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Introduction

o Definition of local energy density for gravitational field is
problematic.

@ There are many approaches to define gravitational energy,
quasi-locally or globally.

@ Brown and York (1993): starting from a gravitational action
with well-posed variational principle, using Hamilton-Jacobi
method we can define quasi-local stress-tensor of gravitational
field.

@ The Brown-York stress-tensor is defined on a timelike
boundary.

@ The aim is to propose similar tensor on a null boundary.
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68 = s e -
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The Brown-York Method

o Let L(q,q,t) be the classical Lagrangian.

@ A general variation of action leads to:

2 9L d oL oL 0L
= ) (0q—qot)dt+—-5q|> — (5= G—L)ot|?
@ Momentum and Energy are defined by:
0S oL 08 oL
_— = = — -_ = —H =(—q — L
o PToq ° Bt (g4~ D)
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The Brown-York Method

o Let L(q,q,t) be the classical Lagrangian.
@ A general variation of action leads to:

OL d oL ) oL _ ,, ,OL '
— - — _ _ _L 2
58 ; (aq i aq)(éq qot)dt+ 94 oql?— (aq )6t ;2
@ Momentum and Energy are defined by:
0S oL 08 oL
o PToq ° Bt = (g4~ 1)

o If the variational principle is not well-posed the above method
does not work!
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The Brown-York Method
Stress Tensor on Timelike Boundary

@ Variation of Hilbert-Einstein action in a region with time-like
and space-like boundaries

0Spm = o= /Mddx\ﬁ—gcabagab > [26</de’lz\/\h|K>

+/ d*¥ o /|R|(K — K h) 6hap)
B.

i
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@ Variation of Hilbert-Einstein action in a region with time-like
and space-like boundaries

0Spm = o= /Mddx\ﬁ—gcabagab > [26</de’lz\/\h|K>

+/ d? 1z /[h|(K — K h?) 6hap)
B.

i

@ The well-posed action is:

S=1 /M dzy/=—gR— & [/B d¥1z/|n|K]

i
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@ Where

P = /h(Kuy — Khay)|s
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e P%: Canonical momentum P = 95 — 9L
6hab aha,b

Derivative w.r.t induced metric on spacelike boundary.
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@ Variation of the well-posed action in this region leads to:

PP
6S==[ [ d"'xP" Shay + / A 2T $yan)
P T

@ Where

P = /h(Kuy — Khay)|s
% = /=5 (Xab — X Vab)|T

e P%: Canonical momentum P = 95 — 9L
6hab aha,b

Derivative w.r.t induced metric on spacelike boundary.

o Gravitational energy-momentum-stress :

2 65
T = —— =50 o (Xab — X Vab)

Derivative w.r.t induced metric on timelike boundary.
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o Consider a foliation of the timelike boundary :

ds? = —Ndt? + qup(do® + VOdt)(do® + Vdt), ug = NVt
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The Brown-York Method
Stress Tensor on Timelike Boundary

o Consider a foliation of the timelike boundary :

ds? = —Ndt? + qup(do® + VOdt)(do® + Vdt), ug = NVt

The Stress Tensor components:

1 468
e = uubTy, = _%67]\7 Energy density,
1 08
i = ¢ Wb Ty, = —— Momentum density,
J q cb \/Qj Vo y
2 08
ab — _ac,bd g
sV =q%q g = —— Spatial stress,
“ " N/qdqa
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The Brown-York Method
Stress Tensor on Timelike Boundary

@ The energy is not finite at R — oo

@ The above stress tensor is not unique as S — S + Sy

@ Sy is a functional of fixed boundary data: Sy = So(vap)

@ Brow-York: Choose the zero of energy and find Sy so that the
energy becomes finite.

@ Choose Minkowski as reference space-time

@ S) is computed for the boundary as embedded in flat space.
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The Brown-York Method
Stress Tensor on Timelike Boundary

o Finding appropriate Sy is not always possible

o Mathematically we can not embed a boundary with an
arbitrary intrinsic metric in the reference spacetime

@ For Asymptotic AdS Spacetime there is another method

@ Adding local Counterterm to the boundary action

o For AdSu:
2 0?

La=-5V=3(1- R

e For Asymptotic flat space and on a timelike boundary such
Counterterms are not known.
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Hamilton-Jacobi analysis on null boundary

@ Space-Time region has null segments
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Hamilton-Jacobi analysis on null boundary
The Set Up

A hypersurface ¢ = const is null if: 9,¢9% =0

A null hypersurface has degenerate induced metric, usual
treatment for timelike/spacelike boundaries is not applicable.

For description of a Null hypersurface we need two null
vectors ¢, and k,

£, Is proportional to the normal on the boundary

kg is an auxiliary null vector, normalizations is assumed to be:
Lo 09 =0, kek®=0 and (k% =—1.
@ With the aid of £, and k., we can define a projector as:

qy = 0% + LKy + K" 4y,
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Hamilton-Jacobi analysis on null boundary
The Set Up

@ A natural setup is a double foliation:

by = AVado+ BV
ko, = CVQ(Z)() + D V.01

@ The null boundary is specified by ¢g9 = const and B =0

@ The metric is decomposed according to:
Jab dz® da’ = Hjd¢' d¢? + qap(do? + B do')(do® + BF d¢),

@ where:

go__( 2AC  BC+AD
U=\ BC+AD  2BD
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@ Various geometric object are defined by projecting V 4y, Vo ks
along qp , 44 and k.

Ow = —6“aqVals , Zab=—¢0q% Vaks,
Mo = q°a k* Vile ;o= q L’ Vike,

wa = q°a k" Vel

aq = ¢ a L’ Vile , Gg = q K Vike,
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Hamilton-Jacobi analysis on null boundary
The Set Up

@ Various geometric object are defined by projecting V 4y, Vo ks
along qp , 44 and k.

Ow = —6“aqVals , Zab=—¢0q% Vaks,
Mo = q°a k* Vile ;o= q L’ Vike,

wa = q°a k" Vel

aq = ¢ a L’ Vile , Gg = q K Vike,
k=" kP Vo0, . k=K V Ky,

@ Details of this formalism, e.g. complete decomposition of the
curvature tensors, is described in: S. Aghapour, Gh. Jafari,
M. Golshani, 1808.07352
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Hamilton-Jacobi analysis on null boundary
The Set Up

@ Variations of some degrees of freedom in metric change the
nullness of the boundary!

e For null boundary we have 0,¢00% = 0

@ Under variation g, — g + 0guu:
000" = 00" ¢ — 9™ 0apOs)

e Unless g%? = 0, the boundary will not remain null.
g
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Hamilton-Jacobi analysis on null boundary
The Set Up

Variations of some degrees of freedom in metric change the
nullness of the boundary!

For null boundary we have 9,¢0% = 0

Under variation g, — g + 0guu:

0a0"P — a0 ¢ — 59" DupOph .

Unless dg%? = 0, the boundary will not remain null.

We must keep all degrees of freedom in order to find the
complete canonical structure.

15/28
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Hamilton-Jacobi analysis on null boundary
The Set Up

@ Previous investigations missed this kind of variations, mostly
because of weakness of formulation.

@ Single of double null foliation are partially gauge fixed
framework and are not appropriate for variation.

9% = g7 (d¢,dp) =0

@ On the null boundary we have B =0 but 6B # 0
@ = Take the variations and then set B =0

16/28
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Hamilton-Jacobi analysis on null boundary

The Stress Tensor

@ General variation of Hilbert-Einstein action in the above
double foliation is:

Sa
0Sup = &= 6 (/ d 'z /q[D(© + k)] +/ 4z /g 1nD\/E)
N S1
+ 1[4 g [ DO — ¢ (€ + k)] 64us
B

Sa
+2w" §B1a — 2E0B + 206D + 12— | d*?z/q(ln DVHq"")5qas
S1
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The Stress Tensor

@ General variation of Hilbert-Einstein action in the above
double foliation is:

Sa
0Sup = &= 6 (/ d 'z /q[D(© + k)] +/ 4z /g 1nD\/E>
N S1
+ 1[4 g [ DO — ¢ (€ + k)] 64us
B
Sa
+2w" §B1a — 2E0B + 206D + 12— | d*?z/q(ln DVHq"")5qas

S1

@ The Well-posed action

Sa
S = ﬁ/ ddx«/i—gR—i/ ddflx\/a[p(@ﬂ)ﬁé/ d?2g,/qIn DVH
M N S

1
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The Stress Tensor

@ So variation of the well-posed action is:
58 =L /dd Ly \/([(e“b G m))] 8qab + 2wa 687 — 22 53)

+ 167r dd_zx\/a(ln A qab)5Qab~
S1
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Hamilton-Jacobi analysis on null boundary

The Stress Tensor

@ So variation of the well-posed action is:

58 =L /deflx \/([(e“b b (9 + m))] 8qab + 2wa 687 — 22 53)

S.

2
+ = ; d?z/q(In A ¢**)5qas.
1

@ 0qup, 0814 and dB are all variations of metric components on
the boundary

@ Number of boundary condition match with Non-Null case e.g
in 4d dhy, has 6 components and
((5qab, 0814, (53) =3+24+1=6

@ This was a problem in previous works (e.g. K. Parattu et
al,1501.01053 and F. Hopfmuller, L. Freidel,1611.03096 )
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Hamilton-Jacobi analysis on null boundary
The Stress Tensor

@ In order to find stress tensor we must differentiate the
principal function with respect to these components.

The components of stress tensor

1 468
e =0Ty = ——— = LB energy density

\/a 0B 8m

1 08
jO= g%l Ty = —— = Siwa, momentum density
\/(j 6B1a g
ab — _ac bd 2 08 1 ab ab :
s = q*q" Ty = %m = & [@ —q” (© + n)]spatlal stress
al
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Quasi-Local Quantities

@ We can subtract any functional Sy of fixed boundary data

@ The total energy:

E = /de_Q:E\/cj (e — €o),

@ The angular momentum:
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@ The metric in Eddington—Finkelstein coordinates
ds* = — f(r)du?® — 2dudr + r*dQ>
@ The energy density
1 1 1
o J)

— B = -1+

€ = —
8 T r
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Quasi-Local Quantities

Examples

@ The metric in Eddington—Finkelstein coordinates
ds* = — f(r)du?® — 2dudr + r*dQ>
@ The energy density
1 1 1
_ 1 S0,

6:87[:_:0]_8w[ r ;]

@ The total Energy (Mass)

2m
E= // dode r? sm96—47r7“(M

472

) =

21/28
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Examples

@ Slow Rotating Kerr Metric

2J
rf(r)

ds® = — f(r)du® — 2dudr + r*dQ° + ? sin® 0 dudep + sin” 0 drde
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Examples

@ Slow Rotating Kerr Metric

2J
rf(r)

ds® = — f(r)du® — 2dudr + r*dQ° + ? sin® 0 dudep + sin” 0 drde

e For rotational killing symmetry { = 0,

- 3.Jsin% 6

gaw(l 2

r
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Quasi-Local Quantities

Examples

@ Slow Rotating Kerr Metric

ds® = — f(r)du® — 2dudr + r>dQ° + :mnﬁdww+ sin” 0 drd¢

2J
rf(r)
e For rotational killing symmetry { = 0,

0w, = 3J 812112 6
r

@ The total angular momentum is:

1 g 2 : 29
Qe = / / d6ds 2 sing> 0 _
87T 0 0 T
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Examples

@ Consider the metric in Bondi coordinates:

ds® = —UVdu® —2Vdudr+qap(do® +U* du)(do® + U" du)
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Quasi-Local Quantities

Examples

@ Consider the metric in Bondi coordinates:
ds® = —UVdu® —2Vdudr+qap(do® +U* du)(do® + U" du)
e Comparing with our double decomposed metric:

A=V, B=0, C=U D=1, =04 pi=0

23/28



Stress Tensor On Null Boundaries
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Examples

@ For Asymptotic expansion of metric functions

U=1-"" 1 0(3), V=1+0(})

w4 1
By = 7‘*‘0( =) qas = r*yap + O(r)
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Quasi-Local Quantities

Examples

@ For Asymptotic expansion of metric functions

2 1
U—1—ﬂ+0( 5. V=1+0()
w4 1
By = 7‘*‘0( 5),  qa =1"yap +O(r)
o we get:
_ omp(u,04)  D,WA 1
o= —r—+ 7’2 + 7'2 +O(7’73)
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Quasi-Local Quantities

Examples

@ For Asymptotic expansion of metric functions

2 1
U—1—ﬂ+0() V=1+0()
w4 1
B = 7‘*‘0( 5),  qa =1"yap +O(r)
o we get:
2 Loy DA 1
==y 2mplnot)  DAWE 51y

r r

@ So the total energy becomes:

E:/dd_Q:U qe:/dd_2xm3(u,a‘4)
S S
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on null boundary?
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Quasi-Local Quantities
Counterterm For Asymptotic Flat Spacetime

@ Is there possible counterterms similar to AAdS for flat space
on null boundary?

@ The counterterm(s) should not spoil the variational principle

@ There is one such term as

a/ d41z,/q BO
N
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o Note: although the term vanish on the null boundary, but its
variation is none zero!
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o Note: although the term vanish on the null boundary, but its
variation is none zero!

Fortunately such term can be used to make the energy finite!

In order to get finite result we chose a = %

So the Quasilocal energy density becomes:

— 1
e:é[:—l—ie)]

It leads to finite result for Asymptotic Flat Spacetime.
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A Stress Tensor proposed on Null Boundaries

Variations which change the character of the boundary have
physical meaning.

This Stress Tensor provide correct energy and angular momentum
for simple examples.

Possible counterterm proposed on null boundary for asymptotic flat
spacetime.

Relation to flat Holography?
Conservation relations?

Symmetries of the stress tensor?
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