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Introduction

Bondi mass loss due to gravitational radiation : 

non-linear GR effect that was important to settle the 

controversy on the existence of gravitational waves 

D. Kennefick

King's College and the story of how 

gravitational waves became real



The set-up
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BMS symmetry The paper



BMS symmetry The algebra

CFT choice: allow for poles

Poincaré algebra
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Lorentz generators as 

globally well-defined 

conformal Killing vectors 

fields of celestial sphere

GR choice: globally well-

defined quantities
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BMS current algebra Currents
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mass aspect
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Weyl tensor

0 0, 

asymptotic part of shear & news 

information on TT polarizations of gravity waves
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BMS current algebra Action on fields
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transformations of fields involve inhomogeneous terms

Minkowski vacuum breaks BMS invariance 



BMS current algebra The formula
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   field dependent 

central extension

vanishes when there are no 

poles/superrotations



BMS current algebra Non-conservation
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1 2, u    current non-conservation for

charges when there 
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Central extension WZ consistency condition

in QFT the Adler-Bardeen anomaly satisfies 

the Wess-Zumino consistency condition
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Central extension Extended algebroid
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structure functions

Lie algebra over functions ( )f e
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extended algebroid

needs all spatial boundary terms to vanish
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Central extension Getting numbers
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  from the conformal dimensions :

admit Laurent series (delta function singularities), integrals as residues
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Central extension Cardyology at null infinity ?

But 
0 0  for Kerr black hole

transform Scri to a cylinder times a line by a finite superrotation
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Work in progress ….

finite shift !

thermal circle



DetailsBMS current algebras

Asymptotic symmetries

NP formalism & solution space

Finite BMS transformations



BMS ansatz

Asymptotic symmetries Gauge fixation 

determinant condition

Main idea : asymptotic symmetries = residual gauge symmetries 

d-1 gauge conditions

fix diffeomorphism invariance in d dimensions

null coordinate

conformal to metric on 

unit d-2 sphere
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Asymptotic symmetries Residual gauge transformations

(weak) fall-off conditions

residual symmetries leave this class of spacetimes invariant

exact conditions

fix r dependence up to integration functions

asymptotic conditions

fix u dependence up to integration functions

conformal Killing equation d-2 sphere
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Asymptotic symmetries BMS algebra

Poincaré algebra

supertranslationsno constraint on T, angle dependent 

physically motivated stronger fall-off’s

standard GR choice:  restrict to globally 

well-defined transformations

5 ( 1,1)d so d ST 

( 1,1)iso d 

glob

44 (3,1)d so ST bms 

expand T in spherical harmonics



CFT choice : allow for meromorphic functions

solution to conformal Killing equation 

generators 

commutation relations

Poincaré subalgebra

superrotations

supertranslations

Asymptotic symmetries Superrotations
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Asymptotic symmetries Perspectives for 4d flat gravity

4d gravity is dual to an extended conformal field theory 

scattering theory 

particles as UIRREPS of BMS4

between and

extended algebra: should also be relevant for relevant for gravitational S-matrix

action on gravitational solution space 

Strominger et al. : Ward identities for soft photon and graviton theorems, 

effective theory for Goldstone bosons relevant for BH physics

 



Asymptotic symmetries Lie algebroids

Metric dependence of bulk asymptotic Killing vectors ( , )x g  

requires modified Lie bracket
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leads to representation of asymptotic symmetry algebra in the bulk spacetime

Particular example of a Lie algebroid



Lie algebroids 

base space

Lie algebroid

vector bundles     and

bundle map, “anchor”

Lie bracket on 

Lie algebra homomorphism + Leibniz rule

local coordinates

Gauge algebroid



Asymptotic symmetries Weyl transformations

Motivations to keep the conformal factor ( , , )P P u   arbitrary in 

2 2 12( )A B

ABdx dx e d PP d d    

( , , )u   or

1) because one can (general solution to 

Einstein’s equation is known for this case)

2) finite left-over ambiguity in geometric definition 

of asymptotic flatness through conformal 

compactification

3) solution space manifestly contains 

Robinson-Trautman waves
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Current algebra Newman-Penrose formalism

first order Cartan formulation
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Current algebra Asymptotic solution space

asymptotic solution space 

free data

evolution equations

free u dependence

news tensor

on-shell constraints
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Current algebra Transformation of free data

BMS & Weyl 

transformations

(field dependent) inhomogeneous pieces, Schwarzian derivatives

Strominger: soft gravitons = Goldstone modes for these transformations
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Current algebra Motivation/Global symmetries

Interpretation requires charges, canonical generators for the transformations 

+ Dirac bracket algebra

Local non integrated version of Ward identities

Problem:  some ADM type charges diverge because of poles on the sphere 

classical version

trivial Noether current, 

Belinfante ambiguities

central extension highly 

constrained
may be field dependent
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Current algebra Gauge symmetries/Holography

gauge symmetries

no solution in full GR, in linearized GR solutions classified by Kvf of background

trivial Noether current

asymptotic case

current of lower dimensional theory

integrability ?
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conservation in time and in the bulk
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Current algebra Results for 4d flat gravity
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BMS currents; generalized Bondi 

mass & angular momentum aspects

spatial 

components
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non integrable piece 

(Wald & Zoupas)
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Current algebra Results for 4d flat gravity
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field-dependent central charge 

vanish when R=cte & no superrotations

encodes current non-conservation for
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no news, R=cte, no superrotations
2 1 1 2 1 2

[ ]

[ , ]

a a ab

bJ J L        

ð ð 0u

u      



Central extension WZ consistency condition

in QFT the Adler-Bardeen anomaly satisfies Wess-Zumino consistency condition
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Central extension Extended algebroid
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extended algebroid

needs all spatial boundary terms to vanish
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Central extension Cardyology at null infinity ?
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admit Laurent series (delta function singularities), integrals as residues
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Central extension Cardyology at null infinity ?

But 
0 0  for Kerr black hole

transform Scri to a cylinder times a line by a finite superrotation
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what justifies change of integration rules ? definite value ? 

Weyl invariance of current algebra will play a role…



Finite transformations BMS and Weyl group

”integrate” BMS Lie algebra  group 

finite transformations of solution space

Residual gauge symmetries : find the local Lorentz transformations + 

diffeomorphisms that leave NPU solution space invariant

How do they act on solution space ?
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finite superrotations, supertranslations, complex Weyl rescalings

standard BMS group when P is fixed 0u uP P    NB: simple formulas when 



For the Riemann sphere P=1

Finite transformations Action on solution space



Finite transformations From the Riemann sphere to arbitrary P

Solve evolution equation in terms of 

integrations functions 

apply a pure complex rescaling

Bondi mass aspect

generate solution for 

arbitrary P from P=1



Finite transformations Schwarzian derivatives

transformation of the Weyl invariant quantities


