbkzgvzrvzsWhdc7KZE/gD5/MH6XmN8A==</latexit>

(�1,�1)

<latexit sha1_base64="+YkAJSe+FL765c8YFDRutOp4O18=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpbdUtRjwYvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmt5+o0kyKBzOJqR/hoWAhI9hYqVX2Li69836x5FbcOdAq8TJSggyNfvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeGNnzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSqla8q0rtvlaqu1kceTiBUyiDB9dQhztoQBMIPMIzvMKbI50X5935WLTmnGzmGP7A+fwBf06NuQ==</latexit>

(1,�1)

<latexit sha1_base64="C+I5sZLjZ6mUumk/zPnQyR4Y8hA=">AAACAnicbZDLSgMxFIbP1Futt1FX4iZYhIq2zJSiLgtuXFboDdpxyKRpG5q5kGSEMhQ3voobF4q49Snc+Tam7Sy09YfAl/+cQ3J+L+JMKsv6NjIrq2vrG9nN3Nb2zu6euX/QlGEsCG2QkIei7WFJOQtoQzHFaTsSFPsepy1vdDOttx6okCwM6mocUcfHg4D1GcFKW655VKD3iXDP6255clHUXEwvZ66Zt0rWTGgZ7BTykKrmml/dXkhinwaKcCxlx7Yi5SRYKEY4neS6saQRJiM8oB2NAfapdJLZChN0qp0e6odCn0Chmft7IsG+lGPf050+VkO5WJua/9U6sepfOwkLoljRgMwf6sccqRBN80A9JihRfKwBE8H0XxEZYoGJ0qnldAj24srL0CyX7MtS5a6Sr1ppHFk4hhMogA1XUIVbqEEDCDzCM7zCm/FkvBjvxse8NWOkM4fwR8bnD7jQlas=</latexit>

(er+T2 ,�e�r+T2)

<latexit sha1_base64="erikgkwA77ZAkvfsISQa3hP0L9Q=">AAACAnicbZDLSgMxFIbP1Futt1FX4iZYhIpaZqSoy4IblxV6g3YcMmmmDc1cSDJCGYobX8WNC0Xc+hTufBvTdhba+kPgy3/OITm/F3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryigRhDZIxCPR9rCknIW0oZjitB0LigOP05Y3vJnUWw9USBaFdTWKqRPgfsh8RrDSlmselOh9KtzTumuPz841n2eXE9csWmVrKrQIdgZFyFRzza9uLyJJQENFOJayY1uxclIsFCOcjgvdRNIYkyHu047GEAdUOul0hTE61k4P+ZHQJ1Ro6v6eSHEg5SjwdGeA1UDO1ybmf7VOovxrJ2VhnCgaktlDfsKRitAkD9RjghLFRxowEUz/FZEBFpgonVpBh2DPr7wIzYuyfVmu3FWKVSuLIw+HcAQlsOEKqnALNWgAgUd4hld4M56MF+Pd+Ji15oxsZh/+yPj8AbW3lak=</latexit>

(er+T1 ,�e�r+T1)

<latexit sha1_base64="tm7TK+khmBlWGR611GU2S6BN9vM=">AAACI3icdVDLSsNAFJ3UV62vqEs3g0VoqZakFBVXBTcuK/QFbQ2T6aQdOpmEmYlQQv7Fjb/ixoVS3LjwX5y2WWirBy4czrmXe+9xQ0alsqxPI7O2vrG5ld3O7ezu7R+Yh0ctGUQCkyYOWCA6LpKEUU6aiipGOqEgyHcZabvj25nffiRC0oA31CQkfR8NOfUoRkpLjnlTIA9xzxMIx3YSVxLhlAoNxy41nEoxOdfexX9m0THzVtmaA64SOyV5kKLumNPeIMCRT7jCDEnZta1Q9WMkFMWMJLleJEmI8BgNSVdTjnwi+/H8xwSeaWUAvUDo4grO1Z8TMfKlnPiu7vSRGsllbyb+5XUj5V33Y8rDSBGOF4u8iEEVwFlgcEAFwYpNNEFYUH0rxCOkM1E61pwOwV5+eZW0KmX7sly9r+ZrVhpHFpyAU1AANrgCNXAH6qAJMHgCL+ANvBvPxqsxNT4WrRkjnTkGv2B8fQNKUaIe</latexit>

(e
1
2 r+(T1+T2), e�

1
2 r+(T1+T2))

<latexit sha1_base64="suF2OFRuFXWPeAtDX+Zw+jZKds8=">AAACJXicdVDLSsNAFJ34rPUVdelmsAgttSUpRV24KLhxWaEvaGOYTCft0MmDmYlQQn7Gjb/ixoVFBFf+ipM2C231wIXDOfdy7z1OyKiQhvGpra1vbG5t53byu3v7B4f60XFHBBHHpI0DFvCegwRh1CdtSSUjvZAT5DmMdJ3Jbep3HwkXNPBbchoSy0Mjn7oUI6kkW78pVshDPHA5wrGZxLWE2+ViyzbLLbtWSi5Ss/KfW7L1glE15oCrxMxIAWRo2vpsMAxw5BFfYoaE6JtGKK0YcUkxI0l+EAkSIjxBI9JX1EceEVY8/zKB50oZQjfgqnwJ5+rPiRh5Qkw9R3V6SI7FspeKf3n9SLrXVkz9MJLEx4tFbsSgDGAaGRxSTrBkU0UQ5lTdCvEYqUykCjavQjCXX14lnVrVvKzW7+uFhpHFkQOn4AwUgQmuQAPcgSZoAwyewAt4AzPtWXvV3rWPReuals2cgF/Qvr4BNsKijA==</latexit>

(�e
1
2 r+(T1+T2),�e�

1
2 r+(T1+T2))

<latexit sha1_base64="Z3ofNYD9/SPxLI/kUEJ2tZ5N8Z4=">AAACGnicbZBNS8NAEIY3flu/qh69BIsQUUpSinoUvHis0NpCE8NmO2kXNx/sToQS8ju8+Fe8eFDEm3jx37itFbT1hYWHd2aYnTdIBVdo25/G3PzC4tLyymppbX1jc6u8vXOtkkwyaLFEJLITUAWCx9BCjgI6qQQaBQLawe3FqN6+A6l4EjdxmIIX0X7MQ84oassvO66AEC03lJTlTpHXCgtucukfNX2nOPrBWnF4bLuS9wd46JcrdtUey5wFZwIVMlHDL7+7vYRlEcTIBFWq69gpejmVyJmAouRmClLKbmkfuhpjGoHy8vFphXmgnZ4ZJlK/GM2x+3sip5FSwyjQnRHFgZqujcz/at0MwzMv53GaIcTse1GYCRMTc5ST2eMSGIqhBsok13812YDqlFCnWdIhONMnz8J1reqcVOtX9cq5NYljheyRfWIRh5ySc3JJGqRFGLknj+SZvBgPxpPxarx9t84Zk5ld8kfGxxdM2p+w</latexit>✓
1

2
(er+T1 + er+T2), 0

◆

<latexit sha1_base64="5WghojkWJXCpaR5JcFzzF/jKnJY=">AAACHXicbZBNS8NAEIY39avWr6hHL8EitNSWpBT1KHjxqGBVaGrYbCft0s0HuxOhhPwRL/4VLx4U8eBF/DduaxGtvrDw8M4Ms/P6ieAKbfvDKMzNLywuFZdLK6tr6xvm5talilPJoM1iEctrnyoQPII2chRwnUigoS/gyh+ejOtXtyAVj6MLHCXQDWk/4gFnFLXlmS1XQIAVe7/uBpKyzMmzZl6Bm6wuvdqF5+S1b27mVVfy/gCrnlm2G/ZE1l9wplAmU5155pvbi1kaQoRMUKU6jp1gN6MSOROQl9xUQULZkPahozGiIahuNrkut/a007OCWOoXoTVxf05kNFRqFPq6M6Q4ULO1sflfrZNicNTNeJSkCBH7WhSkwsLYGkdl9bgEhmKkgTLJ9V8tNqA6JdSBlnQIzuzJf+Gy2XAOGq3zVvm4Mo2jSHbILqkQhxySY3JKzkibMHJHHsgTeTbujUfjxXj9ai0Y05lt8kvG+yejrqBV</latexit>✓
0,�1

2
(e�r+T1 + e�r+T2)

◆

<latexit sha1_base64="SSVC4balcWFDTpwY/GMF/x6zYn4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahRS2JFPVY8OKxQr+gDWWz3bRLN9mwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbm+TFnSjvOt5Xb2Nza3snvFvb2Dw6P7OOTlhKJJLRJBBey42NFOYtoUzPNaSeWFIc+p21//DD32xMqFRNRQ09j6oV4GLGAEayN1LftknN13SNCjUqyf9kol/t20ak4C6B14makCBnqffurNxAkCWmkCcdKdV0n1l6KpWaE01mhlygaYzLGQ9o1NMIhVV66uHyGLowyQIGQpiKNFurviRSHSk1D33SGWI/UqjcX//O6iQ7uvZRFcaJpRJaLgoQjLdA8BjRgkhLNp4ZgIpm5FZERlphoE1bBhOCuvrxOWjcV97ZSfaoWa04WRx7O4BxK4MId1OAR6tAEAhN4hld4s1LrxXq3PpatOSubOYU/sD5/AMnnkcY=</latexit>

(0,� cosh(r+T ))

<latexit sha1_base64="K940rgD9iIPT0ysB3czT1M6AJig=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEILUpJpKjHghePFfoFbQib7bZdutmE3Y1QQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZF8ScKe0431ZuY3Nreye/W9jbPzgs2kfHbRUlktAWiXgkuwFWlDNBW5ppTruxpDgMOO0Ek7u533mkUrFINPU0pl6IR4INGcHaSL5dLPdJpMZl6V80K5dOxbdLTtVZAK0TNyMlyNDw7a/+ICJJSIUmHCvVc51YeymWmhFOZ4V+omiMyQSPaM9QgUOqvHRx+AydG2WAhpE0JTRaqL8nUhwqNQ0D0xliPVar3lz8z+slenjrpUzEiaaCLBcNE450hOYpoAGTlGg+NQQTycytiIyxxESbrAomBHf15XXSvqq619XaQ61Ud7I48nAKZ1AGF26gDvfQgBYQSOAZXuHNerJerHfrY9mas7KZE/gD6/MHYVCRjw==</latexit>

(cosh(r+T ), 0)

<latexit sha1_base64="2t+sb/HcGNJeVBAckY/voZrQgPU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJUkJJIUY8FLx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dtbWNza3tgs7xd29/YPD0tFx0ySZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWO7mZ+64lrIxL1iOOUBzEdKBEJRtFKfsW79C56pbJbdecgq8TLSRlyNHqlr24/YVnMFTJJjel4borBhGoUTPJpsZsZnlI2ogPesVTRmJtgMj92Ss6t0idRom0pJHP198SExsaM49B2xhSHZtmbif95nQyj22AiVJohV2yxKMokwYTMPid9oTlDObaEMi3srYQNqaYMbT5FG4K3/PIqaV5Vvetq7aFWrrt5HAU4hTOogAc3UId7aIAPDAQ8wyu8Ocp5cd6dj0XrmpPPnMAfOJ8/FU+Ngg==</latexit>

(1, 1)

<latexit sha1_base64="SUDtkIyA6AIm9mTgw99fV1pTuHw=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArQT0GvHiMYB6QLGF20psMmZ1dZmaFEPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dQSK4Nq777aytb2xubed28rt7+weHhaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mnGCfkQHkoecUWOlVqnsXZa9i16h6FbcOcgq8TJShAz1XuGr249ZGqE0TFCtO56bGH9CleFM4DTfTTUmlI3oADuWShqh9ifzc6fk3Cp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGtP+EySQ1KtlgUpoKYmMx+J32ukBkxtoQyxe2thA2poszYhPI2BG/55VXSvKp415XqQ7VYc7M4cnAKZ1ACD26gBvdQhwYwGMEzvMKbkzgvzrvzsWhdc7KZE/gD5/MH6XmN8A==</latexit>

(�1,�1)

<latexit sha1_base64="b4tqDjd/vJK+DvcYWDkL12DC/n0=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWoaItiRR1WXDjskJv0MYwmU7boZNJmJkIJRR8FTcuFHHrc7jzbZymWWjrDwMf/zmHc+b3I0alsu1vI7eyura+kd8sbG3v7O6Z+wctGcYCkyYOWSg6PpKEUU6aiipGOpEgKPAZafvj21m9/UiEpCFvqElE3AANOR1QjJS2PPOoRB4S4Z03phdlTeUUzzyzaFfsVNYyOBkUIVPdM796/RDHAeEKMyRl17Ej5SZIKIoZmRZ6sSQRwmM0JF2NHAVEukl6/tQ61U7fGoRCP66s1P09kaBAykng684AqZFcrM3M/2rdWA1u3ITyKFaE4/miQcwsFVqzLKw+FQQrNtGAsKD6VguPkEBY6cQKOgRn8cvL0LqsOFeV6n21WLOzOPJwDCdQAgeuoQZ3UIcmYEjgGV7hzXgyXox342PemjOymUP4I+PzB1AZlGE=</latexit>

(er+T ,�e�r+T )

<latexit sha1_base64="dUp3Oqv1/cqLavCw2Qi1oAGlZ7o=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWoaItiRR1WXDjskJv0MYwmU7boZNJmJkIJRR8FTcuFHHrc7jzbZymWWjrDwMf/zmHc+b3I0alsu1vI7eyura+kd8sbG3v7O6Z+wctGcYCkyYOWSg6PpKEUU6aiipGOpEgKPAZafvj21m9/UiEpCFvqElE3AANOR1QjJS2PPOoRB6SsvDOG9OLssaUzjyzaFfsVNYyOBkUIVPdM796/RDHAeEKMyRl17Ej5SZIKIoZmRZ6sSQRwmM0JF2NHAVEukl6/tQ61U7fGoRCP66s1P09kaBAykng684AqZFcrM3M/2rdWA1u3ITyKFaE4/miQcwsFVqzLKw+FQQrNtGAsKD6VguPkEBY6cQKOgRn8cvL0LqsOFeV6n21WLOzOPJwDCdQAgeuoQZ3UIcmYEjgGV7hzXgyXox342PemjOymUP4I+PzB053lGE=</latexit>

(e�r+T ,�er+T )

<latexit sha1_base64="+YkAJSe+FL765c8YFDRutOp4O18=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpbdUtRjwYvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmt5+o0kyKBzOJqR/hoWAhI9hYqVX2Li69836x5FbcOdAq8TJSggyNfvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeGNnzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSqla8q0rtvlaqu1kceTiBUyiDB9dQhztoQBMIPMIzvMKbI50X5935WLTmnGzmGP7A+fwBf06NuQ==</latexit>

(1,�1)
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Necessity of TEE in TFD States

▸ Can we fully understand the entanglement structure of
TFD states without TEE?

▸ How to interpret: σn in CFTR and σ̄n in CFTL ?

▸ There is no spacelike A that σn and σ̄n are at ∂A The

Hilbert space is constructed from fields on disconnected
circles cannot be interpreted as EE!

▸ This configuration should be interpreted as TEE!
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dS / CFT [Strominger ’01]

▸ Is timelike EE related to entropy in field theories dual to de
Sitter spacetime?

▸ dS / CFT is conjectured for the theory leaving on Sd part of
dS space ds2 = R2

dS(−dτ2 + cosh2 τ dΩ2
d)

and a Euclidean CFTd

▸ The dictionary analogous to the GKPW
[Gubser-Klebanov-Polyakov, Witten ’98]

ZCFT[ϕ0] = ΨdS[ϕ0] = ∫
ϕ∣τ=τ∞=ϕ0

DϕeiIdS[ϕ]Ψin

▸ Conjecture: CFT is non-unitary with cdS = icAdS (2d)
[Maldacena ’02]

▸ non-unitarity Ð→ ⟨ψ∣ ≠ ∣ψ⟩†
ρ = ∣ψ⟩ ⟨ψ∣ is a transition matrix
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Holographic Pseudo Entropy in dS3/CFT2
▸ In global dS3

ds2 = R2
dS(−dτ2 + cosh2 τ(dt2E + cos2 tEdθ

2)), (τ > 0)
with the Euclidean part corresponding to the initial state

ds2 = R2
dS(dτ2

E + cos2 τE(dt2E + cos2 tEdθ
2)), (0 < τE < π).

we consider A at τ∞ on tE = 0

▸ Extrimization of timelike and spacelike parts gives

S
(P)
A = −icdS

3
log
⎛
⎝

2 sin ϕ0
2

ϵdS

⎞
⎠
+ πcdS

6
, (ϵdS ≡ 2e−τ∞)
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3
log
⎛
⎝

2 sin ϕ0
2

ϵdS

⎞
⎠
+ πcdS

6
, (ϵdS ≡ 2e−τ∞)
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Relation with TEE
▸ Starting from Euclidean AdS

ds2 = R2
AdS

dz2 + dt2E + dx2

z2 , SA =
cAdS

3
log ( T0

ϵAdS
)

The following “double Wick rotation” gives the same result
1. z = −iη, RAdS = −iRdS (ϵAdS = −iϵdS, cAdS = −icdS)
2. tE = it (T0 → iT0)
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Summary / Conclusions

▸ TEE defined by the Wick rotation of
1. the replica trick results
2. the coordinates

lead to the same results in CFT2

▸ Using def. 2, the analytic continuation and the direct
(numerical) calculation using the real-time approach
perfectly agree

▸ For holographic theories, there is an extermination
procedure justified by extermination the geodesics with real
and imaginary values

▸ Pseudo Entropy in field theories dual to dS spacetime
followed by a “double Wick rotation” is the same as TEE in
field theories dual to AdS
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Holographic TEE: Geodesics in Global AdS3

▸ Geodesic length between (ρ∞, T0
2 , ϕ0) and (ρ∞,−T0

2 , ϕ0)

D = cosh−1 (cosh2 ρ∞ cosT0 − sinh2 ρ∞)

≃ πi + log
⎛
⎝

sin2 T0
2

ϵ2
⎞
⎠
,

(≃: leading order in cut-off ϵ = e−ρ∞)

▸ Timelike part comes from the homology condition

S
(T)
A = c

3
log
⎛
⎝

2 sin T0
2

ϵ

⎞
⎠
+ c

6
πi

same as CFT result with R = 2π
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Numerical Results (Imaginary Part): Finite Size
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