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Memory Effect

2 / 18



Memory Effect

1:Memory Effect

A stationary physical system is perturbed by external sources. It evolves

over time and eventually returns to a stationary state. If the two final

states can be distinguished by probes, the system has memory.
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Gravitational memory effect
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Gravitational wave
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Shallow Water
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Shallow water

2:Shallow water

Shallow water systems are fluid systems with a much larger extent in two

dimensions than the third.

The atmosphere and oceans are typical examples of shallow fluid systems.

Example 1 : Caspian Sea

Max. length=103 km Max. width=0.5×103 km Ave. depth=102 m

Example 2 : Pacific Ocean

Ave. length/ width ∼ 104 km Max. depth=10 km
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Shallow water
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Shallow water equations

3:Shallow water equations

Shallow water equations:

∂H
∂t

+ u · ∇H = −H∇ · u

∂ui

∂t
+ (u · ∇)ui = f ϵiju

j − g∂iH

g : gravitational constant f : Coriolis parameter

4:Linear shallow water equations

Linearization procedure: H(x i , t) = H+η(x i , t) and u(x i , t) = 0+u(x i , t).

∂tη + H∇ · u = 0

∂tui = f ϵiju
j − g∂iη
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Gauge theory description
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Kelvin’s theorem vs. Gauss law

5:Kelvin’s circulation theorem

The conserved current associated with vorticity:

∂t(ζ + f ) +∇ · [(ζ + f )u] = 0 ζ := ϵij∂iuj

Circulation:

Γ :=

∫
Σ
d2x (ζ + f ) =

∮
B
dli

(
ui −

f

2
ϵijxj

)
The analogy with the Gauss law:

Qe =

∫
d3xρ =

∫
d3x∇ · E =

∮
E · da

This low dimensional property suggests that this system should have a gauge

theory description.
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Maxwell-Chern-Simon (MCS)

6: Maxwell-Chern-Simon (MCS)

Action: [Tong: 2209.10574]

S[Aµ] = −
g

4v

∫
d3x(FµνFµν −

f

v
ϵµνρAµFνρ)

where v :=
√
gH and

Fµν = ∂µAν − ∂νAµ F0i = Ei Fij = ϵijB

Gauge symmetry:

Aµ → Aµ + ∂µΛ(t, x , y)

Dictionary:

B = η Ei = Hϵiju
j

Equations of motion:

∇µFµν +
f

2v
ϵναβF

αβ = 0

12 / 18



Shallow water memory
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Memory

7:Memory

Memory is a “permanent” (long time scales) trace remaining in a system

after a perturbation or fluctuation has passed.

1. Early times (t < −T ): u → 0 ⇒ E → 0 A ̸= 0

2. Middle times (−T < t < +T ): u ̸= 0

3. Late times (t > +T ): u → 0 ⇒ E → 0 A ̸= 0

Memory effect is encoded in the Memory field

∆A = A(+T )− A(−T )
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Memory from probes

Pathline equation:

dx i (y , t)

dt
= ui (x(y , t), t)

= −
1

H
ϵijEj (x(y , t), t)

= −
1

H
ϵij

∂Aj (x , t)

∂t

∣∣∣
x=x(y,t)

8:Pathline memory effect

Pathline equation yields

∆x i = −
ϵij

H
∆Aj +

ϵjkϵil

H2

∫ +T

−T
dt ∂jE

l (y , t)∆Ak (t) +O(u3)

Lagrangian disp. = Eulerian disp. + Stoksian disp.
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Forced linearized shallow water

9:Forced linearized shallow water

Forced linearized shallow water:

∂tη + H∇ · u = 0

∂tui = f ϵiju
j − g∂iη + Fi

Kelvin’s circulation theorem implies Fi = −∂iP.

Action for forced linearized shallow water:

S = −
g

4v

∫
d3x

(
FµνFµν −

f

v
ϵµνρAµFνρ +

2

g
ϵijFijP

)
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Memory implants in shallow water

10:Memory implants

Consider an external potential with a shock-wave profile

P = P̄(x)δ(t − t0)

Assume ∆ui = 0

f

H
∆Ai −

g

f
∂i (∇ ·∆A)− ∂i P̄ = 0

∆ui = 0 also implies ∆Ei = 0, and as a result ∆Ai = ∂iΛ

Λ(x) = −
f

2πg

∫
d2x ′K0(

|x − x ′|
R

)P̄(x ′)

where R = v
f
. This is called the memory implant equation.
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Summary and Outlook

• Reviewed the gauge theory description of shallow water equation.

• Introduced the concept of the fluid memory effect.

• It would be interesting to experimentally consider the effect of fluid memory.

Thank You!
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