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inflationary

Fig. 1.9 Stages of the evolution of the Universe.



Friedmann–Lemâıtre–Robertson–Walker Metric

ds2 = dt2 − a2(t)δijdxidxj . H(t) =
ȧ(t)
a(t)

.

z(t) =
a0

a(t)
− 1 z = H0r, z ≪ 1.

p(t) =
k

a(t)
, ω(t) =

k

a(t)
.

Massless particle:



p(t) =
k

a(t)
, ω(t) =

k

a(t)
.

f(k)d3xd3k = const.

d3xd3k = d3(ax)d3

(
k
a

)
= d3Xd3p.

The number of particles in an element of comoving phase space



Friedmann Equation

Rµν − 1
2
gµνR = 8πGTµν .

Ricci tensor,

Rµν = ∂λΓλ
µν − ∂µΓλ

νλ + Γλ
µνΓσ

λσ − Γλ
µσΓσ

λν .

r homogeneous and isotropic Universe,
(

ȧ

a

)2

=
8π

3
Gρ − κ

a2
.



In the spatially flat model,

(
ȧ

a

)2

=
8π

3
Gρ.



f(p, t) = fi

(
a(t)
ai

p
)

.

fi(p) = fPl

(
|p|
Ti

)
=

1
(2π)3

1
e|p|/Ti − 1

.

Teff (t) =
ai

a(t)
Ti.
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Fig. 1.9 Stages of the evolution of the Universe.



p = 0.

Non-relativistic matter (“dust”)

ρ =
const
a3

.

(
ȧ

a

)2

=
const
a3

a(t) = const · (t − ts)2/3,

H(t) =
ȧ

a
(t) =

2
3t

.



p =
1
3
ρ.

Relativistic matter (“radiation”)

ρ =
const
a4

(
ȧ

a

)2

=
const
a4 H ≡ ȧ

a
=

1
2t

,

ρ =
π2

30
g∗T

4,
g∗ =

∑

b

gb +
7
8

∑

f

gf

H =
T 2

M∗
Pl

, M∗
Pl =

√
90

8π3g∗
MPl =

1
1.66

√
g∗

MPl



Vacuum

Tµν = ρvacηµν . p = −ρvac.

General barotropic equation of state p = wρ

p = wρ,



ΛCDM: Cosmological Model
with Dark Matter and Dark Energy

H2 ≡
(

ȧ

a

)2

=
8π

3
G(ρM + ρrad + ρΛ + ρcurv),

ρc ≡ 3
8πG

H2
0 .

8π

3
Gρcurv = − κ

a2

ΩM =
ρM,0

ρc
, Ωrad =

ρrad,0

ρc
, ΩΛ =

ρΛ,0

ρc
, Ωcurv =

ρcurv,0

ρc
.

∑

i

Ωi ≡ ΩM + Ωrad + ΩΛ + Ωcurv = 1.



H0 = h · 100
km

s · Mpc
,

h = 0.705± 0.013.



CMB

ργ,0 = 2
π2

30
T 4

0 , T0 = 2.726K.

ργ,0 = 2.6 · 10−10 GeV
cm3

,

Ωγ = 2.5 · 10−5h−2 = 5.0 · 10−5, h = 0.705.



Dominant contributions

ΩM ≈ 0.27, ΩΛ ≈ 0.73

ΩM = ΩB + ΩDM ,

ΩB = 0.046

ΩDM = 0.23.



(
ȧ

a

)2

=
8π

3
Gρc

[
ΩM

(a0

a

)3

+ Ωrad

(a0

a

)4

+ ΩΛ + Ωcurv

(a0

a

)2
]

.



Transition from Deceleration to Acceleration

ȧ2 =
8π

3
Gρc

(
ΩMa3

0

a
+ ΩΛa2

)
.

ä = a
4π

3
Gρc

(
2ΩΛ − ΩM

(a0

a

)3
)

.

(
a0

aac

)3

=
2ΩΛ

ΩM

, zac =
(

2ΩΛ

ΩM

)1/3

− 1. ΩM = 0.27, ΩΛ = 0.73,

zac ≈ 0.76.
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Transition from Radiation Domination to Matter Domination

Tν =
(

4
11

)1/3

Tγ, Tγ ≡ T. ρν = 3 · 2 · 7
8

π2

30
T 4

ν ,

ρrad = ργ + ρν =

[
2 +

21
4

(
4
11

)4/3
]

π2

30
T 4,

ρM =
(a0

a

)3

ΩMρc.

1 + zeq = 3.2 · 103. Teq = 0.76 eV



Thermodynamics in
Expanding Universe

A1 + A2 + · · · + An ↔ B1 + B2 + · · · + Bn′ ,

µA1 + µA2 + · · · + µAn = µB1 + µB2 + · · · + µBn′ .

µγ = 0. e+ + e− ↔ 2γ.

f(p) =
1

(2π)3
1

e(E(p)−µ)/T ∓ 1
.

µe− + µe+ = 0.



µi = 0.

Expression (5.10) gives then the Stefan–Boltzmann law,

ρi =
gi

2π2

�
E3

eE/T ∓ 1
dE =

⎧
⎪⎪⎨

⎪⎪⎩

gi
π2

30
T 4 − Bose

7
8
gi

π2

30
T 4 − Fermi

ρ = g∗
π2

30
T 4,

g∗ =
∑

bosons
with m ≪ T

gi +
7
8

∑

fermions
with m ≪ T

gi



ΩB = ρB/ρc = mBnB/ρc,

nγ = 2
ζ(3)
π2

T 3
0 = 411 cm−3.

ΩBh2 ≃ 0.023, ΩB ≃ 0.046,



Relic Neutrinos

σν ∼ G2
F E2, GF = 1.17 · 10−5 GeV−2.

τν =
1

⟨σνnv⟩ ,
τν ∼ 1

G2
F T 5

. H−1 =
M∗

Pl

T 2
.

τν(T ) ∼ H−1(T ). Tν,f ∼
(

1
G2

F M∗
Pl

)1/3

∼ 2 − 3 MeV.



e�e+ ! ��

entropy conservation of the electron-photon

g∗(T )a3T 3 = const,

g∗(Tν,f ) = 2 +
7
8
(2 + 2) =

11
2

, g∗ = 2,

Tγ,0

Tν,0
=

(
g∗(Tν,f )
g∗(T0)

)1/3

=
(

11
4

)1/3

≃ 1.4. nν,0 =
3
4
· 2 · ζ(3)

π2
T 3

ν (t0) ≃ 112 cm−3.



CMB and Neutrino distribution
p p

δT ∼ 100 µK, i.e., δT/T0 ∼ 10−4 − 10−5.

Neutrinos?? Structure formation.      Matter –radiation equality.    Neutrino velocity



Nucleosynthesis

p + n → D + γ. p(n, γ)D.

D + D → 3He + n and D + D → T + p



y

Yp =
n4He·m4He

nH ·mH+n4He·m4He
,

/ d / l i



p + e ↔ n + νe,

Neutron decoupling

∆m ≡ mn − mp = 1.3 MeV

τn = Γ−1
n , Γn = CnG2

F T 5,

Γn(T ) ∼ H(T ) =
T 2

M∗
Pl

. M∗
Pl =

MPl

1.66
√

g∗
,

g∗ = 2 +
7
8
· 4 +

7
8
· 2 · Nν .



inflationary

Dark ages and cosmic dawn



astronomical unit au 149 597 870 700 m
parsec (1 au/1 arcsec) pc 3.085 677 581 49 . . . ◊ 1016 m = 3.261 56 . . . ly
light year (deprecated unit) ly 0.306 601 . . . pc = 0.946 073 . . . ◊ 1016 m

/ ( / )
H0 100 h km s≠1 Mpc≠1 = h ◊ (9.777 752 Gyr)≠1

h 0.674(5) from CMB anisotropies (Planck)
or 0.730(10) from the distance ladder (SH0ES)

z = H0r, z ≪ 1, 4 Gpc.             Z=1



Some scales
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Abstract

We review observational, experimental and theoretical results related to Dark Matter.
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DARK MATTER
• • • Needs confirmation • • •

PROPERTIES
I(JPC) MASS WIDTH DECAY MODES PRODUCTION
?(?

??
) ?± ? ?± ? STABLE ? �(?? ! ??) = ?
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=
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3
Gρc

[
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)3

+ Ωrad
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⌦DMh2 = 0.1200± 0.0012.

⌦DM = 0.264± 0.003,



Characteristics

■ Non-relativistic

■ Cold

■ Non-interacting and dissipationless

■ Stable



Evidence for dark matter

■ Galaxy scale

■ Galaxy cluster scale

■ Cosmological scale



Rotation curve

Andromeda M31

y Rubin and Ford (1970).



Vera Rubin
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r2
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Midi: clusters of galaxies

g
velocity dispersion in the Coma cluster of galaxies,

in 1933.



Bullet cluster

bullet cluster located 3.7 Gyr

The two objects collided 150 million years ago.

Harvey et al. (2015) [13] report the 
results on 72 of them and conclude that the
existence of DM can be established
with a significance of more than 7σ.

2006



σ

M
. 1

cm2

g
=

1.8mb

GeV
=

4580

GeV3 ,



Cosmic Shear

■ Cosmic shear refers to the deflection of light from very distant galaxies by the 
gravitational attraction due to the foreground mass concentrations.

■ vast filaments and loose clumps.

⌦DM ⇡ 0.25.





Matter power spectrum

p p
hδkδk0i = (2⇡)3 P (k) δ3(k − k0),

( )

⇢ = ⇢0(t) + ⇢1(x, t),

δ(r) ⌘ ⇢1(r)

⇢0
=

Z
d3k

(2⇡)3
δk(t) exp [−ik · x] , where x ⌘ r

a(t)
.



e evolution (‘Euler’) equations

8
>>>><

>>>>:

@⇢

@t
+r · (⇢v) = 0, continuity,

@v

@t
+ (v ·r)v = −r}

⇢
−r�, Newton law a = F /m,

r2� = 4⇡G⇢, Poisson,

⇢ = ⇢0(t) + ⇢1(x, t), } = }0 + }1, v = v0 + v1, � = �0 +�1.

8
>>>><

>>>>:

@⇢1
@t

+ 3H⇢1 +H(r ·r)⇢1 + ⇢0r · v1 = 0,

@v1
@t

+Hv1 +H(r ·r)v1 +
v2s
⇢0

r⇢1 +r�1 = 0,

r2�1 = 4⇡G⇢1,

(expanding Universe).

Linear regime: y v2s = @}/@⇢ = }1/⇢1



ΛCDM

DM replaced by
baryonic matter

DM  curvature
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CMB



δT (n) = T (n) − T0 − δTdipole δT (n) =
∑

l

al,mYlm(n), ⟨al,ma∗
l′,m′⟩ = Clmδll′δmm′ ,

Clm = Cl.

Clm = Cl.

p

⟨δT (n1)δT (n2)⟩ =
∑

l

2l + 1
4π

ClPl(cos θ),



ΛCDM

DM replaced by
baryonic matter

DM  curvature
DM  Λ
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DM profiles

DM halo Functional form

NFW ⇢NFW(r) = ⇢s
rs

r

✓
1 +

r

rs

◆−2

Generalized NFW ⇢gNFW(r) = ⇢s

⇣
rs

r

⌘γ
✓
1 +

r

rs

◆γ−3

Einasto ⇢Ein(r) = ⇢s exp

⇢
− 2

↵Ein

✓
r

rs

◆↵Ein

− 1

��

Cored Isothermal ⇢Iso(r) =
⇢s

1 + (r/rs)
2

Burkert ⇢Bur(r) =
⇢s

(1 + r/rs)(1 + (r/rs)
2)
.

Table 2.1: Plausible spherical density profiles ⇢(r) for DM halos in galaxies.
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DM halo rs in kpc ⇢s in GeV/cm3

NFW 14.59 0.554

Einasto 13.76 0.150

Burkert 10.66 1.134

Isothermal 4.00 2.100



f(v) = N e�v2/v2
0 ⇥(vesc − v) .

⇢� = ⇢(r�) = 0.40 GeV/cm3 ⇡ 0.0106M�/pc
3 .

vesc ⇡ (544± 35) km/ s .

220 km/s < v0 < 270 km/s .



Beyond the dark spherical (and isotropic) cow limit

Non-sphericity of DM halos

Rotating DM halos

Dark disk?

Anisotropic DM velocity distribution

DM streams

DM around black holes




