A semi-short review on
Topological insulators

Z. Hassan, C. Kane, Rev. Mod. Phys., 82, 3045 (2010)
Liang Fu and C. Kane, Phys. Rev. B, 74, 195312 (2006)
Liang Fu and C. Kane, Phys. Rev. B, 76, 045302 (2006)

Parts of slides from Zhang’s presentation in KITP School on TPI
http://online.itp.ucsb.edu/online/gspinhall_m08/zhang/

Topological Insulators and Majorana modes

Pouyan Ghaemi
UC Berkeley
Pavan Hosur, Roger Mong, Ashvin Vishwanath



Phases of matter

« Classification based on long range symmetries!




Insulators

 Maybe one of most boring phases of matter!
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2D 1Is special for resistivity

o Scaling of resistivity R = pL(z—d}

: (62/h)R is dimension less in 2D

 One does not have to measure sample
dimensions to have precise resistivity
measurements



Quantum Hall Effect
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Integer Hall Effect
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Laughlin’s Argument

Laughlin PRB 23, 5632
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If the states are localized just adds a phase
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Left: Diagram of metallic loop. Right: Density

of states without (top) and with (bottom) disorder. Regions .
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Robust features: Topology?

The study of geometrical properties that are insensitive to smooth deformations
Example: 2D surfaces in 3D

A closed surface is characterized by its genus, g = # holes

N
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g is an integer topological invariant that can be expressed in terms of the
gaussian curvature k that characterizes the local radii of curvature

1 A

K =—— K =0
nr,

Gauss Bonnet Theorem : Ll{dA =4 (1-g)

A good math book : Nakahara, ‘Geometry, Topology and Physics’ Chad Orzel


http://scienceblogs.com/principles/

Topological View of Hall Effect

Thouless et. Al., PRL 45, 405, 1982

* Periodic lattice potential:
U(xz,y) Periodic in  and y with period a and b

 Magnetic Flux per unit cell: ¢ = p/q
* Chose the gauge: A = (0.B x)

H=s-(p+eA)*+Ul(z,y)
Yk (x + qa, -y)e-_gm’pwb_“kmq“ = (., y + b)e HFvb = oy (, y)

ux (x + qa,y)e 2P/l =y (x,y + b) = ux(x,y)
GUAGE DEPENEDENT! Not Physical

uk(.,.{ y) = |Uk( )l FIP[EQk(i U)]

f dl 591{(59 )



Topological View of Hall Effect

y 2 . S
Hy = ﬁ (—Eh% 1 h}LI) + ﬁ (—3}1% + hk, — EB;L‘) + U (;L',_ y)

ie (OH /Okz)ap(0H/Oky)ga—(0H /Oky)ap(0H /Okz)ga

Um,y — Ah o D ZEﬁ}Ej‘ (Ect_fﬁ)g

A(K) = [ druf(r)Vuk(r)

Tuy = 5o [ di [vk " A(k)]

Magnetic Brillouin zone is TORUS. Result not sensitive to
the gauge! Non-zero results are given by non-trivial form
of the phase of u,
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As usual: Any simple model?

 One dimensional solid with orbital for
spinless fermions

o e i e

e Wave functions: [ 7;) }

Vi)

e Hamiltonian:

0 alni) (il + blni—1) (vl
=
Z { a|vi) (il + blvig1) (il 0



Periodic lattice: Momentum space!
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Band inversion
Hi =|a+ b Cos(k)| o + b Sin(k)o,

Time Reversal

Ok = —k R P
HO — [aJ _I_ b} Oz, Hﬂ' — [CL — b} 0 N 02 04 |05 o8 107
Inversion _1_0/\

Pk=-k P=o,

p==x1 Ey=+(a+b), E,=+(a—0)

At & — 0 lower band p = —1

At k=7 lower band parity
depends on (a-b)



What Is happening?

Edge modes appear when parity changes!

F—mm

a>b= Po Pr =1

a<b= popr=—1




Chiral edge states

* Experimental signature on the edge
Chern-Simon field theory with signatures on the edge!
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No Back scattering: ANTI-
LOCALIZATION

Extreme magnetic field! Broken time
reversal! Anything simpler? AND in
dimensions higher than ONE!



Zhang, KITP 2008

With time reversal??

Chiral (QHE) and helical (QSHE) liquids in D=1

JI.E JI.E

AN \ | ).
A A

The QHE state spatially separates the two The QSHE state spatially separates the

chiral states of a spinless 1D liquid four chiral states of a spinful 1D liquid
Lo © > = ) >
A &/ g~
i 2=1+1 . 4=2+2 —
133 KR KL 2 KR
i - o “ >

MNo go theorems: chiral and helical states can never be constructed microscopically
from a purely 1D model Wu, Bernevig, Zhang; Nielsen, Ninomiya



Time reversal iIs SPECIAL!

Time-reversal T is defined as:

(TY|T o) = (oY)

for any two states ¢ & . It sayvs that the inner product of the time-reversed
states is the complex conjugate of the inner product of the original states. For
fermions, T2 = —1. If |¢) = |T%), then,

(Wlp)y = —(T*Y|o)
= —(T'TV)|TY)
— —(ToIT¥)
= — ()
so {(1|@) = 0. Similarly, if some hermitian operator V preserves time-reversal,

then TVT ™! =V or [T,V] = 0. So.

(W[V]g) = @|VITy)
(Y[TV )
—(T*Y|TV )
= —(Vy[T¥)
= —(¥|V[Ty)



What Is topological?
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Distinct Topological features! _ _

Spin-orbit
Showing it's
face!

Kramers E
degeneracy Protects

K=0 and K= 1 from
spliting




Band Structure of HgTe

HgTe Hgp 3,CdyesTe
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Effective tight-binding model znang, ke 2008
Square lattice with 4-orbitals per site:

Nearest neighbor hopping integrals. Mixing matrix *.I E ,
elements between the s and the p states must be RN SRS e AN e

odd in k. SR R R
(k k)= "0 O {Oiele)
Ha&BD= 0 ey e g

BE) = m(k) A(sink, —isink,)
()= A(sink, +isink,) —m(k)

m Ak, —ik,)
:[A(kxﬂky) —m J

Relativistic Dirac equation in 2+1 dimensions, with a mass term tunable by the
sample thickness d! m<0 for d>d_.

J=a.r



Mass domain wall Zhang, KITP 2008

Cutting the Hall bar along the y-direction we see a domain-wall structure in the
band structure mass term. This leads to states localized on the domain wall
which still disperse along the x-direction.

Y
y ? m=0 J

Bulk

Jackiw-Rebi



Zhang, KITP 2008

Experimental evidence
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Topological insulators

e Strong spin-orbit coupling:
Heavy elements
Small band-gap

* Preserved time reversal symmetry.

o Gapped In the bulk, gapless chiral edge
modes.
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3D Topological insulators

« Kramers degeneracy at TRI points

 Two ways to connect. Defined by the time-reversal
polarization. Uniquely defined by the parity at TRI points

Liang Fu and C. Kane, Phys. Rev. B, 74, 195312 (2006)



Experiments
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Electromagnetic response of an insulator

» Electromagnetic response of an
insulator is described by an effective
action:

1 3 = Iy
S =—|\d xdi(ek” ——B
o4 3.?1"[ ( y7i )

« However, another quadratic term is
also allowed:

» Physically, this term describes the
magneto-electric effect. Under time
reversal:

E=E:B=-B
6= -0

Zhang, KITP 2008

DOOOODODOD
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4TrP=(c-1)E 4ttM=(1-1/p)B
P000000D08
0660666660
4TrP=q. 0/27 B 4ttM=0. 0/27 E



Zhang, KITP 2008
0 periodicity and time reversal N

« Consider an analog system of a period D = jdx A
ring. The flux enters the partition £
function as:

» Therefore, the physics is completely €
invariant under the shift of ® = ®+2zn

i/ @,

« Under time reversal, ¢=>-¢, therefore, time reversal is recovered for two
special values of ¢, =0 and ¢==.

* The ME term is a total derivative, independent of the bulk values of the fields:

f
a d°dt 0" (€400 AVOP A7)

_?ﬁ-ﬁ

Sp =

P rdte,,,. F* I =
o m“/ ey

» Integrated over a spatially and temporally periodic system,

[cdid’x [ e B = [ dxdyB, [ cdtdzd,4, =n D,

ifin

« Its contribution to the partition function is given by e . Therefore, the

partition function is invariant under the shift:

0= 0+2rn Timereversal symmetry is recoveredat €@=0, O=x



0 terms in condensed

* Quantum spin chains:

S0 = F?fn’h!.rn (den x On), O

* Quantum Hall transitions:

S[0] =0 f d*ze"tr (QD,QD,Q) .

LT |

matter and pa rtu:le physms
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» 0 vacuum of QCD

B[HI = H/dllf_:ﬂ""ﬁ’ftl (:Fa, Fa

Llﬁ.u. P u*
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Zhang, KITP 2008
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i . Zhang, KITP 2008
0 term with open boundaries

« 0=n implies QHE on the boundary with %=,

1 H . ! i 3 H Cl 3 34 L T
S0 =510 [ Aty PP = ot [ Pt (€ A7 A7)
» For a sample with boundary, it is only insulating when a
small T-breaking field is applied to the boundary. The T b[eaking@
surface theory is a CS term, describing the half QH. ———
« Each Dirac cone contributes ¢,,=1/2€%h to the QH. @

Therefore, 0=n implies an odd number of Dirac cones on

the surface! | m

- :
Tk

» Surface of a TI = V4 graphene



The Topological Magneto-Electric (TME) effect

 Equations of axion electrodynamics predict the robust TME effect.  zhang, KITP 2008
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« P,=0/2n is the electro-magnetic polarization, microscopically given by the CS term
over the momentum space. Change of P,=2™ Chern number!

Ps(6,) = f dkK?

l o
= ja"ﬁkeﬂ'-’:‘ Tr[(j;j—g[u,-,u,-]) -uk]




Experimental signature

* Properties of the bulk identifies
the topological insulators.
Surface states are experimental
signature.

 If bulk become conducting, e.g.
by doping, surface states seem
to disappear.

Is there signature of topological
band structure left even in the
conducting phase?

SC phase, Majorana vortex modes
Even appear in some non TI!

(A) A= (B) &027% (C) a=0ET: (D) &=08%
Bulk n-type Bulk n-type Bulk insulator Buls p-type

0.2 [
02 gupm—

Y. Chen, et. Al., Science, 325, 178



Majorana Modes

e Fermionic mode which is its own anti-particle
CC =7 =7

* In superconducting states electrons pair: no
cost to remove a pair.

 Removing or adding an electron are equivalent.

Vortex in p+ip superconductor (Read, Green '00)
Semiconductor-ferromagnet-superconductor sandwich (Lutchyn et. al. '10)
Superconductor-topological insulator interface (Fu, Kane '08)



Majorana modes In TI/SC interface

» Surface Hamiltonian: Ho = 3" (—ivé -V — p)y

e Associated berry phase of

 Introduce pairing by proximity effect.
H=—ivr"c -V — urt” + Ao(7" cos ¢ + 77 sin ¢)

U = ((y1,9)), (W], —pI)T

Ghaemi and Wilczek 2007
nsulater Fu and Kane 2008



Bulk band properties inversion
symmetric Tl

\/ < p-band

Trivial insulator
‘ ks band P(000)P(007) = (+1)(+1) = +1

(000) (007)

VFIO band Topological insulator

P(000)P(007) = (+1)(=1) = —1




Superconducting TIs

Tls could be doped and be pushed to SC phase.

(e.g. Cu doped Bismuth Selenide, Hor et. Al. arxiv:1006.0317)
Is there Majorana mode on the edge in the vortex?

Large chemical potential: Material does not know about band
Inversion, lost information about topological features so NO
Majorana mode!

Chemical potential in bulk gap, only pairing on surface, like proximity
Induced case so Majorana mode.

What happens in between?




First guess!

When surface band cross the bulk band?

If so it would depends on the surface
propetrties.

A single zero modes needs another partner to

decay!
\ Surface band

Chemical potential

Bulk band




Physical picture!

-
A

M ajorana mode M ajorana modes M ajorana mode
present from opposite absent
surfaces annihilate

When the transition happens the vortex line becomes gapless.
Lets look for the zero energy mode!



In gap states in SC vortices

AQ

* Simple s-wave SC vortex (caoliet Al 1964)  E, ~ (n+ 3)&
o EXxperimental observation (Hess et. Al 1990)

5 [ T Y T T T T T T T T Y T T
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Normalized Conductance
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Lattice toy model

e Cubic lattice with s and p orbitals total spin 1/2

S.=sT. P,= \,l—gpoT— %pli, S+ (P.) even (odd) under inversion
QS+:S_, 7?+:P_’
2
oTeh PeE el NPT 75.=-5,, TP.=-P,,

'i' X }' X X X "y )" £,

L +[M + m(cos k, + cos k, + cos k.) |
v'=(S,,S',P,,P) '

+ n(cos k. + cos k, + cos k.).

Hi = vpTe0 - k + (n — €k®)T — (Hosur et. Al. 2010)



Numerical approach

0.10¢

0.05¢

Low energy states 0

-0.05¢

-0.10+

Fourier transform of zero
energy state

2
4|

Hy=vg(71,0,sin k,— 7,0, sin k, + 7, sin k)
+[M + m(cos k, + cos k, +cos k.) | 7.

+ n(cos k. + cos k, + cos k).

M +m(Cos(k;) + Cos(k,) + Cos(k,)) = 0




Analytical approach

Hi = vpTe0o - k+ (m — k). — 1
» Add pairing and the vortex, solve for zero energy solution:
J(k"f‘) m — ek? = 0 p=/m/e

*This condition is symmetry dependent. What if we don’t have circular
symmetry?

sImportant observation: When #= vmje Simple Dirac Hamiltonian, Berry
phase around the Fermi surface is 7

Is this a more general condition?



General Fermi surface criteria

1
H=-S UiHBICG(k K, Bdc _ [Hk —p A(r)
> 2 ‘ " A*(r) p— Hy

A(r) = 22 (z — iy)

HBdG Hk — M (8k — e‘@k )
k I8 (O, + i0k,) 1 — Hy Hiler) = Eler)
/BG Er —pu -T‘D(Dk — 1Dy, )
7 [i%2(Dk, +iDy,) —Fr +p

Inversion Symmetry! Degenerate FS

Dy, = Ok, —iAL(k) [AJRY (k) = i@ |Oka |0k



Zero energy states

PG _ Er — i i3> (D, — iDg,)
i%>(Dk, +iDk,) —FEy + 1
Pre = Oko — iAalk) [AJ8Y (k) = i{ 1Ok k)

Diagonal [A]%” two copies of P+iP. But with finite size (FS size) in
momentum space: Finite size effect O(;2%)

Effect of gauge potential phase of : 3§ A dl
U=¢7r""

Nonabelian Berry phase!

2 7,
~
. . . B oax ~
Semiclassical Bohr-Sommerfield £ S.
quantization: A g >
E,=—2mn+7+dép) 2|
' ' — i [eV]

Fald .
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Candidate Materials

« Among doped topological insulators:

~ p-do

~ p-do

- N-do

— not n-dopec

0EC

0EC

0EC

TIB

Bi
2

Bi

2

iTe2

'e_ under pressure

€
3

Bi 2Se3

« Among ordinary Insulators

- Either PbTe or SnTe and GeTe (PbTe has four
band inversions relative to SnTe and GeTe)



Summary

Majorana fermion states can appear as single zero
energy states in superconductors owing to their built-
In particle-hole symmetry

Several examples exist in model systems, but none of
them have been realized in experiment so far.

We find that a superconductor whose parent
compound iIs a topological insulator will host
Majorana modes at the ends of a vortex If the doping Is
not too high, and find real material examples.

The general theory allows non-topological insulator-
based superconductors to host Majorana modes as well
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