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In[1]:=

The Kerr-Newman solution

Introducing the manifold and the chart

Block[{Print}, << xAct xTras ]; Block[{Print}, << XAct TexAct’];
$DefInfoQ = False;

$UndefInfoQ = False;

$CVvverbose = False;

$CovDFormat = "Prefix";

$CommuteCovDsOnScalars = True;

DefManifold[M, 4, {a, B, Y S5, §' L, X, A, 4, 0, G, P, O, T, U, W, V}]
DefMetric[-1, g[-a, -B], CD, PrintAs -» "g"]
DefChart[B, M, {0, 1, 2, 3}, {t[], x[], ©6[], ¢[]1}, ChartColor -» Blue]

In[10]:=

This is a command for simplifying any result defined on the chart. Hence, by this command, one can
find the explicit components of a given tensor calculated on the background metric. The command
is "MySimplify[]"

MySimplifyl[a_] := ChangeCovD[a, CD, PDB];

MySimplify2[b_] := ToBasis[B] @ToBasis[B] @MySimplifyl[b];
MySimplify3[c_] := TraceBasisDummy@MySimplify2[c];

MySimplify4[d_] := ComponentArray@MySimplify3[d];

MySimplify5[e_] := Factor@ToValues@ToValues@ToValues@MySimplify4[e];
MySimplify[f_] := Simplify[MySimplify5[£f], TimeConstraint -» 1000]

Defining the Kerr-Newman metric:
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infie]- DefConstantSymbol [G, PrintAs —» "G"]
DefConstantSymbol[m, PrintAs » "m"]
DefConstantSymbol[a, PrintAs -» "a"]
DefConstantSymbol[qg, PrintAs -» "gq"]
$Assumptions = And[r[] € Reals, r[] >0, 6[] € Reals, 0< O[] <x, GeReals,

G>0, meReals, m>=0, a € Reals, a>=0, geReals, g>=0, ¢’n® 2 a’ +q*];

The Kerr-Newman metric
nei- p2 = r[]1%+a?cos[O[11%;
A = r[]2 -2GmrJ] +a? +q2;
2Gmr[] -q?

———————————————
= I

p2

2
In[24]:= MatrixForm[TheMetric = {{— (1-£), 0, 0, —faSin[e[]]z}, {0, p_' 0, 0},
A

{0, 0, p2, 0},
{-fasin[e[11%, 0, 0, (r[1*+a®+fa’sin[6[]]1?) Sin[e[]]z}}]

QOut[24]//MatrixForm=

2

-g’+2Gmr 0 a (-g°+2Gmr) Sin[6]

B a? Cos [6]2+r? 0 B a® Cos [6]2+r?
a% cos[0]%+r?
0 a?+qg®-2Gmr+r? 0 0
0 0 a’ Cos[6]% + r? 0
_a(-g’+2Gmr) sin[6]’ 0 0 Sil’l[@}z a2+ 124 a’? (-g®+2Gmr) Sin[6]?

a? Cos [6]2+r? a? Cos [6]2+r?

in2s- MetricInBasis[g, -B, TheMetric];

inzel:= $CommutePDs = True;
$CommutePDBs = True;

The Kerr-Newman gauge field

inegl- DefTensor[A[-a], M]
DefTensor[F[-a, -B], M, Antisymmetric[{-a, -}]]

ingoj- RuleF = MakeRule[{F[-a, -B8], CD[-a] @A[-B] -CD[-B]@A[-a]}, MetricOn » All]

out[30]= {HoldPattern[ pal } > Module| {}, v* a® -v#a%] }

qr[] -qar[] sin[6[]]?
we1- AllComponentValues [A[{—a, -B}1, { , 0,0, }]
p2 p2

ChangeComponents[A[{a, B}], A[{-p, -B}1];

Computed A - Ag g%B in 0.042587 Seconds

Calculating curvature tensors etc:

n33;- MetricCompute[g, B, All]



In[34]:=

In[38]:=
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AllComponentValues[Christoffel [CD, PDB] [{p, B}, {o, B}, {-t, -B}],
MySimplify[g[o, o] Christoffel [CD, PDB] [p, -0, -Tt]]1];
AllComponentValues[Christoffel [CD, PDB] [{p, B}, {o, B}, {t, B}],
MySimplify[g[t, a] g[o, o] Christoffel[CD, PDB] [p, -0, -al]];
AllComponentValues[Christoffel [CD, PDB] [{p, B}, {-o, -B}, {t, B}],
MySimplify[g[t, a] Christoffel [CD, PDB] [p, -0, -a]ll;
AllComponentValues[Christoffel [CD, PDB] [{-p, -B}, {-0o, -B}, {t, B}],
MySimplify[g[-p, -B] g[t, a] Christoffel[CD, PDB] [B, -0, -a]]l];

ChangeComponents [RicciCD[ {a, B}, {B, B}], RicciCD[{-a, -B}, {-B, -B}11];

Computed R[V] B - gBY R[V] in 0.383814 Seconds

[ed ay

Computed R[V]%P - g¥ R[V}Yﬁ in 0.378811 Seconds

In[39]:=

Out[40]=

In[41]:=

Out[41]=

In[42]:=

Out[42]=

In[43]:=

Out[43]=

In[44]:=

Out[44]=

e.o.m

Here, we find the equations of motion through
6( -g L) = 1/-g [(eomg)aﬁ OQqp + (eomy)? 6Aa] + asurface term

1
L= (RicciScalarCD[] -F[-a, -B] F[a, B]) /. RuleF;
16 7 G

(VarL[g[-a, -B]]1[£]) // ToCanonical // ContractMetric // Simplify //
ContractMetric // ToCanonical // Factor
1

(2RI R (7 aT) (a) 4 (A (A7) -4 (v a0) (A7) ¢
Gt
4 (v ay) (V'a%) -2 9% (vya,) (v 2Y)+2 9%F (vsa,) (V27))

eomg = %*g[-a, -u] g[-B, -v] // ContractMetric // ToCanonical // Simplify

32 Gfr(_2 R[VIuy + Juv (RIVI+2 (Vadg) (VVA%) -2 (V5aq) (VP2%)) +

£ ((Tan) (7 ) - (78] (%ma) - (78] (70 ma) + (7087) (70 a)))

eOomA =
(VarD[A[-a], CD][£]) // ToCanonical // ContractMetric // ToCanonical // Simplify

- (vg Ve aP) + v v A%

4Gt

We can check that the Kerr-Newman geometry satisfies these equations

eomg // ToBasis[B] // ToBasis[B] // TraceBasisDummy // ComponentArray // MySimplify

{{o0, 0, 0, 0}, {0, 0, O, O}, {0, O, O, O}, {0, O, O, O}}

eomA // MySimplify

{0, 0, 0, 0}

Now, we define rules to impose the on-shell condition wherever we want
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in4s51= Ruleeomg = MakeRule[
Evaluate[{RicciCD[-u, -v], (16 7 G * (eomg) +RicciCD[-u, -v]) // Simplify}],
MetricOn - All]

Out[45]= {HoldPattern[ R[V] £L ] -

Module{{a, BY, — "M R[V]I+2 (V*Aa%) (Y aq) -2 (V&) (V*2a") +2 (vanY) (v*2H) -

2 (W a,) (VaY) + @ (Vang) (Pa%) - 97 (v5aq) (v2%)]]

in46l:= RuleeomA =
MakeRule[Evaluate[{CD[-B] [CD[B] [A[a]]], (-4 7w G (eomA) + CD[-B] [CD[B] [A[al]l]) //
FullSimplification[]}], MetricOn -» All]

Out[46]= {HoldPattern [VB VB:A%] = Module [ {v}, vy, V¢ AY] ,

HoldPattern [ngﬁ AOZ(] = Module [ {v}, vy, V¢ AY] }

To cross check, we can check the vanishing of the equations of motion via on-shell rules defined
above:

in471- eomg /. Ruleeomg // ToCanonical // FullSimplification[]

outa71= 0

in4s):- eomA /. RuleeomA // ToCanonical // FullSimplification[]

out48l= 0

Charge Calculation

Finding the ©¥ surface term for the Einstein-Maxwell
theory:

We can find the surface term ©" by variating the Lagrangian with respect to the dynamical field
& ( -g L) = a/-g [(eomg)"‘ﬁ 8Jqp + (eomA)“éAa] +4/-g V,eH

n49- ExpandPerturbation@Perturbation[Sqrt[-Detg[]] £] // ContractMetric //
ToCanonical // Factor

1 = lap la
out[49)= — /-G (2 Ag R[V]gp - 297, R[V] -
32G

2 (vﬁ Vg Aglo‘/3> +2 (st VP Aglaa) -2 AleY (VQAB) (vB Aa) -
8 (van[ag]) (v¥a%) +2 ag%Y, (Vea,) (VPa%) -4 a9, (v5nY) (vP2%) +

8 (Vs a[aq]) (v72a%) -4 ag%y, (VPa%) (Vas) +8 AgT,, (27) (77 ag))

Subtracting the equation of motion, the result is a total derivative



XAct Example Kerr-Newman black hole and its conserved charges.nb | 5

0= % - 8Sgrt[-Detg[]] eomg * Perturbationg[LI[1], u, Vv] -
Sqgrt[-Detg[]] eomA % Perturbation[A[-a]] // ContractMetric //
ToCanonical // Factor // Simplify // FullSimplify

1

Out[50]- /-G (VB Vg Ag LB 4 g A[AO‘] (vﬁ Vo AP - vy VP Aa> -
16 G

Ve VP a9t +4 (Vas[ag] -Vsalas]) (vPa%))

To make sure, subtracting the following total derivative term, would result to zero:

5= (% - (Sgrt[-Detg[]] *CD[-B]@ (CD[-a] [Perturbationg[LI[1], a, B]] +
4 » Perturbation[A[a]] * (CD[-a] [A[B]] -CD[B] [A[-a]]) -
CD[B] [Perturbationg[LI[1], a, -a]])) /
(16 xG%xPi)) // FullSimplification[]

outs1]l= 0

Dropping the divergence, the rest would be the ©". So, we make a rule to identify this tensor.

521 DefTensor[©[u], M]
Rule® = MakeRule[{©[B], ((CD[-a] [Perturbationg[LI[1], a, B]] +
4 » Perturbation[A[a]] * (CD[-a] [A[B]] -CD[B] [A[-al]l) -
CD[B] [Perturbationg[LI[1], a, -a]])) /
(16 *xGxPi)}, MetricOn » All]

Out[53]= {HoldPattern[ @g} [N
A[Acx] (VBAQ) V8 agto A[Aa] (VQAB) v, AgloB

Module{{a}, - - + + }
4G 16 G 4G 16 G

Finding the Noether charge density Q" for the E-M the-
ory and the generator €:

In order to find the Noether charge Q"¥ associated with the generator € ={&# A}, first we need to
find the Noether current J.# = e* (6. g, 6. &) - &% £ . Then, using the on-shell relation Jg.# = v, Q*~
we can find the Q*Y

The vector £ acts on the fields as Lie variaiton. Besides, under the gauge transformation we have
A=A, +0,A. Here, we provide rules to imply it

inis4:- DefTensor[§[u], M]
DefTensor[lambda[], M, PrintAs » "A"]

nsel- Ruledeleg = MakeRule[Evaluate[{Perturbationg[LI[1], -a, -B],
LieD[§[u], CD][g[-a, -B]] // ContractMetric // ToCanonical}], MetricOn - All]

Out[56]= {HoldPattern[ Aglg/i ] > Module [ (}, v* &R 4+ VP §°‘} }
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7= RuledeleA = MakeRule[Evaluate[{Perturbation[A[-a]],
(LieD[&[u], CD][A[-a]] // ContractMetric // ToCanonical) +
CD[-a] [lambda[]]}], MetricOn -» All]

Out[57]= {HoldPattern[A[A%H Y Module[{ﬁ}, Ve A+ AP (Vo‘ 55) + &R (VB A“) ]}

Finding the J.*

inssl= (@[u] /. Rule® /. Ruledeleg /. Ruledeled) - §[u] £ // ContractMetric // ToCanonical //
Factor
Outls8l= — ! (RIV] ¥ -vaV* € =V VH €% =4 (Vo ) (v aH) +2 €¥ (Vang) (VP A%) -
16 G
2 £ (Vna) (V98%) -4 € (vang) (%) -4 2% (v &,) (v0a¥) +
4 (Vo A) (VHa%) +4 €% (Vang) (VAP) +4 2% (Vg&,) (V'AP) +2 (V' v, %))

Jct' is a divergence term on-shell.

o= Jep = (% // Expand // FullSimplification[]) /. Ruleeomg /. RuleeomA // Factor //
ToCanonical // FullSimplify

1

out59)= (— ex (R[v] +2 (va Ag - Vg Aa) <VB A“)) +2 (va VEEH £ 4 (Vu ) (v“ Al - Aa) +

332Gt
2 (E% (Vang+Vga,) +2 A% (Vg&,)) (VP Ak - v af) - v v, £%))

Dropping the divergence, we define the Noether charge density Q"

ineo)- DefTensor[Q[u, v], M]
RuleQ =
MakeRule[{Q[u, v], (CD[v][£§[u]] -CD[u][€[v]] -4 (CD[u]@A[v] -CD[v]@A[u])
(A[B] * E[-B] + lambda[])) / (16 1 G) }, MetricOn -» All]
Out[61]= {HoldPattern[ Q’ivl} = Module[{a},
A (V” Av) Aa é—ot (V“ Av> vH é—v b (vv AH) AO( ga <vv AH) \val g#
 4en 4G “1een . 4G 4G +16G7T”

To cross check, let’s check the vanishing of the J.* - V, Q. on-shell:

ine2l= ((Jeu -CD[-v]@Q[u, v]) /. RuleQ /. Ruleeomg /. RuleeomA // FullSimplification[] //
ContractMetric) /. Ruleeomg /. RuleeomA // ToCanonical // FullSimplify

outje2]= 0

Finding the important 2-form k*" for the E-M theory and
the generator €:

Finding the most important tensor for charge calculations using 4/-g k' = 6(\/-g Q") -

V-g (&' ©*-¢"0")
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In order to find the 6(4/—g Qc**), we need rules preventing the & to act on the €

ines]- RuleA§ = MakeRule[{Perturbation[&§[u]], 0}, MetricOn -» All]
RuleAX = MakeRule[ {Perturbation[lambda[]], 0}]

out[63]= {HoldPattern[A[éé} ] > Module[{}, 0] }

oue4- {HoldPattern[A[A]] > Module[{}, 0]}

Finding the &6(1/-g QM):

ines)= (Sqrt[-Detg[]] *Q[a, B]) /. RuleQ;
6Qe = (ExpandPerturbation@Perturbation[%] // ContractMetric // ToCanonical //
Factor) /. RuleAf /. RuleAA

outlesl= — ! /-G (4/\ AleY (VD‘AB>+4 AY Agléé &, (VO‘AB) +8A[AY} &Y (V“AB) -
32Grr

52 8980, (A7) -8 aY a9%%, £, (va%)+82 (v a[a?]) -

o a6, (ala®]) 2 67 (709, | 4 agl, [368) -4 agt, (+8aT)-

4 pY Aqlé(5 £, (VBAO‘> —8A[AY] Y (VBAQ) +8 2 Aglo‘Y (VBAY> +

8 aY a9l £, (vPa%) -8 (vala®])-8aY &, (v¥a[a%])-2 & (vPagle ) -
agty (VP EYX) + 8 agth (v a%) -8 agt?t (VVAP) +2 agtf (v E®) -

(v €f) +8 Y agtP, €, (VOA") -8 AY ag'?, &, (V0 aP))

2 AglotY

Introducing the 4/-g k'

ine7]- 6Qe - 2 Antisymmetrize[Sqgrt[-Detg[]] *@[a] §[B], {a, B}] // FullSimplification][];
k= (%/.Rule®) // FullSimplification[] // Factor

1

Out[68]= Y \/-G (4/\ AleY (VO‘AB>+4 AT Agléé &y (VO‘AB) +8A[AY} & (VO‘AB> -
G

8a[a¥] £F (va,) -8 agtf  (veaY)-8aY agtl,; g (v*a®)+8 2 (v a[af])+
AT 6 [7a[a%]) <2 € (v10910,) -2 €2 (7 agT,) g, (67 -
432977, (Pa%) -4 ar 597, £, (Va%) -84[a,] € (v9a7)

sa[ar) €0 [P a,) + 83 o910, (o1A7) o5 aY ogi%y £, (WA -

8 (v a[a%]) -8 &Y &, (Wa[a"]) -2 £ (vIage, ) +2 €% (Fog’T,) -

agty  (VPEY) +8a[aY] €°F (v, a%) -8a[a¥] €% (vyaf)+2 &F (v, 89127 -

2 €% (vyngtfY) w8 agthf (VP A%) -8 agt® (vVAP) +2 agth (VY EY) -

2 897, (viel)+8 AT £g'f, £, (vVAT) -8 AT A9, £y (v0AF))

The parametric variations %) g:

Here, we introduce the parametric variations to be put into the k*¥. One can variate the dynamical
fields g, and A, with respect to all of the parameters m, a, and g. Nonetheless, using the linearity

of the charges in the perturbations, and to speed up the calculations, we variate the dynamical fields
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with respect to each one of the parameters separately, and sum up the results eventually.

In[69]:= DefTensor[hatdelg$m[—a, -B], M, PrintAs -> "Smg"]
DefTensor[hatdelA$m[—a] , M, PrintAs -> “3mA“]
DefTensor[hatdelg$a[—a, -B]1, M, PrintAs -> “Sag“]
DefTensor[hatdelA$a[—a] , M, PrintAs -> “SaA“]
DefTensor[hatdelg$q[—a, -B], M, PrintAs -> "ng“]
DefTensor[hatdelA$q[—a] , M, PrintAs -> “SQA“]

DefConstantSymbol [ém, PrintAs —» "ém"]
DefConstantSymbol [éa, PrintAs -» "éa"]
DefConstantSymbol[6g, PrintAs -» "&g"]

Variation with respect to the parameter m, i.e. Sm gand Sm A

n7ei- MySimplify[g[-a, -B]1;
(D[%, m] *ém) // Simplify;

MatrixForm[%]
QOut[80]//MatrixForm=
2G6mr 2aGémrsin[e]?
_<scoomr 0 0 —22zomr=inizl
a? Cos [6]2+r? a% Cos[6]%+r?
0 2Goémr (a’Cos[0]%+r?) 0

(a%+q%+r (-2 Gm+r))?
0 0 0 0

2aGémrsin(e]? 0 2a’Gémrsin[o]*
a% Cos[6]?+r? a% Cos [6]?+r?

ngil= % // InputForm

Out[81]//InputForm=
{{(2xG+Sm*xr [])/ (anr2+«Cos [O[]]r2 + r[]A2), 0, 0, (-2xa*G+xémxr[]*Sin[O6[]]A2)/
(an2+Cos [O[]172 + r[]17r2)}, {0, (2+xG*Sm*r[]x(anr2+Cos[O[]]A2 + r[]Ar2))/
(an2 + gnr2 + r[]*(-2+xG+m + r[]))~2, O, 0}, {0, O, 0, O},
{ (-2%a*G+Smxr []+xSin[O[]]A2)/ (anr2«Cos [6[]]A2 + r[]A2), 0, O,
(2%an2xG+xOm*r []xSin[6[]]A4)/ (ar2xCos[O[]]A2 + r[]A2)}}

ine2- AllComponentValues[hatdelg$m[{-a, -B}, {-B, -B}],
({(2%Gxémxr[])/ (ah2%Cos[6[]]A2+T[]A2), 0, 0,
(-2*a*Gxém*xr[] »Sin[O6[]]A2) / (ah2*xCos[O[]]NA2+1r[]AN2)},
{0, (2*xG*Sm*r[] » (ah2%xCos[B[]1]1A2+x[]N2))/
(ah2+qAh2+1[] % (-2%xGxm+x[]))A2, 0, 0}, {0, O, 0, 0},
{(-2*xa*G*ém*r[] *Sin[6[]]1A2) / (ar2%xCos[6[]]NA2+r[]A2), 0,0,
(2%an2+GxSm+r[] *Sin[6[]]1r4) / (ar2*Cos[6[]1A2+T[]A2)}}];
ChangeComponents [hatdelg$m[{a, B}, {-B, -B}], hatdelg$m[{-p, -B}, {-B, -B}]1];
ChangeComponents [hatdelg$m[{-a, -B}, {B, B}], hatdelg$m[{-p, -B}, {-B, -B}]11]:;
ChangeComponents [hatdelg$m[{a, B}, {B, B}], hatdelg$m[{-p, -B}, {-B, -B}11;

Computed & g”5 = 9%7 § gy, in 0.199941 Seconds
Computed émgaB > ghy 5mgay in 0.222454 Seconds
Computed émgaﬁ - gfv 5 gay 1in 0.201450 Seconds

Computed émgo‘B - gav émgyﬁ in 0.246624 Seconds
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ingel= MySimplify[A[-a]]:
(D[%, m] *ém) // Simplify;
MatrixForm[%]

Out[88]//MatrixForm=

0
0
0
0
ngo:= % // InputForm

Out[89]//InputForm=

{0, 0, 0, 0}

ineo]- AllComponentValues[hatdelA$m[{-a, -B}], {0, 0, O, 0}];
ChangeComponents [hatdelA$m[{a, B}], hatdelA$m[{-p, -B}]1];
Computed § a% - gah buAp in 0.045111 Seconds

ine2:= Ruledg$m =

MakeRule[{Perturbationg[LI[1], -a, -B], hatdelg$m[-a, -B]}, MetricOn -» All]
RulebA$m = MakeRule[ {Perturbation[A[-a]], hatdelA$m[-a]}, MetricOn -» All]

out[92]=

—

Holdpattern| g 22 | s Module[{}, §,¢%¢] }

out[e3]= {HoldPattern[A [Aa:} ] = Module [ {}, 5, AO‘} }

Variation with respect to the parameter a, i.e. 33 gand 33 A

no4= MySimplify[g[-a, -B]1;
(D[%, a] *6a) // Simplify;
MatrixForm[%]

QOut[96]//MatrixForm=

2adacCos[6]? (g*-2Gmr) Sa (c
2 0 0 —
(a® Cos[0]%+1r?)
2ada (-r’+Cos[0]% (g°+r (-2Gm+r)))
0 0
(a?+q?+r (-2 Gm+r))?

0 0 2 a da Cos[6]?

Sa (g*>-2Gmr) (-a®cCos[6]%+r?) sin[6]? 2adasin[6]? (a‘l Co

0 0

(a? Cos[0]2+1r?)?

ne7:= % // InputForm
Out[97]//InputForm=

{{(2xa*Sa*Cos [O[]]A2%(gnh2 - 2xGxmxr[]))/(an2+xCos[O[]]"r2 + xr[]A2)A2, 0, O,
(6a* (g2 - 2+Gxmxr[])* (- (an2+xCos[O[]]72) + r[]A2)*Sin[6[]]1r2)/
(an2+«Cos [O[]1M2 + Tr[]N2)A2},

{0, (2xaxdax*(-r[]A2 + Cos[O[]]A2% (N2 + T[]*(-2*G*xm + r[]))))/
(an2 + gh2 + r[]*x(-2+«G*m + r[]))A2, 0, 0}, {0, 0, 2xaxdaxCos[6[]]r2, 0},

{(Gax (N2 - 2%Gxmxr[])* (- (ar2xCos[O[]]A2) + r[]A2)*Sin[6[]]1r2)/
(an2xCos[O[] 172 + r[]r2)n2, 0, O,
(2xaxda*xSin[6[]]A2x (anrd«Cos[O[]]Nd + 2%xan2xCos[O[]]A2xr[]A2 +

r[]A2+«(r[]r2 - (gh2 - 2xG*mxr[])*xSin[6[]]A2)))/ (ar2xCos[O[]]7r2 + T []Nr2)A2}}
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inegl- AllComponentValues[hatdelg$a[{-a, -B}, {-B, -B}],
{{(2xaxSa*Cos[6[]]A2* (qA2-2+xGxmxr[])) / (ah2%Cos[6[]]A2+T[]A2)A2, 0,
0, (6a* (QA2-2%Gsm*r[]) * (- (ah2%Cos[6[]1A2) +T[]A2) *Sin[6[]1]A2) /
(anh2xCos[O[]]1N2+r[]A2)A2},
{0, (2xaxba* (-r[]A2+Cos[O[]]N2% (QA2+r[]* (-2*G*m+Tr[])))) /
(ah2+qh2+r[]* (-2%*G*m+T[]))A2, 0, 0}, {0, 0, 2xa*da*Cos[6[]]A2, 0},
{(6a* (QA2-2%G*m*T[]) * (- (AaN2%Cos[O[]]1A2) +T[]A2) *Sin[6[]]1A2) /
(ah2 % Cos[O[]1]A2+T[]A2)A2, 0, 0,
(2xa*xba*xS8in[6[]]NA2* (aNd xCos[O[]]1N4+2xaNnN2*xCos[O[]]A2*xr[]A2+
T[IA2% (r[]A2- (QA2-2%Gxm+r[]) *Sin[6[]1]1A2))) /
(ah2 % Cos[O[1]N2+T[]A2)A2}}];
ChangeComponents [hatdelg$a[{a, B}, {-B, -B}], hatdelg$a[{-p, -B}, {-B, -B}]11]1;
ChangeComponents [hatdelg$a[{-a, -B}, {B, B}], hatdelg$a[{-p, -B}, {-B, -B}11];
ChangeComponents [hatdelg$a[{a, B}, {B, B}], hatdelg$a[{-po, -B}, {-B, -B}]11;

Computed éa ga/j - g7 53 gyB in 0.212957 Seconds

Computed &, g,° » 9P¥ 5agay in 0.216880 Seconds

Computed éa ga/j > ghy 53 gay 1in 0.199283 Seconds
Computed §_g%P - g%¥ § 4.® in 0.267155 Seconds
ad a9y

inf102i- MySimplify[A[-a]];
(D[%, a] *6a) // Simplify;
MatrixForm[%]

QOut[104]//MatrixForm=
2agdacCos[B]?r
B (a% Cos[6]2+r2)?
0
0
gdar (a®cCos[6]%-r?) sin[6]?
(a? Cos[0]2+1r?)?

inf1osi= % // InputForm
Out[105]/InputForm=
{(-2xaxg*xSaxCos [O[]]A2*xr[])/ (anr2xCos[O[]]r2 + r[]A2)A2, 0, O,
(axbaxr[]*(an2xCos[O[]]A2 - r[]A2)+Sin[O[]]A2)/(ar2xCos[O[]]r2 + r[]r2)A2}

infoel= AllComponentValues[hatdelA$a[{-a, -B}],
{(-2xaxg*xdaxCos[0[]]1N2*r[])/ (ah2*Cos[O[]]1NA2+r[]A2)A2,
0,0, (qxba*xr[]* (ar2xCos[O[]]1A2-r[]A2) xSin[6[]]A2) /
(an2%xCos[O[]1NA2+r[]1A2)N2}];
ChangeComponents [hatdelA$a[{a, B}], hatdelAsa[{-p, -B}]]:

computed 5 p% - g“P b,Ap in 0.045026 Seconds

inftosl:= Ruledg$a =
MakeRule[{Perturbationg[LI[1], -a, -B], hatdelg$a[-a, -B]}, MetricOn -» All]
RulebAg$a = MakeRule[{Perturbation[A[-a]], hatdelA$a[-a]}, MetricOn -» All]

out[108]= {HoldPattern[ Aglgz ] = Module [ {}, &, gch ] }

ouriog- {HoldPattern|[a[a%]]| - Module[{}, &, %]}
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Variation with respect to the parameter q, i.e. Sq gand 3q A

ni10)- MySimplify[g[-a, -B]];
(D[%, q] *6q) // Simplify;

MatrixForm[%]
Out[112]//MatrixForm=
_ 2969 0 o 22adgsinfe]’
a? cos[0]%+r? a? cos[0]%+r?
0 _296g (a® cos [e]2+r22) 0 0
(a2+q2+r (-2Gm+r))
0 0 0 0
2agdégsin[6]? 2a?gégsin[o]?
2 2, 2 0 0 - 2 2,2
a‘ Cos [6]°+r a‘ Cos [6]°+r

n[13:= % // InputForm
QOut[113]//InputForm=
{{(-2%g*6q) / (ar2+Cos[6[]]1A2 + r[]A2), 0, 0, (2*arg+6g*Sin[6[]]A2)/
(ar2+Cos[O[]11A2 + r[]A2)}, {0, (-2%g+6gx(ar2xCos[O[]]A2 + r[]A2))/
(ah2 + gh2 + r[]*(-2+G+m + r[]))A2, 0, 0}, {0, 0, 0, 0},
{ (2+xa*g*Sq*Sin[O[]]A2) / (ar2«Cos[O[]]A2 + r[]A2), 0, O,
(-2%ar2+q*Sq*Sin[6[]]A4)/ (ar2+Cos[0[]1]A2 + r[]A2)})}

int14- AllComponentValues [hatdelg$qg[{-a, -B}, {-B, -B}],
{{(-2%xq=+6q) / (ah2%Cos[6[]]1A2+T[]A2), 0, 0,

(2xaxq*Sq+Sin[6[]1]1A2) / (ah2xCos[6[]1A2+r[]1A2)}, {0,

(-2*xg*6g* (aN2xCos[O[]]NA2+r[]A2))/ (an2+gh2+T[] * (-2*G*m+r[]))A2,

0, 0}, {0, 0,0, 0}, {(2*a*xqg*x6g+Sin[6[]]A2) / (afr2xCos[6[]1A2+Tr[]A2),

0,0, (-2%xafh2+q*xSq*Sin[6[]]1A4) / (aA2xCos[6[]1]A2+T[]A2)}}];
ChangeComponents [hatdelg$q[{a, B}, {-B, -B}], hatdelg$q[{-po, -B}, {-B, -B}]];
ChangeComponents [hatdelg$g[{-a, -B}, {B, B}], hatdelg$q[{-p, -B}, {-B, -B}11:
ChangeComponents [hatdelg$qg[{a, B}, {8, B}], hatdelg$q[{-p, -B}, {-B, -B}11;

Computed ngaB - 9% 5.gys in 0.198283 Seconds
Computed ngaﬁ > ghy éqgay in 0.219834 Seconds

Computed ngaﬁ > ghy in 0.247434 Seconds

g Jay

Computed ngo‘B - g7 équB in 0.293439 Seconds

infi1g= MySimplify[A[-a]]:;
(D[%, q] * 6q) // Simplify;
MatrixForm([%]

Out[120]//MatrixForm=

asdgrsinfo]?

a% Cos [6]2+r?

n[i21:= % // InputForm

Out[121]/InputForm=
{(6q*r[])/ (ar2xCos[6[]]1A2 + r[]A2), O, O,
- ((axbgxr[]x8in[O[]]A2)/ (ar2«Cos[O[]]A2 + r[]Ar2))}
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In[122]:=

In[124]:=

Out[124]=

Out[125]=

AllComponentValues [hatdelA$qg[{-a, -B}], {(dga*r[]) / (aA2xCos[O[]]N2+xr[]N2),
0,0, -((axég*r[] *Sin[6[]]1A2) / (ah2*Cos[O[1]A2+Tr[]1A2))}];
ChangeComponents [hatdelA$qg[{a, B}], hatdelA$q[{-p, -B}]];

Computed SQAD‘ > g@B 5qA/3 in 0.043520 Seconds
Ruleég$q =

MakeRule[ {Perturbationg[LI[1l], -a, -B], hatdelg$qg[-a, -B]}, MetricOn -» All]
RulebA$qg = MakeRule[{Perturbation[A[-a]], hatdelA$qg[-a]}, MetricOn -» All]

—

HoldPattern[ Ag 1af ]

> Module[{}, éqgaﬁ]}

{HoldPattern|[a[a%|| » Module|{}, §,a%]}

Mass

In[126]:=

In[127]:=

out[128]=

In[129]:=

out[129]=

In[130]:=

In[133]:=

In[134]:=

Out[134]=

In[135]:=

Out[135]=

Defining the exact symmetry generator for the mass €, = {(3t+Qoo 0o, CDOO}:

Asymptotic angular velocity is equal to Q,, = gﬂ e
4%

DefConstantSymbol [Qw]
MySimplify[g[-a, -B]1;:
%[[1, 4]]

Limit|-
[ %[[4, 4]]

, (] ->oo] // FullSimplify

RuleQwo = MakeRule[{Qw, 0}, MetricOn -» All]

{HoldPattern[Qw] :» Module[{}, 0]}

DefTensor[n[a], M]
AllComponentValues|[n[{a, B}], {1, 0, 0, Qw}];
ChangeComponents[n[{-a, -B}], n[{o, B}1]:

Computed 7, - 9534 nB in 0.056177 Seconds

Asymptotic electric potentials ®., = 1" 2, | «:
DefConstantSymbol [&wx]
Limit [MySimplify[n[-a] A[al], r[] » ©] /. RuleQw // FullSimplify

0

Rule&w = MakeRule[{&wx, 0}, MetricOn -» All]

{HoldPattern|[®x] » Module[{}, 0]}



In[136]:=
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Rules to identify €y = {6;+Q. 0y, Puo}:

Rulen = MakeRule[{§[u], n[u]l}, MetricOn -» All]
RuleA = MakeRule[{lambda[], $x}, MetricOn -» All]

Out[136]= {HoldPattern[ §“:} > Module [ {y, n* ] }
oufis7- {HoldPattern[A] » Module[{}, &x]}
Calculating the variation of the mass with respect to the parameter m, i.e. the 6,, M
nfise= (k /. Rulen /. RuleA /. Rulebg$m /. RuleSA$m /. Ruledwo /. RuleQw) //
ContractMetric // ToCanonical // FullSimplification[] // FullSimplify;
% // ToBasis[B] // ToBasis[B] // ComponentArray;
One can use the pull-back of the Hodge dual of the result above to any closed codimension-2
surface surrounding the singularity at the origin. Nonetheless, pull-back to the surfaces of constant
time and radius makes the calculations simpler. So, we choose the k°' component.
nft40i= %[[1, 2]] // Factor // Simplify;
% // MySimplify
1
Out[141]= —
16 1 (a2 +a2Cos[26] +21r2)?
om (a‘l—asQoo—lz a?r?+5aQori-16rt+12aQwr?+a’cos[40] (—a+aono—Qoor2) -
4 acCos[206] r? (a+a2 Qoo + 3 Qoo rz)) sin[o]
One can integrate the result above on 6 and ¢, calculated on any arbitrary constant radius r>0.
Nonetheless, the r->c makes the calculations simpler.
inf42)= Limit[%, r[] —» o]
om (4-3aQo+3aQoCos[26]) Sin[O]
Out[142]=
16 7
ni143- Integrate[%, {6[], 0, 7}]
om - a dm Qoo
Oout[143)s ——————————
27
The 6,, M
inr144- Integrate([%, {¢@[], 0, 2 m}]
ou[144]= &m — a ém Qoo
Inf145:- 6M$m = % /. Rule®wo /. RuleQw // FullSimplify
out[145)= oM

In[146]:=

Calculating the variation of the mass with respect to the parameter a, i.e. the 36 M

(k /. Rulen /. RuleA /. Rulebg$a /. RulebA$a /. Ruledwo /. RuleQw) //
ContractMetric // ToCanonical // FullSimplification[] // FullSimplify;
% // ToBasis[B] // ToBasis[B] // ComponentArray;
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Again, we choose the pull - back to the constant (t, r) surfaces,
i.e.the k®® component, for simplicity :

inf4s= %[[1, 2]] // Factor // FullSimplify;
% // MySimplify
1
Out[149]= —
64 G (a2 +a%Cos[20] +21r2)*
oa (75 a’Gm-5acGmOw+12a’CmCos[66] +4 a®GmQw Cos[606] +
a’GmCos[860] +a®CGmQw Cos[86] -75a’r-104a°q?r+29a®q? Qor-
12a’ Cos[60] r+4a°qg*Cos[60] r-16ag? QwCos[660] r-a’ Cos[80] r -
a®q? QwCos[860] r+456a°Gmrl-61la®GmOwr?+12a°>GmcCos[66] r?+
32a°GmQw Cos[66] r2+a’cEGmQw Cos[86] r?-248a°r®+480a%qg? r®-
208a*q? Qo r’-20a°Cos[60] r’-40a*q®QwCos[660] r’+720a’Gmr? -
104a*cmOort+28a*GmQwCos[660] r*-272a’r’>+192aqg’r’-48a%2q? Qo+
192aGmr®+144a’CGmQowr®-64ar’+192GmQw r®+4 a? Ccos[46]
(a6Gono+l3 a® (Gm-r1) +26 a% Qw3 (2 q2+Gmr) +12 Qoo r° (5q2+Gmr) +a* Qo r
<—7q2+15Gmr) -4ar’ (l4q2—1ler+7r2) -2a’r (3q2—23Gmr+l7r2)> -
4 Cos[26] (aBGono—29 a’ (Gm-r) +48Gm Qo r®+ 48 a’ Qw r° (q2+Gmr) +
4a®Qor (—q2+2Gmr) +a* Qo r? (—10q2+7Gmr> +48ar’ (—3 q2—3Gmr+r2) +
328’ r? <—2 q2—7Gmr+3r2) +a’r (33 a?-157Gmr +91 r2))) sin[o]
One can integrate the result above on 8 and ¢, on any arbitrary radius r>0. Nonetheless, the row
makes the calculations simpler.
nfs0p- Limit[%, r[] - o]
3mda Qo Sin[6]3
Oout[150]= —
8 7t
niis1- Integrate[%, {6[], 0, 7}]
m da Qoo
Ou[151]= — ——
27
The 6, M
ns2p- Integrate[%, {¢[]1, 0, 2 7}]
outf152]= —m Ha Qoo
in[153:- 6M$a = % /. Rule@wo /. RuleQw // FullSimplify
out[153]= 0
Calculating the variation of the mass with respect to the parameter q, using the k*¥
nfs4= (k /. Rulen /. RuleA /. Rulebg$qg /. RulebSA$q /. RuleQw /. Rule&w) //

ContractMetric // ToCanonical // FullSimplification[] // FullSimplify;
% // ToBasis[B] // ToBasis[B] // ComponentArray;

Again, we choose the pull — back to the constant (t, r) surfaces,
i.e.the k®* component, for simplicity :
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nrisel- %[[1, 2]] // Factor // Simplify;
% // MySimplify /. Rule&w /. RuleQwo // Simplify
1

Out[157]= —
16 G (a2 +a?Cos[26] +21r?)?

a’géar (36a2—14a3Qoo+a3QooCos[6e] +16r?-4aQwr?+2acCos[40]
(—2a+7a2Qoo+loQoor2) +Cos[2 6] (32a2—a3Qoo+48r2—16aQoor2)) Sin[O]

One can integrate the result above on 8 and ¢, on any arbitrary radius r>0. Nonetheless, the r-c
makes the calculations simpler.

infisel= Limit[%, r[] - o]

out[158]= 0

nis9- Integrate[%, {€[], 0, w}]

out[159]= 0

The 6, M

In[160]:=
Integrate[%, {¢[], 0, 2 7}]

out[160]= 0

njiei]- 6M$qg = % /. Ruled®wo /. RuleQw // FullSimplify

out[161]= 0

Now we can sum up all of the variations:
nji62):= 6M = SM$m + SM$a + SM$q

out[162]= Om

The result shows that 6M is integrable. The integrated result is M=m. The constant of integration
has been fixed by setting M=0 for the Minkowski spacttime.

Angular momentum

The exact symmetry generator for the angular momentum €, = {—6(,, ) O}
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nfes= Undef [n]
DefTensor[n[a], M]
AllComponentValues[n[{a, B}], {0, 0, 0, -1}];
ChangeComponents[n[{-a, -B}], n[{o, B}11;
Rulen = MakeRule[{§[u], n[u]l}, MetricOn » All]
RuleA = MakeRule[{lambda[], 0}, MetricOn -» All]

Computed 71, - g, nf in 0.043553 Seconds

oul[167]= {HoldPattern[ 5“:} > Module [ {y, n* ] }

oufies]- {HoldPattern[A] » Module[{}, 0]}

All the steps in calculating the variations of the angular momentum using the k*"are the same as
the calculations of the mass. So, we will not repeat the descriptions provided above.

The &,,J

nfesl= (k /. Rulen /. RuleA /. Ruledég$m /. RulebSA$m) // ContractMetric // ToCanonical //
FullSimplification[] // FullSimplify;
% // ToBasis[B] // ToBasis[B] // ComponentArray;
%[[1, 2]] // Factor // Simplify;
% // MySimplify

out[172]= —((aém (a‘l—Ba2 r2-6r*+a?cos[20] <a2—r2)) Sin[6]3) / (47T (a2+a2 Cos[2 O] +2r2>2)>

nf73= Limit[%, r[] —» o]

3adémsin[e]’

ouf178. ——————————————
8 7t

74 Integrate[%, {6[], 0, 7}]

a ém

Out[174]=
277

75 6J$m = Integrate([%, {®[], 0, 2 x}]

out[175]= a ém

The 6, J
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ni7e= (k /. Rulen /. RuleA /. Ruledg$a /. RulebA$a) // ContractMetric // ToCanonical //
FullSimplification[] // FullSimplify;
% // ToBasis[B] // ToBasis[B] // ComponentArray;
%[[1, 2]] // Factor // Simplify;
% // MySimplify
1

Oout[179]= —
16 G (a2 +a2Cos[20] +2 1)t

Sa <1Oa8Gm+a8GmCos[6e] -46a°g’r-a®qg?cos[60]r+94a’camr?+
a®Gmcos[60] r2+168a*g’r’+132a*cmr?+144a%2g?r°-48a°cmrb -
96 Gmr®+2a’cos[40] (3a4Gm+2r3 (—10q2+7Gmr> +a’r (—9q2+17Gmr)> +
a’Cos[26] (15a°Gm+48r° (5¢°+Gmr) +
32a%r? <4q2+5Gmr) +ar (—63q2+127Gmr)>) sin[e]?®

nfgor- Limit[%, r[] - o]
3méa Sin[e]?
ouf180) ———————————————
8 7t
nfei- Integrate[%, {6[], 0, 7}]

m éa

out[181]=
27T

nfsz;= 6d$a = Integrate([%, {@[], 0, 2 x}]

out[182)= m da

The 6,J

niis3y- (k /. Rulen /. RuleA /. Ruledg$q /. RulebA$q) // ContractMetric // ToCanonical //
FullSimplification[] // FullSimplify;
% // ToBasis[B] // ToBasis[B] // ComponentArray;
%[[1, 2]] // Factor // Simplify // MySimplify

a’gdgr (15a*+a?Cos[46] +12r?2+4Cos[26] (4a?+51r?)) sin[o]?

Out[185]= —
4G (a2+a%Cos[26] +21r?)3

infisel= Limit[%, r[] = o]

out[ts6]= 0

ni1s71- Integrate[%, {6[], 0, 7}]

ou[187]= 0

nfss- 60$q = Integrate([%, {@[], 0, 2 x}]

out[188]= 0

Now we can sum up all of the variations:
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inftsgl= 6J = 6T$m + 6T$a + 6T$q

oufiggl= m da + a dm

The result shows that 6J=6(ma) total derivative and hence, it is integrable. The integrated result is
J=ma in which the constant of integration has been fixed by the choice of J=0 for the Minkowski
spacetime.

Electric Charge

The exact symmetry generator for the electric charge eq = {0, 1}

inf190:= Undef [n]
DefTensor[n[a], M]
AllComponentValues[n[{a, B}], {0, 0, 0, 0}];
ChangeComponents[n[{-a, -B}], n[{p, B}1]:
Rulen = MakeRule[{§[u], n[u]}, MetricOn » All]
RuleA = MakeRule[{lambda[], 1}, MetricOn -» All]

Computed 7, - g, nf in 0.039911 Seconds

out[194]= {HoldPattern[ §“:} > Module [ {y, n* ] }

oufi9sl- {HoldPattern[A] > Module[{}, 1]}

All the steps in calculating the variations of the electric charge using the k#"are the same as the
calculations of the mass. So, we will not repeat the descriptions provided above.

The 6,,Q

nio6i- (K /. Rulen /. RuleA /. Ruledg$m /. RuleSA$m) // ContractMetric // ToCanonical //
FullSimplification[] // FullSimplify;
% // ToBasis[B] // ToBasis[B] // ComponentArray;
%[[1, 2]] // Factor // Simplify;
% // MySimplify

out[199]= 0

ineooy- Limit[%, r[] - o]

out2001= 0

neoil- Integrate[%, {6[], 0, 7}]

out201]= 0

neozl- 6Q$m = Integrate[%, {®[], 0, 2 7}]

outj202]= 0
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The 6, Q

nzosi- (kK /. Rulen /. RuleA /. Ruledg$a /. RulebA$a) // ContractMetric // ToCanonical //
FullSimplification[] // FullSimplify;
% // ToBasis[B] // ToBasis[B] // ComponentArray;
%[[1, 2]] // Factor // Simplify;
% // MySimplify

agdar? (9a’-a’Cos[46] +4r>+4Cos[26] (2a%+31r?)) Sin[O]

Out[206]= —
2Gm (a?2+a%Cos[20] +21r?)3

in2o71= Limit[%, r[] —» o]

out207]= 0

neos- Integrate[%, {€[], 0, w}]

out[208]= 0

no9- 6Q$a = Integrate[%, {¢[], 0, 2 m}]

out209]= 0

The 6, Q

neio= (k /. Rulen /. RuleA /. Rulebg$qg /. RulebA$q) // ContractMetric // ToCanonical //
FullSimplification[] // FullSimplify;
% // ToBasis[B] // ToBasis[B] // ComponentArray;
%[[1, 2]] // Factor // Simplify;
% // MySimplify

5q (a?+a’Cos[26] -21r?) (a?+r?) sin[6]

out213]= -
2Gn (a®?+a%Cos[26] +21r?)?

n2i4}= Limit[%, r[] = o]

6gq Sin[6]
oute14] —————————

4Gt
neisi- Integrate[%, {€[], 0, n}]
oq
2Gr

out[215]=
n2iel- 6Q$qg = Integrate[%, {®[], 0, 2 7}]

oq
Out[216]= ——

Now we can sum up all of the variations:

n2171= 6Q = 6Q$m + 5Q$a + 5Q$qg

lele;

out217]= ——
G
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The result shows that 6Q = 6(%) is a total derivative and hence, it is integrable. The integrated

resultis Q= f;- in which the constant of integration has been fixed by the choice of Q=0 for the

Minkowski spacetime.

Entropy

Bln order to identify the exact symmetry generator for the entropy, we need to calculate some
entities associated to the horizon :

Horizon radius ry :

in21g- Solve[A =0 /. r[] » r, r]
Out[218]= {{reGm— —a2+G2m2—q2 }, {reGm+«/—a2+G2m2—q2 }}

n219p= *H = Gm + '\/-az +G%m? - q2 ;

Horizon angular velocity Qy = ;&L rory -
(2%

ine20;- DefConstantSymbol [QH]

nie21- MySimplify[g[-a, -B]11;
-1x%[[1, 4]]

%[[4, 4]]
a

-g°+2Gm (Gm+«/—a2+G2m2—q2 )
ini223- RuleQH = MakeRule[{QH, a/ (—q2 +2CGm (Gm+ '\/—az + @ m? - g? ))}]

a
Out[223]= {HoldPattern[QH] =S Module[{}, H
-g’+2Gm (Gm+«/—az+G2m2—q2 )

Horizon Killing vector ny =0; + Qy 0, :

Limit[ , T[] - rH] // FullSimplify

Out[222]=

inee4:- DefTensor [nH[a], M]
AllComponentValues[nH[{a, B}], {1, 0, 0, QH}];
ChangeComponents [nH[{-a, -B}], nH[{p, B}11];

Computed nH, - 93a UHB in 0.047845 Seconds

Horizon electri ¢ potentials ®; = ny“ A,

1

r-ry -

ine27.- DefConstantSymbol [&H]



In[228]:=

Out[228]=

In[229]:=

Out[229]=

In[230]:=

out[232]=

In[233]:=

Out[233]=

In[234]:=

In[235]:=
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(nH[-a] A[a] // MySimplify) /. r[] » rH /. RuleQH // FullSimplify

Gm-+/-a%+G?m? - g? )

4a°G*m?+qgt

2a’Gmqg+q’

RuledH = MakeRule[

{QH, (2 a’émg+q’ (Gm—'\/—a2+G"’m2—q2 ))/ (4 a® G2m2+q4)}, MetricOn->A11]

2a’CGmg Gmg? a®~[-a?+ G m? - g? ]}

HoldPattern [BH] = Module[{}, N
4a2c?m?+q? 4a?c?m?+qgt 4a%c*m?+qt

—

Finding the Hawking temperature T:

Finding the surface gravity kH on the horizon

-1
7 (CO[-u] [MH[-Vv]]) * (CD[u] [nH[V]]):
% // MySimplify;

big
sqgrt([%] /. r[] > rH/. 6[] » — /. RuleQH // Simplify // Expand // FullSimplify
2

1
( (aZ—G2m2+q2)
(4 a2 G2m2+q4)2

(rH?+a?%)

To make the result simpler, we multiply it by 1= (1)

xH = (95 * Sqrt [ (rH2 + a2) 2] // ExpandNumerator // FullSimplify) / (er + a2)

/—a2+G2m2—q2
2
a? + (Gm+«/—a2+G2m2—q2 )

Hawking temperature of the horizon, TH =

KA
27

DefConstantSymbol [TH]

xKH
RuleTH = MakeRule[{TH, —}] ;
27
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4a2G2m2—8G4m4+8G2m2q2—q4+8G3m3«I—a2+G2m2—q2 —4qu2«/—a2+G2m2—q2 )]

In[236]:=

Defining the exact symmetry for the entropy €4 = 71_ {at+QH 0y, —CDH}
H

1
RulenH = MakeRule[{g‘[u] , — nH[u] }, MetricOn -» All] ;
TH

@H
RuleiH = MakeRule[{lambda[] ;- —}, MetricOn -» All] ;
TH
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All the steps in calculating the variations of the entropy using the k#“are the same as the calcula-
tions of the mass. So, we will not repeat the descriptions provided above.

The 6, S

inessl= (k /. RulenH /. RuleAH /. Ruleég$m /. RulebA$m) // Factor // ContractMetric //
ToCanonical // FullSimplification[] // FullSimplify

1 ~
Out238]- m\/—@ (2 nBY (= (" 8,0 ) +7° Eug®y ) +

~

Bug’y (43H (V@A) -venHP — 4ol (VP A%) + v pH?) +

2 (400 (5% 5,0 -7 5, 2%+ Bg™ (P h, -9y a%)) -

4 5.8 (nH, (- (v aP) +vPA%) + nHP (V¥ A, -V, a%) + nH® (- (VPa,) +v, a8)) +
e <va g’y =V Smgay) + nH® (_ (VB SngY> +Vy SmgBy) -

bng”” (4 oH (VQAY> -4 2H (VYAQ> + Vy ’7Ha> + bng”t (Vy 77HB> +

2 a7 nH, (8ag%s (- (v¥aP) +vPa%) +2 (- (v* &, ") + V¥ &, 2% +

m

bng’? (Va5 -Vsa®) + 5,9% (- (P as)+vsa”)))))
In2s9l= % // ToBasis[B] // ToBasis[B] // ComponentArray;

inp4ol= %[[1, 2]] // Factor // Simplify;
% // MySimplify

out[241]= —((6m (a4—a5QH—12 a’r’+5aloHr’-16r*+12a0Hr* +a’ Cos[4 6] (—a+a2 QH—QHrz) -
4acos[20]r? (a+a’oH+3aHr?)) sin[6]) / (16 nTH (a® +a® Cos[20] +21?)?))

ine4zl= Limit[%, r[] - o]

om (4-3aQH+3aQHCos[26]) Sin[H]

Out[242]= P
T TH

ne43- Integrate[%, {6[], 0, 7}]
om - a ém QH

Out[243]=
2 1 TH

ne44i- Integrate[%, {¢[], 0, 2 x}]

om - a édm QH
outj2dd}s ————————————
TH

In2as)- 6S$m = % /. RuleQH /. RuleTH // FullSimplify

Gm++/-a’+G?m? - g? )) om

2

27 la?+g*-2Gm

Out[245]= —

—a?+G6%m?-g

The 6, S
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ine4el= (k /. RulenH /. RuleAH /. Ruleég$a /. RulebA$a) // Factor // ContractMetric //
ToCanonical // FullSimplification[] // FullSimplify
e ————[-§ (2 7 (~(7 6, 5", ) +97 Bug )
S.g”y (420 (V'AP) -v*nHP -4 aH (VP A%) + VP nH®) +
2 (48 (75,27 -7 5,27+ .97 (VP a, -Vva?)) 4
4 5,a% (nHy (- (v*aP) +vPa%) « nHP (ViA, -V, a%) + nH (- (VP a,) + v, AP))
nHP (V6. g7y ~Vy Bag™ )+ mH® (- (VP8 g7y ) + Yy 8. 9" ) -
5.9 (4H (V'a,) -4 3H (v, A%) + Vv, nHY) + &, g% (v, nHP) +
227 iy (.97 (- (vaP) +vPa%) w2 (- (v 5, A7) + VP A"

6a9"% (Vas5-Vsa%) + 5,9% (- (Y as5)+vs52°)))))

Ine471= % // ToBasis[B] // ToBasis[B] // ComponentArray;

inasl= %[[1, 2]] // Factor // Simplify;
% // MySimplify

oupes- (6a (758" Gm+5a®GmOH-12a" GmCos[66] -4 a® GmQH Cos[66] -a’ GmCos[86] -
a®GmQoHCos[86] +75a’r+104a°g’r-29a°q?oHr+12a’ cCos[66] r-
4a°q?cos[60]r+16a®g’?QHCos[66] r+a’ Cos[80] r+a®qg?qQHCos[86] r-
456 a° Gmr?+416a°gqdHr’+61la’GmOHr?-12a°>GmCos[66] r? -
16 a° gdH Cos[66] r’-32a°GmQH Cos[66] r?-a®GmOH Cos[86] r?+248a° r®-
480a’q?r®+208a*g? QHr’+20a° Cos[60] r’+40a* g’ QHCos[6 0] 13 -
720aGmrt+896algaHrt+104a*GmOHr*-28a*GmQH Cos[60] r*+
272a’r’-192aqg?r®>+48a? g’ QHr’>-192aGmr® +256aqdH r° -
144a°GmoHr®+64ar’-192GmoHr’®-4a’Cos[40] (a°GmOH+13a° (Gm-r) +

262°QHT’ (2¢*+Gmr) +120HT’ (5¢*+Gmr) +a’QHr (-7¢°+15Gmr) -

| 23

+

4ar’ <l4q2—1ler+8q®Hr+7r2>—2a3r(3q2—23Gmr+12q@Hr+17r2>)+

4cos[26] (a®GmoH-29a’ (Gm-r) +48GmOHTr® +48a° QHr® (®+Gmr) +
4aQHr <—q2+2Gmr) +atoH I’ (—10q2+7Gmr> +
48 ar’ (—3 q2—3Gmr+4q§Hr+r2) +32a’r? (—2q2—7Gmr+8q§Hr+3r2) +
a’r (33¢°-157Gmr+132g3Hr+91r?)))
sin[6]) /(64 GnTH (a®+a?Cos[26] +21?)")

nesop- Limit[%, r[] - o]

3mda QH Sin[6]3

Oout[250]= —
8 1 TH

nesi- Integrate[%, {6[], 0, 7}]
m Sa QH

Out[251]= —
2 TTH

nes2;- Integrate([%, {@[], 0, 2 m}]

m da QH
Out[252]= — ———
TH
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ines3- 6S$a =% /. RuleQH /. RuleTH // FullSimplify

2amda

’—a2+G2m2—q2

out[253]= —

The 8, S

nes4i- (k /. RulenH /. RuleAH /. Ruleég$qg /. RulebAs$q) // Factor // ContractMetric //
ToCanonical // FullSimplification[] // FullSimplify

1 -
out[254]= mw/—@ (2 nHY <_ <vot ng57> + VP Sq gay) +

bqg”y (438 (v*aP) -vinuP —dan (VP a%) + v naY) +
2 (43H (v 5, P -v°

A+ boa® (-9 2%)) -

6‘31
L 5on” (7, (-(v88) + 8 a%) + nHP (¥ a, -9, 2%) « nHO (- (P a,) <7, a%)) +
P (V" 8y gy = Vi Bq g™t )+ MHT (- (VP EagYy) + Yy Beg”T) -
5qg”Y (4@H (V'A,) -4 3H (v, a%) +V, nHY) + 5,g%7 (v, nHP) +
287 My (8qg%s (- (va%) +VPRT) +2 (- (v 5,a") + VP 5 a% +

bqg”® (VA5 -Ysn) + 559%° (- (Y as) +Vs27)))))
nessi- % // ToBasis[B] // ToBasis[B] // ComponentArray;

niesel- %[[1, 2]] // Factor // Simplify;
% // MySimplify

out[257]= (6q (12 a®@H-36a*qr+14a’qQHr-a’gQHCos[66] r+
12a4@Hr2—16a2qr3+4a3qQHr3—32a2@Hr4—32@Hr6+
a? cos[2 0] (16a4§H+a3qQHr—48qr3+16anHr3+16a2r(—2q+§Hr))+
2a’cos[40] <2a3@H—7a2qQHr—quQHr3+2ar(q+©Hr)))
sinfo6]) /(16 G nTH (a®+a? Cos[26] +2r?)’)

inesel= Limit[%, r[] —» o]
6q @H Sin[6O]
ou[258]= — ————————————
4 GntTH
nes9l- Integrate[%, {6[], 0, 7}]
6g dH

out[259]= — ———
2 G TH

neeoi- Integrate[%, {¢[], 0, 2 x}]

6g dH

out[260]= —
GTH
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Out[261]=

In[262]:=

out[262]=

In[263]:=

Out[263]=
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6S$q =% /. RuleQH /. RuleTH /. Rule®H // FullSimplify

2mqg |1+ —sr 6g
La2+G2 m?-q?

G

Now we can sum up all of the variations:

68 = 6S$m + 6S$a + 6S$q

2amida

a2 +@?m? - ¢°

27T(a2+q2—2Gm

Gm
Gm++/-a2+G?m2 - g2 ))6m 2rnq (1+ﬁ]6q
—a?+G?m?-q

,—a2+G2m2—q2 G

mr(rH%+a?

The result shows that 6S = 6(%) is a total derivative and hence, it is integrable. To check this

claim:

(6S - ((D[4 7 (rHA2+an2) / (4G), m] »ém) + (D[4 7w (rHA2+aNn2) / (4G), a] »&a) +
(D[4 7 (rHA2 +an2) / (4G), q] *6q))) // FullSimplify

2 2
The integrated result is S = 4—n(;HG—+al in which the constant of integration has been fixed by the

choice of S=0 for the Minkowski spacetime.

In[264]:=

Out[264]=

First law of thermodynamics

In the “solution phase space method,” the first law originates from the local identity between the
generators of entropy and other charges:

Eq= T1— (en - (Qy - Q) €5 - (Py - D) €q)- By the linearity of charge variations in their generators,
one easily proves the first law as:
oSy =T1— (M - (Qy - Q) 6J = (P — D) 6Q). To cross check:

H

1
(6S - — (6M - (QH - Qw) 6J - (&H - 3w) 6Q)) /. RulegH /. Rule&w» /. RuleQH /. RuleQw /.
TH

RuleTH // FullSimplify

For a review on the “solution phase space method, the papers below can be refered to:
1) K. Hajian, Gen.Rel.Grav. 48 (2016) no.8, 114, arXiv:1602.05575 [gr-qc].
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2) M. Ghodrati, K. Hajian, M.R. Setare, arXiv:1606.04353 [hep-th].



